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Abstract

The study of collective behavior involves the analysis of interactions among a set
of agents that yield collective outcomes at the level of the group. The behavior is said
to be emergent when it cannot be understood simply as the sum of its constituent
parts. Further, group-level outcomes can in turn influence individual interactions.
The complexity of this interplay makes the study of emergence challenging and excit-
ing. This dissertation is focused on the study of emergent collective behavior from the
perspective of evolution. Evolution is a simple yet powerful algorithm, which when
acting on interacting entities in a dynamic environment, yields an array of fascinating
behavior as manifest in the natural world. Natural collectives display a wide variety
of cooperative behavior and have evolved to efficiently manage the inherent tradeoft
between robust behavior and adaptability to dynamic environments. These properties
have motivated the design of bio-inspired algorithms for sensing and decision-making
in robotic collectives. In this work, we study the evolutionary mechanisms for co-
operation and tradeoff management in biological collectives, with a focus on four
related topics: replicator-mutator dynamics, collective migration, collective pursuit
and evasion, and decision-making dynamics in swarmes.

The replicator-mutator dynamics define a canonical model from evolutionary the-
ory and have recently been used to study the evolution of language and the behavioral
dynamics of social networks. While the analysis of stable equilibria of these dynamics
has been a focus in the literature, we prove that certain conditions suffice for the equa-
tions to exhibit stable limit cycles. These cycles correspond to oscillations of grammar
dominance in language evolution and to oscillations in behavioral preferences in so-
cial networks. For the collective migration problem, it is well-established that a small
group of leaders can guide a large swarm of followers. It is less clear how presumably
self-interested individuals have evolved to take on such divergent roles. We design a
network-based evolutionary model to understand the evolution of leadership in migra-
tion, with a focus on the role of network topology on the emergent dynamics. Pursuit
and evasive behaviors are ubiquitous in biology and are key drivers for collective
motion. We use computational simulations and analytical calculations to study a co-
evolving pursuit and evasive system, and incorporate the evolved strategies in a cyclic
pursuit-evasion collective motion model. The ‘stop-signaling’ inhibitory mechanism
has been recently shown to be critical to the decentralized decision-making dynamics
in honeybee swarms. We investigate bifurcations in a model of swarm decision-making
as a function of the stop-signal and the values of different alternatives, and present a

comprehensive analysis of the dynamics of the model.
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Chapter 1

Introduction

Seek simplicity, and distrust it. -Alfred North Whitehead (1861-1947)

Emergent collective behavior involves interactions between individual agents that yield
distinct patterns at the level of the group. Emergent systems have group level out-
comes that cannot be understood simply as the superposition of their constituent
elements, instead emergent group behavior is nonlinearly related to individual inter-
actions. Moreover, just as individual actions affect group outcomes, group outcomes
feed back to affect individual actions. This coupling between the microscopic indi-
vidual level and the macroscopic group level makes the study of emergent behavior
vibrant, exciting, and challenging. The past few decades have seen significant re-
search activity in applying computational and analytical tools to studying emergent
phenomena in a wide variety of applications. These include ecology [72, 49], cellular
biology [127, 21], animal behavior [126], disease dynamics [63, 20], climate [48], eco-
nomics [131] and more recently, robotic swarms [61, 65] and social networks [146, 4]
(the few examples cited here are a small sample from a vast literature).

For problems in biology, the evolutionary approach involves studying the fascinat-
ing array of observed behavior in natural collectives (flocks, schools, herds, etc.) from
the perspective of evolution by natural selection. This approach provides important
insights into the mechanisms that drive group behavior in natural collectives. The
development of mathematical models to explain evolutionary puzzles such as coop-
eration and altruism [62, 105, 84| in swarms, flocks, and schools, continues to be an
active area of research (see [88, 89, 70] for a recent debate on the topic).

In this thesis, we use a set of relatively simple and tractable evolutionary mod-
els to study emergent behavior in selected natural collective systems. We focus our
study on four areas described in §1.1, and utilize three related evolutionary models

in our analysis: replicator-mutator dynamics for a single population with discrete
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strategies, adaptive dynamics for a single population with continuous strategies, and
coevolutionary replicator dynamics for a two-population system with discrete strate-

gies. Each of these models is described in detail in §2.1.

e.g. replicator-mutator

d ics (Ch 3 and Ch 4
ynamics ( an ) e.g. collective migration

U A ( A (Ch 5), collective
pursuit and evasion
(Ch 6) and honeybee
T swarms (Ch 7)
.‘é\ S J _ )
=
8 4 N
o
(2]
)
< e.g. tensegrity based
/$ formation control
[ \ Y,

Robustness ——

Figure 1.1: A classification of collective systems based on robustness and adaptability
metrics.

Collective systems can be classified based on a large variety of metrics (system
size, heterogeneity, network architecture, dynamics, etc.), but looking broadly, ro-
bustness and adaptability are two key metrics that enable a rough classification as
illustrated in Figure 1.1. Robustness refers to the ability of collective systems to re-
ject disturbances and perform specific tasks accurately, predictably, and repeatedly,
in stochastic environments. Adaptability refers to the ability of collective systems to
continually modify their behavior in reaction to a dynamic environment and to solve
a range of problems such as foraging for resources, migrating to new locations, and
avoiding threats or prey. Highly adaptive systems have the ability to learn from past
experiences and to find innovative solutions to novel problems.

Robustness and adaptability constitute a fundamental tradeoff in engineered col-
lective systems in the sense that systems designed to be significantly robust and pre-
dictable for specific tasks (industrial robots for example) are inherently unadaptive,
and vice-versa. In Figure 1.1, the three rectangles at the corners of the robustness-
adaptability space represent three classes of collective systems and allow us to connect

the four focus areas of this thesis:



e Bottom-right; engineered formations: These systems are designed to be highly
robust so that they can perform specific tasks reliably (often with provable guar-
antees on performance). However, they have limited adaptability to problems
outside their specific domain of design. Examples include the wide variety of
industrial robotic systems and formation control in mobile autonomous robotic
collectives. One example of recent work in our group in this area is the use of
tensegrity-based control laws (involving simultaneous attraction and repulsion
between agents) to stabilize the shapes of formations of autonomous vehicles
(78, 94].

e Top-left; emergent social phenomena: These collective systems are highly adap-
tive in dynamic environments and can display macroscopic behavior that rapidly
cascades between extremes. This macroscopic behavior is often unpredictable,
and in certain cases can be inherently chaotic, resulting in a limited robust-
ness. Examples include the popular area of social network dynamics, cascades
in financial markets, and the dynamics of behavioral preferences and fashion
trends. In Chapters 3 and 4 we study a model of behavioral preferences in
social networks (known as replicator-mutator dynamics) that fits the paradigm

of this quadrant.

e Top-right; biological collectives: One of the main reasons that bio-inspired
robotic collective behavior has gained tremendous traction over the last two
decades is because many biological systems possess the unique ability to act
both robustly and adaptively. The seemingly complex emergent collective be-
havior observed in these biological systems has frequently been shown to be
the consequence of simple individual rules at the microscopic level. These rules,
and the emergent behavior, have been shaped by evolutionary dynamics on gen-
erational timescales. In Chapters 5 and 6 we study two ubiquitous biological
collective phenomena, namely, collective migration, and pursuit and evasion,
respectively. In Chapter 7 we focus on the decision-making dynamics in swarms
of honeybees. A honeybee swarm is a particularly good example of a system in
this quadrant, where robust and accurate decision-making in dynamic environ-
ments has been shaped by the evolutionary forces of reproduction and colony
survival. Individuals in a honeybee swarm can be radically adaptive. For ex-
ample, scout bees that are involved in locating nesting sites for the swarm are,
in fact, forager bees that have switched behavior from seeking bright blossoms

to searching for dark nesting crevices [116].
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This thesis is the product of interdisciplinary research drawing from ideas in evo-
lutionary biology, animal behavior, engineering and applied mathematics. The back-
ground material in Chapter 2 introduces key tools from these areas that are used
throughout the thesis. Along with the exciting quest of understanding the complexity
of biological collectives, research in our group also strives to draw ideas and principles
from biology that can be applied to the design of robotic collectives. From the per-
spective of Figure 1.1, this effort involves utilizing ideas from the top-right quadrant
to push engineered systems (bottom right quadrant) up the adaptability axis, while
still managing the adaptability /robustness tradeoff. This is no easy challenge and will
remain an area of research emphasis going forward as autonomous collective systems
are tasked with solving increasingly complex problems. As a result, together with a
focus on understanding collective dynamics in the four areas described below, we also

consider how this understanding inspires engineering design in each case.

1.1 Overview of Topics

1.1.1 Replicator-Mutator Dynamics*

The replicator-mutator dynamics define a canonical model from evolutionary theory
and represent the evolution of a discrete number of strategies in a single large popu-
lation. The dynamics have received significant attention recently as a model for the
evolution of language. They also provide a simple model for the analysis of behavior
dominance in social networks where replication is akin to imitation of individuals
subscribed to successful behaviors in a population, and mutation is akin to random
error in behavior selection. Much of the analysis of the dynamics has focused on
stable equilibria and their bifurcations. In this thesis we focus on the existence of
structurally stable limit cycles of the dynamics and prove that Hopf bifurcations oc-
cur, yielding these cycles. Stable limit cycles correspond to sustained oscillations in
strategy dominance across some or all of the population. The form of the dynamics
considered, and the interpretation of the oscillations, depends on the applications of

interest; the following are three motivating applications.

a) The replicator-mutator dynamics have been used in the development of a mathe-
matical framework for the evolution of language [85]. For a large population, the
strategies represent different grammars in the population and mutations reflect er-

rors in grammar transmission or learning from one generation to the next. A key

*The discussion in this subsection appears verbatim in [93].
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result is the bifurcation of the equilibria from a state where several grammars co-
exist in a population to a state of high grammatical coherence as mutations in the
population decrease (or equivalently, the fidelity of learning increases) [57, 75, 74].
Limit cycles of the replicator-mutator dynamics correspond to oscillations in the
dominance of the different grammars in the population. As noted in [76], oscilla-
tions appear to be more realistic than stable equilibria for the language dynamics

with timescales on the order of several centuries.

The replicator-mutator dynamics were recently proposed [90, 44] as a model for
behavior adoption in social networks, with a focus on the emergence of dominance
of particular behaviors in these networks. Simulations of the evolutionary social
network model show a transition from the dominance of a single strategy (behav-
ior), to the coexistence of several strategies, to the eventual collapse of dominance,
as the extent of mutation in the network increases. Limit cycles of the replicator-
mutator dynamics correspond to oscillations of behavior preference in this context,

for example cycles in trends or fashions.

The replicator-mutator dynamics can also be used to model decision-making dy-
namics in networked multi-agent systems. It has been shown that simple mod-
els with pairwise interactions between agents and noisy imitation of successful
strategies reduce (under certain conditions) to the replicator-mutator dynamics
[40, 7, 135, 134]. Recent papers have employed the replicator-mutator equations
to model wireless multi-agent networks [145, 130]. Hopf bifurcations of replicator-
mutator dynamics in this context address the exploration versus exploitation
tradeoff: few mutations favor fast convergence to a decision (exploitation) whereas
extensive mutations favor exploration of the decision space. In an intermediate
range, mutations can lead to limit cycles, which enable dynamic examination of

alternative choices.

1.1.2 Collective Migration

Collective migration is a natural phenomenon common in a number of species in-

cluding birds, fish, invertebrates and mammals [119, 42, 22, 6]. Animals migrate by

leveraging a variety of environmental cues such as nutrient and thermal gradients,

magnetic fields, odor cues, or visual markers [132, 30, 140, 133]. Measuring these

stochastic environmental signals is complicated and requires the investment of time

and energy, and the development of necessary physiological and sensory machinery.



Animals migrating collectively also have the ability to leverage social information from
neighbors in the group [15]. One way of doing so is by imitating invested neighbors
(via consensus processes such as attraction and alignment of heading) and thereby
effectively achieving good migratory performance, without paying the measurement
and processing cost.

Using agent-based models of collective migration, Couzin et al. [14] have shown
that a small group of designated leaders is capable of guiding a larger of group of
naive, socially interacting followers. This situation is similar, for example, to the way
in which a small number of informed scout bees directs a large swarm of uninformed
conspecifics to a new nest site [116, 120]. The ability of followers in such migratory
swarms to leverage the investments made by leaders in the group, and to gain the
benefits of successful migration without paying the associated costs, is perplexing
from an evolutionary perspective (this question is related to the broader puzzle of the
evolution of cooperation).

Our study of the evolutionary dynamics of collective migration is motivated in
large part by a recent paper by Guttal and Couzin [33] that addresses this evolutionary
question. Simulations in [33] show that the coexistence of leaders and followers in
migratory populations is a stable emergent outcome of the evolutionary dynamics
for a large region of the parameter space studied. The authors of [33] also examine
the role of anthropogenic influences on evolved population migration patterns by
studying the impact of increasing habitat fragmentation on the collective dynamics.
High levels of habitat fragmentation make it increasingly difficult for individuals to
measure external cues; migration is gradually lost because of the higher costs of
reaching more distant destinations [120]. Simulations in [33] illustrate a hysteretic
effect in restoring lost migration ability in the population - once migration ability is
lost for a threshold level of fragmentation, much greater habitat recovery is necessary
for the population to recover the ability to migrate.

We are also motivated by the paper by Torney et al. [132] that analytically vali-
dates the evolutionary branching simulated in [33] by studying a mean-field model of
migration dynamics. The mean-field model in [132] effectively prescribes an all-to-all
interconnection between the agents in the migratory system and serves as the starting
point for our work, which focuses explicitly on the role of the structure of a limited
interaction network on evolved outcomes. Indeed, the structure of the interaction
network between agents in a collective has been shown to be critical to the perfor-
mance of the collective, and to the emergent outcomes observed as a consequence of

the local interactions.



1.1.3 Pursuit and Evasion'

Pursuit and evasion behaviors play a critical role in predator foraging, prey survival,
mating and territorial battles in several species. Species such as bats and dragonflies
have evolved sophisticated dynamical strategies such as motion camouflage to disguise
themselves as stationary during aerial pursuit [77, 27]. Studies on migratory canni-
balistic locusts have revealed that pursuit and evasive behavior among conspecifics is
integral to the formation of mass-moving migratory bands in dense swarms [35, 5].
Recent experimental work on the dynamics of coordinated predator pursuit and prey
evasion among schooling fish has shown that collective behavior, among both preda-
tors and prey, plays a vital role in predator hunting and prey evasion under condi-
tions of considerable informational constraints (such as dynamic ocean environments)
(37, 45].

The pervasiveness of pursuit and evasion in nature motivates the examination of
winning strategies from an evolutionary perspective. Recently, Wei et al. [147] used
the evolutionary approach to study pursuit games, with dynamics derived in [50]. The
authors of [147, 50] use Monte-Carlo simulations and analytical calculations to study
three pursuit strategies competing against a field of deterministic or random nonre-
active evasive strategies (an evader with a nonreactive strategy has dynamics that
are uncoupled from those of the pursuer). The three chosen pursuit strategies (classi-
cal, constant bearing and motion camouflage) are biologically inspired. The authors
show convergence of the evolutionary game dynamics between the three strategies to
pure motion camouflage and motivate this result by empirical observations of motion
camouflage in hoverflies, dragonflies and bats [27]. We build on the work in [147] by
studying the coevolution of the three strategies of pursuit from [147] playing against
three distinct evasive strategies, two of which are reactive strategies (an evader with

a reactive strategy has dynamics that are coupled to those of the pursuer).

1.1.4 Swarm Decision-Making

Honeybee colonies reproduce by casting out swarms, each of which comprises a queen
accompanied by several thousand worker bees. A small fraction of the worker bees are
known as scout bees and perform the task of locating suitable nest sites for the swarm
by engaging in a decentralized democratic [116] decision-making process of choosing
among several competing options. This process involves the famous waggle dance

[144] in which scout bees advertise the location and quality of a suitable nest site by

TThe discussion in this subsection is adapted from [96].
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performing a distinctive dance on the surface of the swarm. The book by Seeley [116]
provides an engaging description of the waggle dance, as well as a detailed discussion
of the organization and behavior of honeybee swarms.

In a recent paper, Seeley et al. [118] have shown that scouts send inhibitory
stop-signals to other scouts advertising alternative nest sites, thereby causing these
scouts to cease dancing. This cross-inhibitory process has been shown to be critical
to the ability of swarms to make decisions effectively, particularly when choosing
between competing options of near-equal value. In this thesis we study bifurcations
in a model of honeybee swarm decision-making and illustrate the critical role played
by stop-signal inhibition in enabling swarms to manage the speed-accuracy tradeoff
inherent to most decision-making problems. We show that an intermediate evolved
level of stop-signaling is necessary for swarms to effectively make decisions when
presented with both equal and unequal alternatives. Our analysis also shows that
cross-inhibition is a potentially valuable mechanism for enabling effective collective

decision-making in decentralized artificial swarms.

1.2 Contributions and Thesis Outline

The chapters of this thesis are organized according to the four topics described in
§1.1. Chapter 2 comprises background material and establishes the mathematical
notation that will be used throughout the thesis. Background material is presented
in four main areas: Evolutionary Dynamics, Dynamical Systems, Graph Theory and
Stochastic Processes.

Chapters 3 and 4 focus on limit cycles and Hopf bifurcations of the replicator-
mutator dynamics. The analysis in Chapter 3 is restricted to N = 3 strategies and
the corresponding planar phase space. The restriction to N = 3 is convenient for
visualization and allows us to motivate the general results for N > 3 strategies to
follow in Chapter 4. In Chapter 4 we prove conditions for the existence of stable
limit cycles arising from multiple distinct Hopf bifurcations of the dynamics in the
case of circulant fitness matrices. In the noncirculant case we illustrate how stable
limit cycles of the dynamics are coupled to embedded directed cycles in the payoff
graph. We study special conditions where multiple cycles in the payoft graph yield
multiple stable limit cycle attractors. The stability of the limit cycles is determined
by an analytical calculation of the first Lyapunov coefficient of the dynamics.

In Chapter 5 we study the role of the social interconnection network on the evo-

lutionary dynamics of collective migration. We design a networked migration model
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and study evolution and adaptation as a function of network topology. Our model has
two timescales: the fast timescale corresponds to fitness/utility calculations and the
slow timescale corresponds to the evolution/adaptation of the network. We present
a comprehensive analysis of the all-to-all limit of the model and prove conditions for
population branching into leaders and followers. For networks with limited connec-
tivity, we derive analytical tools for computing fitness on the fast timescale and show
a minimum connectivity threshold necessary for branching. We also study a simple
model of selfish local adaptation of nodes on a graph, and illustrate bifurcations in
the dynamics as a function of increasing cost. We show the prominent role played by
network topology in determining the location of leaders in the adaptive network.

Chapter 6 focuses on the coevolutionary dynamics of pursuit and evasion. We
consider an evolutionary game between three strategies of pursuit (classical, con-
stant bearing, motion camouflage) and three strategies of evasion (classical, random,
optical-flow based). Pursuer and evader agents are modeled as self-propelled steered
particles with constant speed and strategy-dependent heading control. We use Monte-
Carlo simulations and theoretical analysis to show convergence of the evolutionary
dynamics to a pure strategy Nash equilibrium of classical pursuit versus classical eva-
sion. We extend our work to consider a novel pursuit and evasion based collective
motion scheme, motivated by collective pursuit and evasion in bands of migrating
cannibalistic locusts.

In Chapter 7 we study the collective decision-making dynamics of honeybee
swarms. The cross-inhibitory stop-signalling mechanism has been shown to be
critical to the decision-making dynamics in swarms of house-hunting honeybees.
We study a model of stop-signal based collective decision-making and present a
comprehensive picture of the dynamics and bifurcations of this model. We prove
a separation of timescales in the decision-making process and show how swarms
must evolve to an intermediate level of stop-signalling to address a fundamental
speed-accuracy tradeoff. We also present several stochastic simulations to help
elucidate the decision-making process.

Chapter 8 presents our conclusions and topics for future work. We discuss how
some of the analysis and conclusions of this thesis inspire algorithms for control and

decision-making in decentralized collective artificial systems.



Chapter 2
Background

In this chapter we describe some of the main mathematical tools that will be used
in the rest of the thesis and we establish notation. Each of the areas discussed in
the sections to follow is a significant domain of research by itself. Consequently, this
chapter is not intended to be a comprehensive presentation of these areas, but rather
an introduction to selected tools from these areas that will be useful going forward.
The cited references provide more detail.

In §2.1, we discuss models of evolutionary dynamics and make connections with
game theory, genetic algorithms, and optimization. §2.2 focuses on bifurcations in
continuous dynamical systems, including the Hopf bifurcation theorem, which features
prominently in Chapters 3 and 4. §2.3 introduces some notation and results from
graph theory and §2.4 introduces some basic results from stochastic dynamics; these
are employed in Chapters 5 and 7.

Basic Notation: Matrices are denoted in capital letters and vectors are denoted in
boldface lowercase letters. m;; denotes the (i, j) element of matrix M (M = [my;] €
RM*N) and z; denotes the i element of vector x (93 =z - x|t € RN>. 1
and 0 denote the vectors of ones and zeros respectively. D = [d;;] = diag(x) denotes
a diagonal matrix with elements of vector & on the main diagonal, i.e. d;; = x; and
d;; =0 for all 4 # 5. The N x N identity matrix is given by Iy = diag(1y).

2.1 Evolutionary Dynamics

Evolutionary dynamics [142, 87, 41, 141] are, broadly speaking, an effort to cast
the basic tenets of Darwinian natural selection (replication, competition, strategy

dependent fitness, mutation) in a mathematical framework that can be simulated,
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interpreted, and often rigorously analyzed. Our understanding of the evolutionary

process has its roots in Darwin’s three simple postulates [142, 16]:

1. Like tends to beget like, and there is heritable variation in traits associated with

each type of organism. (replication and mutation)
2. Among organisms there is a struggle for existence. (competition)
3. Heritable traits influence the struggle for existence. (strategy dependent fitness)

These postulates inherently define a game-theoretic interaction between individuals
in the population as a function of their strategies (expressed as phenotypes or traits),
and their interactions with the environment and other individuals. These strategies
and interactions map to payoffs, which in turn translate to reproductive fitness. The
game theoretic mechanism implies that evolutionary solutions are not necessarily
optimal in terms of maximizing the fitness of the population as a whole.

Nonetheless, the ability of evolutionary dynamics to shape natural systems to-
wards a fascinating array of effective solutions has inspired powerful tools for opti-
mization in engineering design, e.g. genetic algorithms [73]. In genetic optimization
algorithms, agents imitate the evolutionary process to search for local optima on
a constant landscape as shown in Figure 2.1. This is in contrast with biological
(game-theoretic) evolutionary dynamics where the strategies interact and influence
the landscape on which they are evolving (see Figure 2.1). In this thesis, we focus
on studying the outcomes of models of game-theoretic evolutionary dynamics, while
also making connections with how these solutions inspire the design of engineered
collective systems.

The replicator dynamics [129] are the simplest model of evolutionary dynamics
for a large population comprised of N sub-populations, each subscribed to a different
competing strategy. These differential equations model the game theoretic interac-
tions among the sub-populations and determine how each sub-population changes in

size as a consequence of these interactions. Let x; (i = 1,--- , N) denote the fraction
N

of individuals in the population subscribed to strategy i (Z xr; = 1) . The replicator
i=1

dynamics are given by

i = x;(fi(x) — ¢); o= fa, (2.1)

where f;(x) denotes the fitness function of individuals with strategy ¢ and ¢ is the
population average fitness. The average fitness ¢ is obtained by summing over the

individual fitness terms f;(x) weighted by their appropriate fractions z;. For pairwise
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Strategy Space Strategy Space

The population adapts on a constant fitness landscape.

Strategy Space Strategy Space

The population changes the fitness landscape as it moves across.

Figure 2.1: (A) Optimization picture: evolutionary optimization dynamics on a constant
fitness landscape; population evolves on the landscape towards the fitness peak. (B) Game-
theoretic picture: evolutionary dynamics on an adaptive landscape; the population co-evolves
with the dynamic landscape. (adapted from Fig. 1 in [87])

encounters in a large population, the fitness functions are linear [87, 135] and f = Az,
where A € RV*Y is known as the payoff matrix.

John Maynard Smith’s pioneering work [122] made formal connections between
classical game theory and evolutionary dynamics. Particularly important was May-
nard Smith’s definition of evolutionarily stable strategies (ESSes), which are equi-
libria of an evolutionary dynamical system that are uninvadable by other competing
strategies in the environment, and hence stable in an evolutionary sense. From a game
theoretic perspective, ESSes are a subset of the Nash equilibria of a game: they satisfy
both the Nash best reply condition and evolutionary uninvadability. Lyapunov stable
equilibria of the replicator dynamics (2.1) are Nash equilibria of the corresponding
game [148]. Further, all ESSes of the replicator dynamics are asymptotically stable
[148].

Although the replicator dynamics have proved to be a powerful tool in analyzing
a variety of classical games from an evolutionary perspective, they do not model
mutation, a key ingredient of selection theory. Mutation can be included by adding

the possibility that individuals spontaneously change from one strategy to another.
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This yields the replicator-mutator dynamics [9, 92] given by
N
=Y xifi(@)q — 20y ¢ = fla, (2.2)
j=1

where ¢;; denotes the probability of mutation from strategy ¢ to strategy j

N
(Z ¢ij = 1|. The replicator-mutator dynamics have played a prominent role
j=1

in evolutionary theory and contain as limiting cases many other important equations
in biology [55]; these include models of language evolution [85], autocatalytic reaction
networks [124], and population genetics [36]. The dynamics have also recently been
employed to model social and multi-agent network interactions [90]. The replicator-
mutator equations have been shown in [92] to be equivalent to the generalized Price
equation from evolutionary genetics [105, 106]. The standard replicator dynamics
(2.1) can be obtained from the replicator-mutator dynamics (2.2) in the limit of zero
mutation (¢; = 1 for all i and ¢;; = 0 for all i # j).

Biological evolutionary models typically consider small mutation probabilities
while larger mutation probabilities are more common in models of language dynamics
and social interactions. Both sets of dynamics (2.1) and (2.2) evolve on the (N — 1)-

dimensional simplex phase space (see Figure 2.2) defined as
AN_lz{iBGRN|ZL‘Z‘ZO, CBT]_:l}

In chapters 3 and 4 we focus on stable limit cycle attractors for the replicator-

mutator dynamics (2.2).

Figure 2.2: [llustration of the simplices A1 and As.

The replicator and replicator-mutator equations model the evolutionary dynamics
for a discrete number of strategies. However, certain problems require the consider-
ation of a continuous strategy space, and can be studied using tools from adaptive

13



dynamics [25, 26, 18]. Adaptive dynamics are particularly well-suited for studying
the evolution of a one-dimensional trait in a population undergoing small mutations
in strategy. Consider a continuous strategy space parameterized by k € [a,b] C R.
The fitness of a resident population with strategy kg is given by Fr(kg). The adap-
tive dynamics approach considers the consequences of a small group of mutants with
strategy kj; invading the resident population. Let Fy/(kg, kys) denote the fitness of
the mutants in the environment of the residents. The relative fitness of the mutants

with respect to the residents is known as the differential fitness and is given by
S(kr,kn) = Far(kg, kar) — Fr(kg). (2.3)

The two-parameter function S allows us to predict which mutant strategies can invade
a particular resident population. For example, for a given resident strategy kg, the
values of kj; that result in S > 0 correspond to the mutant strategies that when
rare, can invade the established resident population. Further, a study of the selection
landscape S can help us predict when we expect to see an evolutionarily stable [122]
monomorphic population (all individuals having the same strategy) and when we
expect to see opportunities for branching (speciation into sets of individuals having
different strategies) in evolutionary simulations.

The evolutionary dynamics of the resident strategy kgr are given by

dkr oS

kv=kr

where g(kgr) is known as the selection gradient and o > 0 is related to the extent of
mutation in the population. As the strategy kr of the population evolves according
to (2.4), the small mutations kj; about the resident strategy kg also evolve accord-
ingly. The sign of the selection gradient g(kg) is indicative of the direction in which
the strategy of the population will evolve. In particular, the strategy of the popula-
tion will increase for g(kr) > 0 and decrease for g(kr) < 0. Evolutionary singular
strategies k., correspond to a vanishing selection gradient g(k.) = 0. Singular strate-
gies are evolutionary attractors for the population (also known as Convergent Stable
Strategies (CSS)) if they satisfy the condition

99

< 0. 2.5
OkR |}, (25)
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CSS stable attractive strategies k, can be either monomorphic evolutionary stable
strategies for the population, or can be branching opportunities where the population
speciates. The condition for a CSS singular strategy to be a branching point for the

population is given by
%S
k2,

> 0. (2.6)
kyn=kr=Fk«

b

kR, kg

Strategy decreases CSS & ESS CSS & Branching ESS but not CSS

Figure 2.3: Pairwise invasibility plots. Dark regions correspond to differential fitness (2.3)
S > 0 and white regions to S < 0. The resident population on the main diagonal moves
in the direction of the white arrows shown, corresponding to the dynamics (2.4). The red
vertical lines mark singular strategies. Singular strategies with arrows pointing towards them
are convergence stable (CSS). Singular strategies with vertical lines passing through regions
that are exclusively white are evolutionarily stable (ESS).

Figure 2.3 shown pairwise invasibility plots (PIP) [25] corresponding to the CSS
and branching cases described above. PIPs provide a geometric method for analyzing
evolutionary dynamics. The population strategy at any instant is distributed about
a point on the main diagonal of each plot, with resident strategy kr and small mu-
tations kj; about the resident strategy. The population distribution moves in the
direction of the arrows shown on the plot, eventually arriving at a CSS attractor, or
at the boundaries of the strategy space. At the CSS attractor, the population can
remain monomorphic when attractor is at a fitness maximum, or can branch when the
attractor is at a local fitness minimum. We employ PIPs to study collective migration
in Chapter 5.

The replicator (2.1), replicator-mutator (2.2), and adaptive dynamics (2.3), (2.5)
model the evolution of strategies in a single large population. However certain co-
evolutionary processes, such as interactions between predators and prey for example,
involve the coupled evolutionary dynamics between two distinct populations. The

single-population models described here can be extended to study such coevolution-
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ary processes; we will consider an extension of the replicator dynamics to model the

evolutionary dynamics of pursuit and evasion in Chapter 6.

2.2 Dynamical Systems Tools

A dynamical system is a mathematical model describing the time evolution of a set
of variables which collectively define the state of the system at any given point in
time. There is a rich set of tools in the dynamical system literature (for example
see [32, 59, 125]) for computing and understanding the solutions to these systems,
including the study of bifurcations. A bifurcation is a qualitative change in the solu-
tions of a dynamical system as a result of the smooth change in a system parameter
(known as the bifurcation parameter). Bifurcations that are detected by studying
small neighborhoods of equilibria and limit cycles of dynamical systems are known
as local bifurcations. In Chapters 3, 4, 5 and 7, we study local bifurcations of specific
continuous-time dynamical systems, and in this section we introduce the kinds of
bifurcations that appear in these chapters.

Consider the continuous-time dynamical system with state £ € RY and bifurcation

parameter u € R given by
@ = f(z,p), (2.7)

with the vector field f : RY x R +— R¥. The range of behavior for one-dimensional
systems (z € R) is limited; solutions either approach stable equilibria or diverge
to infinity. Nonetheless, the analysis of certain bifurcations in higher dimensional
systems can be reduced to studying one-dimensional normal forms (nonlinear analog
of matrix diagonalization or matrix Jordan normal form [32, 59]) by using the center
manifold theorem (see [32] for details). The four main bifurcations for one-dimensional

systems are given below, and illustrated in Figure 2.4.

(a) Saddle-Node: Normal form & = u + z?. Equilibria exist for g < 0. As gy — 0~

an unstable saddle and a stable sink collide and disappear.

(b) Transcritical: Normal form @ = px — 2. A stable branch and an unstable branch

of equilibria exist for all y # 0. The branches exchange stability at p = 0.

(c) Supercritical Pitchfork: Normal form & = pz—x®. The x = 0 equilibrium is stable
for u < 0 and unstable for g > 0. There are two additional stable equilibria for
> 0, which appear at the pitchfork bifurcation point = 0.
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(d) Subcritical Pitchfork: Normal form & = pux + z°. The x = 0 equilibrium is stable
for 4 < 0 and unstable for ;> 0. There are two additional unstable equilibria

for p < 0.

Figure 2.4: Illustration of the four canonical bifurcations in one-dimensional systems.
Solid curves are stable equilibria and dashed curves are unstable. (a) Saddle-Node (b) Tran-
scritical (c¢) Supercritical pitchfork (d) Subcritical pitchfork.

In addition to stable and unstable equilibria, N(>2)-dimensional systems (x €
RY) can also have periodic orbits, limit cycles, homo/hetero-clinic connections and
chaotic attractors (chaotic attractors may exist only for N > 3, see the Poincaré-
Bendixson theorem in [32] and Peixoto’s theorem in [32, 100]). Bendixson’s criterion
provides sufficient conditions for the nonexistence of periodic orbits for planar systems
(x € R?) [32].

Theorem 2.1. (Bendixzson’s Criterion) An autonomous planar vector field (2.7) de-
fined on a simply connected region D C R? has no periodic orbits lying entirely in D

if g—ﬁ + g—g 18 not identically zero and does not change sign in D.

One-parameter bifurcations in dynamical systems with a one- or two-dimensional
state space can be conveniently plotted in two and three dimensions respectively.
Constructing bifurcation plots is more challenging for higher dimensional (N > 3)
systems, for which we can either plot projections in two or three dimensions (as in
Chapters 4 and 5), or construct reduced dimensional approximations of the dynamics
(as in Chapter 7).

For high dimensional systems, our focus in Chapter 4 will be on the existence of
stable limit cycles, arising out of Hopf bifurcations of the dynamics. The normal form

of the Hopf bifurcation is given by

@) = pry — x5 + oxy (2] + 23) 2.8)
Ty = 11 + pry + oxo(TF + 23),

where 0 = +1 (0 = sign(¢,(0)) from Theorem 2.2 below). The Hopf bifurcation point
is . = 0. The origin is asymptotically stable for 4 < 0 and unstable for ;> 0. The
17



bifurcation is supercritical for ¢ = —1 and subcritical for ¢ = +1. The supercritical
bifurcation results in stable limit cycles of radius /i for u > 0 as shown in Figure

2.5. For general N > 3 dimensional systems, the Hopf bifurcation theorem [32, 59]

TR N2
5o Sl :

: = _ ‘ _ |
21 , Mé?) L2, E

1

Figure 2.5: Bifurcation plot (left) for the supercritical Hopf bifurcation normal form (2.8).
Blue curves are stable equilibria, red curves are unstable equilibria and magenta curves
are stable limit cycles. The two right plots are phase portraits for p = —2 and p = 3,
corresponding to the grey slices on the bifurcation plot.

provides sufficient conditions for the existence of stable limit cycles arising out of

supercritical Hopf bifurcations.

Theorem 2.2. (Hopf bifurcation) Suppose that the system & = f(x,u), © € RY,

w € R, has an equilibrium (o, 11o) and the following properties are satisfied:

e (H1) The Jacobian Dx_f|(m07u0) has a simple pair of pure imaginary eigenvalues

Apo) and A(po) and no other eigenvalues with zero real parts,
o (112) Re )| #0.
Then the dynamics undergo a Hopf bifurcation at (2o, po) resulting in a one-parameter
family of periodic solutions. The system is locally topologically equivalent to the nor-
mal form (2.8) near the origin. The stability of the periodic solutions is given by the
sign of the first Lyapunov coefficient of the dynamics o = sign (él\(mo,ﬂo)) If {1 <0
then these solutions are stable limit cycles and the Hopf bifurcation is supercritical,

while if {1 > 0 the periodic solutions are repelling.
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A key challenge is determining the right sets of coordinate transformations to con-
vert the center manifold dynamics to the normal form (2.8); details of the calculation

of the Lyapunov coefficient ¢; are provided in Appendix A.

0 ) 231

2 25

5 = 5

Figure 2.6: Cusp catastrophe bifurcation plot. The surface corresponds to the equilibria of
the cusp catastrophe normal form (2.9) plotted as a function of the bifurcation parameters
w1 and po. The planar projection on the uy — pa surface shows the bifurcation set of the
system, including the region with bistability. Outside this region, the system has one stable
equilibrium.

Our discussion on bifurcations so far has focused on bifurcations as a single pa-
rameter p is varied. There exist several classes of multi-parameter bifurcations, one
of which is the two-parameter cusp catastrophe [102], the normal form of which is
given by

b= — jxr — py. (2.9)

Figure 2.6 shows the equilibria and bifurcation set of this system as a function of bi-
furcation parameters 1y and po. Saddle node bifurcations occur along the bifurcation

/2 except at the point p; = uo = 0, which is a pitchfork

set defined by ps = %ui’
bifurcation point (pitchfork bifurcation moving along the line o = 0). This results in
a region of bistability (two stable equilibria), as shown in the plot. We will encounter
systems with a cusp catastrophe in Chapter 3 (Figure 3.4) and in Chapter 7 (Figure

7.3).
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2.3 Graph Theory Tools

Graphs are a convenient tool for representing interactions between agents in a multi-
agent network. For a graph with N nodes, the structure of the graph is encoded in an
N x N non-negative adjacency matrix A = [a;;]. Each a;; > 0 (i # j) is the weight
of a directed edge from node ¢ to node j. Each a; > 0 corresponds to the weight of
a self cycle at node . An edge exists from node ¢ to node j if and only if a;; > 0.
Let N; denote the set of neighbors of node i, i.e., j € N; if and only if a;; > 0. For
unweighted graphs, a;; € {0,1}. A graph is said to be undirected if its adjacency
matrix is symmetric, i.e., a;; = aj; for all ¢, 7. For a graph with adjacency matrix A,
the Laplacian matrix of the graph is given by L = diag(A1) — A. Let G(L) denote the
directed graph with Laplacian matrix given by L. Figure 2.7 illustrates the adjacency

and Laplacian matrices for a particular graph.

Graph A L =diag(A1)— A

2 3 (00100 0 0] I -1 0 0 0 0
00 3 3 00 B L —f -&p g

1 000 000 0O 0 0 0 0 0
00 L ool 0 0 - 1 0 -1

0 1 (2) 1 % 0 -1 0 —% 1 —é

5 6 |00 1 g 0 0 | 0o 0 -& -1 o0 1

Figure 2.7: Adjacency and Laplacian matrices for a specific directed graph with N = 6
nodes. Graph edge weights are chosen such that the Laplacian matriz is normalized to zeros
and ones on the main diagonal.

In biological systems, individual agents such as birds in a flock, or fish in a school,
are represented as nodes on a graph and interactions between agents are represented as
directed edges with a prescribed (possibly state dependent) weight. For example, an
edge from node ¢ to node j with weight a;; could represent that agent ¢ senses agent
J with strength @;;. Similarly, in robotic networks, nodes can represent individual
robots with edges corresponding to communication or sensing links between them.

The Laplacian matrix features prominently in the multi-agent systems literature
to model the continuous-time consensus or agreement process [111, 91, 47]. Consider

a state vector £ € RY with dynamics given by

&= —Lax. (2.10)
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Here z; corresponds to the state of each node of the network and the dynamics (2.10)
correspond to agents on the graph updating their state to reach agreement with the
mean of their neighbors (as defined at the beginning of this section). The dynamics
(2.10) converge to the agreement subspace al for some scalar « if and only if the
directed graph corresponding to L (G(L)) is connected. Connectivity of G(L) requires
that there exists at least one node, labeled the root, such that a directed path exists
from every other node of the network to the root [111, 64, 110]. For example, the
graph in Figure 2.7 is connected with root node 3. In Chapter 5 we discuss graph

connectivity and consensus in more detail in the context of collective migration.

12> X

A = Circulant(0, a,0,0,0,0) A = Circulant(0,0,a,0,0,0) A = Circulant(0,0,0,a,0,0)

Figure 2.8: [lllustration of circulant graphs for N = 6 nodes where each node has one
outgoing edge.

In Chapters 3 and 4 we focus on a specific class of graph topologies with circulant
adjacency matrices. A circulant matrix is fully specified by its first row; the subse-
quent rows are cyclic permutations of the first row to the right with offset given by

the row index. Let circulant matrix C' be given by

Cl C2 ... ... CN
CN C2

C' = Circulant(cy, ¢, - -+ ,cn) = T PO ) (2.11)

CN €1 C

Cz ... ... CN C]_

In Figure 2.8 we illustrate three circulant graph topologies. The symmetry of circulant
graphs, and corresponding well-known properties such as an analytical characteriza-
tion of eigenvalues and eigenvector of circulant adjacency and Laplacian matrices,
make these topologies particularly well-suited for analysis [43].
Graphs can also be constructed by considering the spatial embedding of nodes and
using spatial metrics to define the existence and weights of edges. This is particularly
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useful when considering models of collective motion where agents interact with others
within a specific distance from them (distance metric) [14, 15], or with a specific
number of nearest neighbors (topological metric) [3, 10]. Graphs with the distance
metric are undirected by definition if the specific distance is the same for every agent;

see Figure 2.9 for an illustration.
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Figure 2.9: Spatially embedded graphs with N = 20 nodes. The blue circles indicate node
positions, both graphs have an identical set of nodes. For the graph on the left, each node is
connected to its three nearest neighbors. For the graph on the right, each node is connected
to all nodes within the distance indicated by the dashed line segment.

2.4 Stochastic Dynamics

It is often the case that in modeling physical systems one chooses to ignore or ne-
glect the role of noise and disturbances that drive these systems, either by a rigorous
calculation, or informally. Indeed a large part of the field of control theory is de-
voted to designing controllers for systems that minimize the impact of external noise
and disturbances, thereby enabling such systems to track and converge efficiently.
Nonetheless, the lack of predictability is inherent to a large variety of natural phe-
nomena. In this section, we will be concerned with noisy (stochastic) systems that
have limited predictability: the mean motion of these stochastic systems is often easy
to determine, but the fluctuations about this mean motion are not predictable. As
we will see in Chapters 5 and 7, quantifying the magnitude of these fluctuations is

important for understanding the dynamics of specific collective systems.
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The simplest one-dimensional stochastic system can be represented using an Ito
stochastic differential equation (SDE) [24]

dr = a(x,t)dt + B(z, t)dW. (2.12)

Here x denotes the stochastic state variable, a(x,t) and 3(x,t) are the drift and noise
intensity functions respectively, and dW is the standard Wiener increment. The
Wiener process de = dW <= z(t) = W(t) has mean x(0) and variance that grows
linearly with time. There is a one-to-one correspondence between the SDE repre-
sentation of the stochastic process (2.12) and the Fokker-Planck (FP) representation
of the evolution of the probability density of the state x with time. Specifically, let
p(z,t) represent the probability density function of the state x at time ¢ with initial
condition z(t = 0) = xg. Then p(z,t) evolves according to

op 0 1 9

5 = "3y M@ Op(@ )] + 5o B, 6)°p(r, )] (2.13)

with initial distribution p(x,0) = 6(xz — x). There is a complete equivalence between
the SDE (2.12) and the FP equation (2.13) with drift coefficient a(z, t) and diffusion
coefficient 3(x,t)? [24].

(a) WP (b) OU | (c) DDM

Sl

Figure 2.10: Simulations of the stochastic dynamics (2.12) dx = (a + bx)dt + odW with
initial condition xog = 2; each figure shows 50 sample trajectories with the ensemble mean
plotted in the darker dashed curve. (a) Wiener Process (WP) with parameters a = b = 0,
o = 1. (b) Ornstein Uhlenbeck process (OU) with parameters a = —5, b =25 and o = 1.
(¢) Drift Diffusion process (DDM) with parameters a = 0, b = 1, 0 = 1. Note that only
the stable OU process (b) has finite steady-state variance. We use the first order Euler-
Mayurama method for all simulations of SDEs [39].

Let N'(p, 0?) denote a Gaussian distribution with mean p and variance 2. If o = 0
and § = o, the system (2.12) reduces to the standard Wiener process (z(t) = oW (t) or
equivalently p(z,t) = N(xg, 0%t)) illustrated in Figure 2.10(a). For a linear drift term
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a(x,t) = ax+b and constant noise term (x,t) = o the equation (2.12) corresponds to
the one-dimensional Ornstein-Uhlenbeck (OU) process. For a < 0 the OU process is
stable with a stationary steady state solution with mean E[z|ss = —b/a and variance
02, = 0%/(2a). Equivalently Jim p(z,t) = N (=2, 2). The stable OU is illustrated in
Figure 2.10(b). The SDE with v = b and 8 = ¢ is the continuum limit of the random
walk model and is also known as the drift diffusion model (DDM), widely studied
as a model for optimal decision making in neural systems [8]. This model does not
converge to a steady state solution, but rather has solution mean and variance that
grow linearly with time, i.e., p(z,t) = N(zg + bt,0%t). The DDM is illustrated in
Figure 2.10(c).

For a multi-dimensional stochastic state vector € RY, the multivariate stochas-

tic dynamics are given by
de = oz, t)dt + B(x, t)dW, (2.14)

where o : RY xR — RV, B:RY xR — RY, and dW € R" is the multi-dimensional
Wiener increment. Similar to (2.13), the mutivariate FP equation equivalent to (2.14)

is given by

Z oz, [ (z, t)p(x, t)] ZZ 8%8:6] { (x t)ﬂ(:c,t)T]ijp(zc,t)},

(2.15)
where p(x,t) is the multivariate probability density function for the state @ (t) with

initial condition x(t = 0) = xo.

Let N(w,Y) denote the multivariate Gaussian distribution with mean g and
covariance matrix ¥ (symmetric, positive semi-definite). The multivariate Wiener
process is given by @ = 0 and 3 = B where B is a constant matrix; this process has
solution p(x,t) = N (xo, BBT). a = Az + b and 3 = B results in the multivariate
OU process

dx = (Az + b)dt + BdW , (2.16)

where A € RV*N and B € R¥*Y are constant square matrices and b € R” is a
constant vector. If A is Hurwitz (all eigenvalues in the open left half of the complex
plane), then the process (2.16) has a steady-state mean given by E[x],, = —A™'b
and state state covariance matrix >, given by the solution to the system of linear

equations (Lyapunov equation) [24]

AX,, + 3, AT = —BBT. (2.17)
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We employ the system of equations (2.17) to study the evolutionary dynamics of a
networked migration model in Chapter 5.

Setting A = —L, b = b1 and B = ol in (2.16) results in a coupled version of the
DDM studied recently in [104]. Here L is the positive semi-definite Laplacian ma-
trix from (2.10) that encodes the networked coupling between different drift-diffusing

decision-making units.

2.4.1 Random Points on a Simplex

Figure 2.11: Random distributions of points on Ay. The red points in R® are drawn
randomly from a uniform distribution in (a) and an exponential distribution in (b). The
intersection of the line joining each red point and the origin, with the simplex Ao, is marked
in blue (this is the geometric illustration of the division by sum normalization).

For several of the simulations in the chapters to follow, we pick initial conditions
that are uniformly randomly distributed on the simplex Ay_;. A seemingly rea-
sonable method to do this would be to choose N independent uniformly randomly
distributed values on the interval [0, 1] and divide each by the total sum of the values
to get a simplex vector. This method, however, results in points that are clustered
in the middle of the simplex as illustrated in Figure 2.11. The correct method to
do this is to draw N values independently from an exponential distribution and then
normalize. The resultant vectors are then uniformly distributed on the simplex, as
illustrated geometrically in Figure 2.11. We refer the reader to the Dirichlet distri-

bution described in [58] for more details.
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Chapter 3

Replicator-Mutator Dynamics in
the Plane

As discussed in Chapters 1 and 2, the replicator-mutator dynamics define a canonical
model from evolutionary theory and have been recently applied to model the evolution
of language and the decision-making dynamics of social networks. In this chapter, we
study a form of the replicator-mutator dynamics and prove necessary and sufficient
conditions for the existence of stable limit cycles for N = 3 competing strategies;
we generalize these results to N > 3 strategies in Chapter 4. Stable limit cycles
correspond to sustained oscillations in strategy dominance across some or all of the
population. The form of the dynamics considered, and the interpretation of the
oscillations, depends on the applications of interest; three motivating applications are
discussed in §1.1. The results presented in this chapter have been published in [97].
The analysis of the replicator-mutator dynamics in the literature has focused
primarily on stable limiting equilibrium behavior where the fitness terms are assumed
to have a lot of symmetry (e.g. [75, 85, 90]). However, the recent N = 2 analysis
in [56] (discussed in §3.3) shows that the symmetric case is structurally unstable and
that breaking symmetry in fitness yields qualitatively different bifurcations of the
dynamics. Further, in [76] the authors illustrate that the replicator-mutator dynamics
exhibit limit cycles and chaos for specific model parameter values. In this chapter,
we show that the limiting behaviors of the replicator-mutator dynamics are tied to
the structure of the fitness model, and we prove how breaking symmetry yields some
of the richer outcomes simulated in [76]. It is known that the replicator dynamics for
N > 4 can generate limit cycles and chaos for particular choices of fitness [76, 124, 86].
Here we investigate the role that both fitness and mutation play in generating limit

cycles for the replicator-mutator dynamics.
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With mutation strength as the bifurcation parameter, we prove that Hopf bifurca-
tions can occur for the replicator-mutator dynamics with N = 3 and characterize the
existence of stable limit cycles using an analytical derivation of the Hopf bifurcation
points and the corresponding first Lyapunov coefficients [32, 59]. It is important to
emphasize that the limit cycles discussed in this chapter are fundamentally different
from the rock-paper-scissors game dynamics cycles of the replicator equations (e.g.
[121, 53, 41]). This is because the limit cycles of the replicator-mutator dynamics here
are driven in part by mutation, and exist as a consequence of bifurcations that occur
as mutation strength changes. Indeed, in the absence of mutation, the corresponding
replicator game dynamics would yield stable equilibria at the simplex boundaries for
the models studied here.

3.1 Model Description®

Consider a large population of agents and N distinct strategies S;, @ = 1,2,---, N.

Let x; € [0, 1] be the fraction of individuals in the population with strategy S; such
N

that Z:EZ = 1. Let the population distribution vector @ = [z, ---, :UN]T. The

i=1
fitness f; of agents with strategy .5; is given by

N
fi=> b
k=1

Let £ =[fi, ---, fv]". Then f = Bx, where B = [b;;] € RV*N and the average
population fitness is ¢ = ffx = x’Bx. B is known as the payoff matrix where
b;j > 0 represents the payoff to an agent with strategy S; on interacting with an
agent with strategy S;.

We assume that payoffs are all non-negative and that agents get a maximal payoff
(normalized to 1) on interacting with others subscribed to the same strategy. Hence
B satisfies

b =1 and b;; € [0,1) for i # j. (3.1)

As noted in [90], the payoff matrix B can be interpreted from a graph theoretic
perspective as the adjacency matrix of a directed graph. The nodes of the graph
correspond to the strategies S;. The diagonal elements of B (b; = 1) correspond to

self-cycles at each node. Each of the non-zero off-diagonal elements b;; corresponds to

*This sections is presented verbatim as in [93].
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the weight of a directed edge from node S; to node S;. Symmetric payoff matrices B
correspond to undirected graphs. This graph theoretic viewpoint is important in our
work, particularly as a tool to visualize the structure of the payoff matrix. Consider

the following condition:

Condition 3.1. Every row and column of B has at least one non-zero off diagonal

element.

From the graph theoretic perspective, Condition 1 requires that every node of the
graph has at least one outgoing and one incoming link; this ensures that there are no
isolated disconnected nodes of the payoff graph. We will restrict to examining graphs
that satisfy Condition 1.

Next we define ¢;; to be the probability that agents with strategy S; mutate
(spontaneously change) to strategy S;. Note that since Zqij =1, the mutation

matrix ) = [g;;] is row stochastic. The elements of the mutatjion matrix () are defined
in terms of a mutation parameter p € [0, 1]. The mutation parameter represents the
probability of error in replication. For example, i = 0 denotes perfect replication and
no mutation whereas p = 1 denotes pure mutation.

In this chapter, we use two specific models for the mutation matrix (). The first
model defines the mutation probabilities ¢;; as a function of the payoffs b;; and the
mutation strength u as follows:

by o
i = (L= g0, gy = 5o for i . Q)
i#j i

The form of ¢; in (Q1) is motivated by the graph theoretic perspective on the
replicator-mutator dynamics and is a generalization of the structured mutational
models in [60, 56]. Intuitively, this model implies that spontaneous mutation to al-
ternative strategies is weighted in favor of strategies that yield higher payoff. The
mutation models in [90, 60, 75, 85] are special cases of (Q1) in which the payoff matrix
B is symmetric. We call (Q1) the dependent mutation model since (Q1) is dependent
on B.

The second mutation model we consider corresponds to a uniform random prob-

ability of mutating to alternative strategies as follows:

H . .
Gi = (1—p), ¢ = N _q ori#J (Q2)

We call (Q2) the independent mutation model since (Q2) is independent of B.
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There are several alternative possibilities for the mutation matrix ). Our choice of
(Q1) and (Q2) enables a comparison between independent and dependent mutation
models, and represents two generic models that are popular in the literature and
meaningful in the context of our motivating applications.

The strategies S;, payoffs b;; and mutation probabilities ¢;; can be interpreted in

each of our motivating contexts from §1.1:

a) For the evolution of language, each S; is a specific grammar in the population
and b;; is the probability that a sentence spoken at random by individuals with
grammar S; can be parsed by individuals with grammar S;. Higher values of the
diagonal terms ¢; = 1 — p of the mutation matrix ) correspond to more effective
language transmission or learning, and the off-diagonal terms ¢;; correspond to

mutation probabilities to alternative grammars.

b) In social networks, each S; represents a particular behavior in a population and b;;
represents the degree to which agents with behavior S; are attracted to behavior
S;. Higher values of the mutation probabilities g;; correspond to a greater tendency

for individuals to explore and adopt alternative behaviors in the population.

¢) In multi-agent decision-making, each S; represents an alternative choice for the
group and the b;; represent the perceived relative advantage of choice S; for agents
currently subscribed to choice S;. The mutation terms ¢;; model errors in the

decision-making process, or agent random exploratory behavior.

The replicator-mutator dynamics describe the dynamics of the population distri-

bution x as a result of replication driven by fitness f and mutation driven by Q:
N
T; = ijfj(m)%i — 10 = gi(x); ¢=flx. (32)
j=1

The replicator-mutator dynamics (3.2) can be derived as the limit of a simple
stochastic error-prone imitation process, where agents imitate successful strategies
proportional to relative payoffs (f;/¢) and mutate to alternative strategies with prob-
abilities g;;; see [40, 7, 135] for details. As illustrated in [135, 7], there exist several
possible microscopic imitation mechanisms that yield alternatives to the replicator-
mutator dynamics in the limit. For this chapter, we focus on the replicator-mutator
dynamics as these are popular in the literature and hence allow for comparisons with
past work [75, 90, 60, 76].
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The dynamics (3.2) evolve on the (N — 1)-dimensional simplex phase space as

follows. Define the n-simplex as
An:{wERn+1|xiZO, wT]_:l},

where 1 is a column vector of ones of appropriate dimension. Let g(z) : RY — RY
be g(x) = [gi(x), -, gn(x)]" where g;(x) is defined in (3.2). One can compute
directly from (3.2) that 71 =1 = 17g(z) = 0. Hence 71 = 1 is an invariant
hyperplane for the dynamics. Further, the non-negative orthant of RY is a trapping
region for the dynamics; this follows from the fact that 7;|,,—o > 0. The intersection
of the invariant hyperplane and the non-negative orthant of R is the simplex Ay _;.
Hence Ay _; is a trapping region for the replicator-mutator dynamics (3.2) (see Figure
2.2 for an illustration of A; and A,).

Given the restriction to the simplex Ay_;, the N-dimensional dynamics (3.2) can

be reduced to an (N — 1)-dimensional system of equations:

i; = hi(®), i€{l,2,--- N -1},
N-1
hz(j) =0 <ZL’1,$2,"' 7xN—171 - Z.l?]) )
j=1

where & = [21,--+ ,2n_1]" and b : RN-1 — RN-1,

For © = 0, the replicator-mutator dynamics reduce to the replicator dynamics
(2.1) with payoff matrix B (3.1). Since B is diagonally dominant, the corresponding
replicator dynamics are fairly constrained [74]. In particular, the vertices of the
simplex (pure strategies x; = 1, x;4; = 0) are asymptotically stable, and are also the

only evolutionarily stable states.

3.2 Motivation for Cycles'

Our motivation to prove the existence of limit cycles in replicator-mutator dynamics
comes in part from simulations of the dynamics (3.2) for random payoff matrices
B (bi; chosen from the uniform distribution on the interval [0,1) for ¢ # j), which
frequently exhibit oscillations. Figure 3.1 shows one simulation of the dynamics that
is typical for mutation matrix (Q1) or (Q2). The dynamics in this simulation illustrate

the transition from dominance of a single strategy (Figure 3.1(a)), to the coexistence

TThis section is presented verbatim as in [93], except for the last paragraph and Figure 3.3.
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of several strategies (Figure 3.1(b)), to eventually the collapse of dominance (Figure
3.1(c)), as the extent of mutation (parameterized by p) increases. The study of this
shift in dominance, as a consequence of bifurcations in the dynamics, has received

significant attention in the literature (e.g. [75, 85, 57, 60]).

1 07 0.1
wt [ = f =
& IR =
& &, —
0 Time 200 0 Time 800 0 Time 200
(a) p=0.01 (b) p=0.15 (¢) p=104

Figure 3.1: A first typical simulation of the dynamics (3.2) for N = 20 nodes and b;j; €
[0,1) chosen randomly from the uniform distribution. The dynamics transition from (a) a
highly coherent state for small p, to (b) coexistence for intermediate u, and eventually to
(¢) a mized collapse of dominance for large .

Figure 3.2 shows another simulation of the replicator-mutator dynamics that is
also typical for mutation matrix (Q1) or (Q2). The dynamics in this simulation
also transition from dominance of a single strategy (Figure 3.2(a)) to collapse of
dominance (Figure 3.2(c)). However, unlike the first simulation, the dynamics ex-
hibit sustained oscillations in strategy dominance at intermediate values of mutation

strength p (Figure 3.2(b)).
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Figure 3.2: A second typical simulation of the dynamics (3.2) for N = 20 nodes and
bij € [0,1) chosen randomly from the uniform distribution. The dynamics transition from
(a) a highly coherent state for small u, to (b) oscillating dominance for intermediate p, and
eventually to (¢) a mized collapse of dominance for large p.

We are also motivated in part by simulations of the replicator-mutator dynamics in

[76] that illustrate stable limit cycles for specific asymmetric payoff matrices (Figure
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3.3). The authors in [76] study language dynamics and are particularly motivated by
the observation that oscillations appear more realistic than stable equilibria for the
language dynamics with timescales on the order of several centuries.
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Figure 3.3: [llustration of a limit cycle (left simplex) for the dynamics (3.2) with payoff
and mutation matriz as shown (from Figure 1 in [76]).

3.3 Bifurcations with N = 2 Strategies’

Before we move on to study the N = 3 (planar) case, we summarize the results from
[56] for dynamics (3.2) with N = 2 strategies. To simplify notation, define bys := by
and bg; := by. With this notation and following the reduction (3.3), we have the

one-dimensional system

i1 = hi(m1) = 21 fiqu1 + T2 fagor — X1 f1 — 2120 fo
+ (1 —z) [T+ 21(b2 — D] (p — 21).

This sections is presented verbatim as in [97].
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Figure 3.4 shows the equilibria of the dynamics (3.4), and their stability, as a func-
tion of the bifurcation parameter p. The bifurcation plot shows a transition from
bistability to a mixed equilibrium via a pitchfork bifurcation in the case b; = by. The
pitchfork bifurcation is structurally unstable; for b; # by a saddle-node bifurcation
occurs at a critical value u. as shown in Figure 3.4. Three branches of equilibria exist.
One of the branches remains stable for all ¢ and approaches x; = 0.5 as pu approaches
1. The other two branches exist for u < u. and collide in a saddle-node bifurcation at
te. Note that by # by corresponds to a directed payoff graph between the two nodes.

1.0
0.8 s
: by =02
£ 06 7l
i
0
= 04

0.2 \ i’ N T

by = 0.5
0 oI 02 03 04 05

Mutation Probability u

Figure 3.4: Three bifurcation plots for N = 2 nodes with parameters by = 0.2 and by =
0.2, 0.25 and 0.5. Blue curves are the stable equilibria and the red curves are the unstable

equilibria. Similar to Figure 14 of [56].

A key observation from Figure 3.4 is that directed payoff graphs yield qualitatively
different bifurcations when compared to undirected (symmetric) payoffs; this feature
persists in higher dimensions. The equilibria and bifurcations plotted in Figure 3.4

correspond to vertical slices through a cusp catastrophe, the normal form of which is

given in §2.2 and plotted in Figure 2.6.

3.4 Planar Analysis®

To build intuition for our general results in Chapter 4, we focus here on the bifurca-

tions of the dynamics (3.2) as a function of the bifurcation parameter p for N = 3

$This sections is presented verbatim as in [93] except for the discussion of the topology cases,
which is taken from [97], and Figures 3.7 and 3.9, which are new.
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strategies. Because the simplex is two-dimensional for N = 3 (3.3), it is easier than in
higher dimensions to prove necessary and sufficient conditions for limit cycles and to
visualize codimension-one bifurcations in three dimensions. We will show a transition
from multiple stable dominant equilibria to a unique stable mixed equilibrium for in-
creasing pu, and prove conditions for stable limit cycles to exist over an intermediate
range of p.

Consider the dynamics (3.2) with N = 3 and with the payoff parameters b;; in
(3.1) set to be either 0 or equal to a constant value b € (0,1). There are five non-
isomorphic graph topologies with three nodes that satisfy the connectivity specified
by Condition 1 and have edges of identical weight b; these are shown in Figure 3.5.
Figure 3.5 also shows the analytically computed? bifurcation plots for each of the
topologies as a function of the mutation strength p for mutation matrix (Q1) and
payoff matrix (3.1). The corresponding plots for mutation matrix (Q2) are shown in
Figure 3.6.

(a) @ [ ® | O
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\ | 3 =0
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Figure 3.5: Bifurcation plots for the N = 3 case of dynamics (3.2), constant edge weights
b = 0.2 and mutation matriz (Q1). The x-azis in each plot is the mutation strength u, blue
and red curves are stable and unstable equilibria, respectively, and the magenta curves are
stable limit cycles. The three-node graphs in each subplot have adjacency matriz B with
self-cycles (not shown) at each node. Panels (a) and (e) with circulant payoff matrices each
have an unstable central equilibrium x1 = x9 = x3 = % which stabilizes for large enough p
(see Lemma 4.1).

YEquilibria and nullclines are solved using the MATLAB symbolic toolbox.
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Figure 3.6: Bifurcation plots for the N = 3 case of dynamics (3.2), constant edge weights
b = 0.2 and mutation matriz (Q2). The x-azis in each plot is the mutation strength u, blue
and red curves are stable and unstable equilibria, respectively, and the magenta curves are
stable limit cycles. The three-node graphs in each subplot have adjacency matriz B with
self-cycles (not shown) at each node.

Note that for g = 0 the only stable equilibria for the replicator-mutator dynamics
with payoffs (3.1) are the three pure strategy dominant equilibria at the corners of
the triangle simplex. In all the subplots in Figures 3.5 and 3.6, bifurcations yield a
unique mixed strategy interior equilibrium for increasing p. The transition from the
dominant equilibria to the mixed equilibrium for increasing p depends strongly on

the topology of the payoff graph B under consideration; there are three distinct cases:

1. All-to-all Interconnection: The replicator-mutator dynamics with all-to-all in-
terconnection and identical weights is studied in detail in [75]. For N = 3 the

payoff and mutation matrices are

1 b b l—p § g
B=|b1 b | andQl=0Q2= E1-—pn §
b b 1 g £ 1—up

The bifurcation plot Figure 3.5(a) (or identically 3.6(a)) has two bifurcation

int
points 21— b) ;
n
Hc A1 32+ b) a
5 (3.5)
_6+2b 6+ 2b 4
poa =15 1—b ‘
At = pear the equilibrium Z,ips = %13 changes stability via an Ss-

symmetric transcritical bifurcation [75]. At p = pcas six equilibria disappear
via three symmetric saddle-node bifurcations. Thus for g > pcao the only
remaining equilibrium is the stable ®,q,3. Figure 3.7 shows phase portraits of

the dynamics with the all-to-all payoff topology, for various choices of pu.
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(¢) u=10.25€ (pc1, pe2) (d) p=10.3> pce

Figure 3.7: Phase portraits for dynamics (3.2) and with all-to-all payoff as in Figure
3.5(a) or Figure 3.6(a). The figure on the left of each of the four sub-figures shows
nullclines (red &1 = 0, green 2 = 0 and magenta @3 = 0), vector field (grey arrows)
and fized points (filled circles are stable, unfilled circles are unstable). The figure on
the right of each of the four sub-figures shows sample trajectories for randomly chosen
initial conditions. The color scale indicates the magnitude of the flow (vector field)
with hot colors corresponding to fast flow. b = 0.2 for this set of plots which gives
uear = 0.2424 and peaz = 0.2540 from (3.5).

2. Limited Interconnections: The bifurcation plots for graphs in Figures 3.5(b)-(d)
and Figures 3.6(b)-(d) each have a stable branch of equilibria for all u. They
also have two other stable and four unstable equilibria at ¢ = 0 which disappear
in saddle-node bifurcations as p increases. Perturbations of the structurally un-
stable symmetric all-to-all case yield bifurcations that are qualitatively similar

to the limited interconnection cases, much like the N = 2 bifurcations in Figure
3.4.

3. Directed Cycle Interconnection: The bifurcation plots in Figures 3.5(e) and
3.6(e) correspond to a directed cycle interconnection between nodes with payoff

and mutation matrices

b 0 1l—p p 0 l—p §
1 b |,Q1= 0 1—p n and Q2 =
0 1

po 0 1—p

R R

1
B=10
b

O o
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The equilibrium @,.,,3 exists for all values of p € [0,1]. Three symmetric
saddle-node bifurcations occur at i = ey as shown in Figure 3.5(e); because of
symmetry, the unstable manifold of each saddle-node lies in the stable manifold
of the next, forming a degenerate heteroclinic cycle with three non-hyperbolic
saddle-nodes. This gives rise to stable limit cycles as p increases further. A
Hopf bifurcation at p1 = pce where ®pm;q,3 changes stability from an unstable
to a stable focus and is surrounded by stable limit cycles for u < peo. Figure
3.8 shows phase portraits of the dynamics with the directed cycle payoft, for

various choices of .

(¢) p=10.25€ (pc1, pe2) (d) p=10.35> pco

Figure 3.8: Phase portraits for dynamics (3.2) and with directed cycle topology as
in Figure 3.5(e) and mutation matriz (Q1). The figure on the left of each of the four
sub-figures shows nullclines (red &1 = 0, green t9 = 0 and magenta 3 = 0), vector
field (grey arrows) and equilibria (filled circles are stable, unfilled circles are unstable).
The figure on the right of each of the four sub-figures shows sample trajectories for
randomly chosen initial conditions. The color scale indicates the magnitude of the
flow (vector field) with hot colors corresponding to fast flow. b = 0.2 for this set of
plots which gives pc1 = 0.2136 and pce = 0.3.

Stable limit cycles of the dynamics exist in a wide region of parameter space for
circulant payoff matrices B, for which the directed cycle topology in Case 3 above is

a special case. Here we state necessary and sufficient conditions for the existence of

37



stable limit cycles for (3.2) with circulant payoff matrix given by

1l ap
B := B¢g = Circulant(l,a,8) = | 8 1 «a |,{a,8} €[0,1) and a+ 5 > 0.

a [ 1

Our choice of circulant payoff matrix B3 is in part for analytical tractability; we
discuss limit cycles for non-circulant payoffs in Chapter 4. Lemma 3.1 provides nec-
essary conditions for the existence of limit cycles for (3.2) with N = 3 and payoff
matrix Bes. Corollary 3.1 provides sufficient conditions for Hopf bifurcations and
stable limit cycles and is a special case of the more general result in Theorem 4.1 to

follow in Chapter 4.

Lemma 3.1. The dynamics (3.2) with payoff matriz Bes have no closed orbits in

the simplex Ay for

(2—a—pB)(a+p)
6(a+ [+ apf)

22—a-p)
34+ a+p)

= =: po1 for mutation (Q1), and

> =: ugz for mutation (Q2).

Proof. The simplex A, (a simply connected subset of R?) is a trapping region for the
dynamics (3.2) (see §3.1). The divergence of the vector field on A, is negative semi-
definite for p > pg;, @ € {1,2} (see Lemmas B.1 and B.2 in Appendix B). Therefore
Bendixson’s Criterion (Theorem 2.1) implies that no closed orbits can lie in A, for
M > fhoi- L
Corollary 3.1. Equilibrium Tmies of the dynamics (3.2) with N = 3 strategies,
payoff matriz Bes, mutation matriz (Qi) (i = 1,2) and bifurcation parameter p,
undergoes a supercritical Hopf bifurcation at p = pg; leading to stable limit cycles for
i< o if o £ B and additionally if 20+ 23 + 508+ o + 3% # 2 for mutation matriz
(QL).

Proof. The proof relies on satisfying the conditions of the Hopf Bifurcation Theorem
2.2. This is shown for N > 3 in Theorem 4.1. For N = 3, the first Lyapunov
3(a+p-2)

woi

coefficient is given by ¢4 («, 3) = , where,

6v3(a+B+ap)
(a—p)(1+atpB) i=2
V3(4+a+3) )
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This follows from the calculation of ¢; in Lemma 4.4. Supercriticality follows from
we; # 0 = {1 < 0. See Figure 3.9 for a plot of ¢,(«, 3). ]

Figure 3.9: Plot of ¢1(a, 3) from Corollary 3.1.

Figures 3.5(e) and 3.6(e) show limit cycles for the specific case of Bo g with o = b
and f = 0. Figure 3.10 shows three more limit cycle bifurcation plots for non-
zero « and # and mutation matrix (Q1). Interestingly, for the parameter values
selected in Figure 3.10(b) stable limit cycles coexist with multiple stable equilibria.
This coexistence of stable equilibria and stable limit cycles implies that different
initial conditions can yield qualitatively distinct limiting behavior even with fixed

parameters for the dynamics (i.e., without bifurcations).

=079 (b) ;

= (.95 =04
8=02 | ; ; (C) r

B8=005 | B =0.05

S : 05— 2 01 r—-
.05 T - s A —
M AE 55— B35 g B oF 5y

Figure 3.10: Bifurcation plots for the dynamics (3.2), payoff matriz Bc sz and parameters
a and B as shown. The existence of Hopf bifurcations and stable limit cycles for the set of
parameter choices follows from Corollary 3.1. Note the coezistence of stable equilibria with
stable limit cycles in panel (b).

While the focus of this chapter and the one to follow is on (local) Hopf bifurca-
tions of the dynamics, we note that the dynamics also have global bifurcations. For
example, for p increasing from zero in the bifurcation plot in Figure 3.10(b), a hetero-

clinic cycle containing three hyperbolic saddle points exists at = 0.1. A heteroclinic
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bifurcation yields stable limit cycles as u increases further. Phase portraits illustrat-
ing the heteroclinic cycle and one of the stable limit cycles are shown in Figure 3.11.
In contrast, for the bifurcation plot in Figure 3.5(e), the directed cycle at p = pcq
occurs because the unstable manifold of each of the non-hyperbolic saddle-nodes lies

in the stable manifold of the next.

Figure 3.11: Phase portraits for dynamics (3.2) and parameters a = 0.95 and § = 0.05 as
in Figure 3.10(b) and mutation matriz (Q1). The top row of plots shows sample trajectories
for randomly chosen initial conditions. The color scale indicates the magnitude of the flow
(vector field) with hot colors corresponding to fast flow. The bottom row of plots shows
nullclines (red &1 = 0, green 9 = 0 and magenta i3 = 0), vector field (grey arrows) and
equilibria (filled circles are stable, unfilled circles are unstable). For = 0.1 (center pair), a
heteroclinic connection exists between the three hyperbolic saddles. For p = 0.14 € (0.1,0.19)
(right pair), stable limit cycles coexist with three stable sinks.

In the next chapter we will consider bifurcations of the replicator-mutator dynam-
ics in the general N > 3 case and prove conditions for the existence of stable limit
cycles. We will also consider perturbations of the circulant fitness cases studied in

this chapter, along with more general payoff graph topologies.
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Chapter 4

Replicator-Mutator Dynamics in

Higher Dimensions *

In Chapter 3 we looked at Hopf bifurcations for the replicator-mutator dynamics (3.2)
with N = 3 strategies and circulant payoft matrix B z. While the focus on three
strategies was convenient for visualization, the simulations in Figure 3.2 indicate that
the dynamics have stable limit cycles in higher dimensions as well (N > 4). In this
chapter, we show that this is indeed the case by proving two main results. Theorem
4.1 shows that the dynamics undergo multiple Hopf bifurcations at distinct bifurcation
points for N > 3, and Lemma 4.4 provides analytical conditions for the stability of
the limit cycles arising from these Hopf bifurcations.

We focus on the dynamics with circulant payoff matrix Boy € RVV N > 3

given by
B¢ n = Circulant(1, o, 0,--- ,0,8),{a, 8} € [0,1) and ao + 5 > 0, (4.1)

and mutation matrices (Q1) and (Q2). The directed graph corresponding to the
payoff matrix B¢ y is illustrated in Figure 4.1.

We have chosen to study the circulant two-parameter payoft structure B¢y both
for purposes of tractability and to gain important insights regarding Hopf bifurcations
of the dynamics in N dimensions. In particular, we show the existence of multiple
Hopf bifurcations as several distinct pairs of eigenvalues cross the imaginary axis with
increasing mutation parameter p in §4.1. Further, the criticality of the bifurcations,
and correspondingly the existence of stable limit cycles, depends on the choice of

parameters « and (3, unlike the N = 3 case where all existing bifurcations are super-

*Sections 4.1-4.5 are presented verbatim as in [93].
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Figure 4.1: Graph topology corresponding to the payoff matriz Bo n from (4.1).

critical; this is shown in §4.2. The illustrations in §4.2 and §4.3 show that the choice
of the mutation matrix (Q1) or (Q2) plays an important role in determining the exis-
tence and criticality of the Hopf bifurcations. In §4.4 we extend the results from the
previous sections to study multi-cycle dynamics for one-paramter graphs and show
the existence of multiple stable limit cycle attractors. §4.5 focuses on generalizations
to non-circulant and random payoff graphs and shows the tight connection between
the existence of embedded cycles in these graphs and corresponding limit cycles of

the dynamics.

4.1 Hopf Bifurcation Calculation

N N
goes Hopf bifurcations. Lemma 4.1 shows that T~ is always an equilibrium of

(3.2) for circulant B.

T
For payoff matrix Be y, the equilibrium @iz N = %1 N = [l e l} € RY under-

Lemma 4.1. If the payoff matriz B is circulant, then Tmiz,n 15 an equilibrium of

the replicator-mutator dynamics (3.2) with mutation matriz (Q1) or (Q2).

Proof. Suppose B is circulant. Then 1 is an eigenvector of B with eigenvalue

N
rg = Zblj’ ie., Bl = rgl. Matrix @ is also circulant by construction from
7j=1
N N
(Q1) and (Q2). This means that Zqﬁ = Z% =1. Let € = @ymix,n. Then

j=1 j=1
f = BTpmiz,n = +B1 =21. From (3.2),

. . 1 N 1 . (] N B .
xim-N_Nij %i~ N —WZ%—@—O,
mix, ]:1 ]:1
and Tz, N is an equilibrium. O
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To proceed with the analysis, we start by calculating Dmg]mmm’N, the Jacobian
matrix of the dynamics evaluated at the equilibrium point @, n. We then prove
conditions for the existence of L%J pairs of complex conjugate eigenvalues of the
Jacobian. We prove that each of these pairs of complex eigenvalues has distinct
real part and hence each pair crosses the imaginary axis at different values of the
bifurcation parameter p. We show that each such crossing satisfies the conditions of
the Hopf Bifurcation Theorem 2.2.

The (i, j) entry of the Jacobian Dmg]mmm’N, denoted [Dmg\wmm’NLj, is given by

% 24+ a+8) g + agi—1; + Bgjt1i — <% + 617-) (14+a+ ﬁ)} , (4.2)
where 9;; is the Kronecker delta and the indices 7,j are denoted modulo N, i.e.
1= N+1,0= N, etc. For circulant fitness B, the Jacobian Dgcg|gcmm’N is also
circulant.

Let wy = cos (%’r) +1isin (%’T) be a complex, primitive N*® root of unity. Let
wn gk = wh = cos (QW”I{:) + i sin (%’rk‘) for any integer k. For a circulant matrix M =
[mij] € RV*N et

N
A(M) =Y " myy wii (4.3)
j=1

Then, the N eigenvalues of M are {\,(M), \kr1 (M), -+, Anyx—1(M)} for any k [43].
Lemma 4.2 provides necessary and sufficient conditions for the existence of complex

eigenvalues for the Jacobian Dgg|, . N
mix,
N—1

5 J pairs of complex conjugate eigen-

Lemma 4.2. The Jacobian Dgg|, . has |
values if and only if « # ( and

a+ [ N -1

I m for mutation (Q1), or, u # N

for mutation (Q2).

Proof. The proof relies on the cyclic properties of complex roots of unity. Details are
in Appendix C.1. O]

Note that if the conditions in Lemma 4.2 are not satisfied (either for the mutation
(Q1) or for the mutation (Q2)), then the eigenvalues of the Jacobian are strictly real.

When the conditions are satisfied, wy is complex if and only if )\k< D‘”g’mmm N> is

complex. There are L%J complex conjugate pairs among the wy for k =1,--- | N.

For N = 3, the one complex pair is associated with the unique Hopf bifurcation point
as seen in Figures 3.5(¢e), 3.6(e) and 3.10.
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To prove the existence of Hopf bifurcations we need to show that conditions (H1)
and (H2) of Theorem 2.2 are satisfied. We begin by calculating critical values of the
bifurcation parameter u corresponding to pairs of eigenvalues crossing the imaginary
axis. Since mutation matrices (Q1) and (Q2) have entries that are linear in pu, the
entries of the Jacobian Dmg\mmm’N are also all linear in u. In order to simplify the

notation, we set
[Dmglmm N]l =+ j=1,---,N, (4.4)

where both 7; and n; are independent of p. Using this notation, we compute the

bifurcation points for the dynamics in Lemma 4.3.

Lemma 4.3. The pair of complex conjugate eigenvalues \,., An_, of the Jacobian

NS

Dagl,, ., foreachr=1,-- 5, is purely imaginary if and only if

p= [Z% cos (?\7;(] -1) )] [Zm cos (?\7;(] —r )]1 =: ploy,  (4.5)

and [, satisfies the conditions of Lemma 4.2. Further, the bifurcation points jig,

are distinct, i.e. fioy 7 pog when k # 1.
Proof. The proof is in Appendix C.2. O]

From Lemma 4.3, a unique pair of eigenvalues of D,g| y Is purely

(mmiw,NuUfO,'r
imaginary at each pi,; this implies condition (H1). Lemma 4.3 also implies that
%Re()v) = Z]  mjcos (2(j —1)r) # 0, which is condition (H2). We can now

collect these results and state our main theorem.

Theorem 4.1. The equilibrium point Tymiz,n with payoff matriz Ben undergoes

| 21 ] Hopf bifurcations, with the r'™ (r=1,---, [5]) such bifurcation located at
[Z’}/]COS< (j—Dr )] [ancos( (j—Dr )]_
when o # 3 and
Hor 7 2(1(1;045%—@’) for mutation (Q1), or, uo, # M-l for mutation (Q2).

Remark 4.1. Equation (4.5) gives an analytic expression for pg, corresponding to a

unique pair of purely imaginary eigenvalues of the Jacobian. However, not all values
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of po, are feasible. That is, there might be pairs (o, ) € [0,1) x [0,1) that yield
bifurcation points [, outside the feasible parameter range 0 < p, < 1 of our model.
This s illustrated in §4.3.

4.2 Criticality of Hopf Bifurcation

In Theorem 4.1 we proved conditions for the existence of Hopf bifurcations for the
replicator-mutator dynamics with payoff B¢ x. In this section we study the criticality
of the bifurcations (and correspondingly the existence of stable limit cycles for the
dynamics) by computing an analytical expression for the first Lyapunov coefficient

U1 (@miw.nopo,,) 0 Lemma 4.4,

Lemma 4.4. Let Ay = Dmg|(mmm’N7MO’r). Then Ay has a pair of purely imaginary
eigenvalues A, (Ag) = iw and Ay_, (Ag) = —iw, where © € R is calculated from (4.3).
Define t = r sign (©) and wy = |@|. The first Lyapunov coefficient of the dynamics
(3.2) with payoff Ben evaluated at the fized point Tmie, N and bifurcation point p .,

15 given by

1
f1|(€U7m‘m,N,/to,r) = Q_QJ()Re (Tl + TQ) , where,

Ty = 2N 2+ (a + B)(wy + wy')] and

20,(QT) Aot (Q7 o L
T = 2 ifi _) )\;Eio)) (1+ awy + fwy’) 2+ (1 +wi) (Buy™ +awy)] .

Ag 1s the Jacobian Dwg|( with purely imaginary eigenvalue A, (Ap) = iw

calculated from (4.3).

wmiw,N7N0,r)

Proof. The function A\;(M) is defined for a general integer k and square matrix M
in Equation (4.3). We exploit the circulant structure of the dynamics to obtain this

analytical result. The details of the calculation are in Appendix C.3. O

Lemma 4.4 allows us to study the criticality of the Hopf bifurcations at each of
the bifurcation points pg, as a function of the parameters (o, 3) € [0,1) x [0, 1).
In Figure 4.2 we plot regions of positive and negative ¢; as a function of o and
(. For each of the subplots in Figure 4.2, black denotes negative [; (supercritical
Hopf bifurcation, stable limit cycles) and white denotes positive [; (subcritical Hopf
bifurcation, repelling periodic solutions). Gray denotes the unfeasibility region for
o, (either po, < 0 or po, > 1, see Remark 4.1). The red curves correspond to
critical points pu, that do not satisfy the conditions of Lemma 4.2.
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Figure 4.2: Chriticality of the Hopf bifurcations as a function of parameters o and (3 for

N =3, 4,5, 6 and 8.
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Figure 4.2 illustrates the effect of the number of strategies N and payoff parameters
« and [ on the existence and criticality of Hopf bifurcations for the dynamics. Several
different cases exist. For example, there are cases corresponding to a supercritical
bifurcation throughout («, 5) € [0,1) x [0,1) (as when N = 3), and cases for which
the bifurcation is subcritical on a subset of the parameter space (as when N = 4
and with mutation matrix (Q2)). The regions corresponding to infeasible critical
points (po, outside the range [0, 1]) can be connected as when N = 8, r = 3, or
disconnected, as when N = 6, r = 1 and with mutation matrix (Q1). Some cases are
illustrated in §4.3.

4.3 Illustration of Bifurcations

Figure 4.3: Effect of parameters o and (3 on bifurcations. Subplots labeled (a)-(e) are
bifurcation plots for the dynamics with N = 3 strategies, mutation matriz (Q1), a = 0.1
and B as shown. The top left subplot shows the criticality and existence of the Hopf bifur-
cations (taken from Figure 4.2: N = 3, (Q1)) with parameters corresponding to subplots
(a)—-(e) marked. Subplot (b) corresponds to the all-to-all payoff matrix; the corresponding
bifurcations are discussed in Section 3.4 with bifurcation points given by (3.5).

The existence and criticality of Hopf bifurcations computed in Lemma 4.3 and

Theorem 4.1 vary as a function of parameters o and ( in ways that may not be
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Figure 4.4: Bifurcation plots for the dynamics with N = 6 strategies, parameters o = 0.8,
8 = 0.05, and mutation matriz as indicated on each subplot. In the case of the left subplot
with mutation matriz (Q1), the Hopf bifurcation point po1 = 1.24 lies outside the feasible
range p € [0, 1].

immediately obvious. In this section, we explore the parameter dependence of the
Hopf bifurcations using a set of selected simulations to help illustrate this variation.

Figure 4.3 shows bifurcation plots for the dynamics with N = 3 and mutation
matrix (Q1). Parameter « is set to 0.1 and [ is varied between 0 and 1. Looking
at the corresponding criticality plot in Figure 4.3 (reproduced from Figure 4.2), we
expect that the bifurcation is supercritical for all 5 except at two points labeled (b)
and (d). These are precisely the points that violate the conditions of Lemma 4.2 and
Theorem 4.1. ie., at (b), «a = § = 0.1 and at (d), po1 = 2(1‘1—% for a = 0.1 and
0 = 0.58. As a result, the bifurcation plots show the existence of stable limit cycles
for all values of 3 along the line o = 0.1, except at the points (b) and (d). In Figure
4.3 stable limit cycles are apparent in Figures 4.3(a), 4.3(c) and 4.3(e), but not in
4.3(b) and 4.3(d). The payoff topology corresponding to the parameters in 4.3(b) is
fully symmetric, with a bifurcation plot analogous to Figure 3.5(a).

Figure 4.4 shows the bifurcation plots for the dynamics with N = 6, o = 0.8,
B = 0.05, and mutation matrices (Q1) and (Q2). The corresponding criticality plots
in Figure 4.2 show that the supercritical Hopf bifurcation point s ; lies outside the
feasible range p € [0, 1] for (Q1) and inside the feasible range for (Q2), for the chosen
parameters. This is illustrated in Figure 4.4; the left plot shows a Hopf bifurcation at
1 = 1.249 while the right plot shows a Hopf bifurcation at y = 0.363. The left plot
in Figure 4.4 also illustrates that infeasible supercritical bifurcation points can yield

stable limit cycles within the range of feasible p.
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4.4 One-Parameter Multi-Cycles

In §4.1 and §4.2 we focused on a particular two-parameter circulant payoff structure
given by (4.1) and illustrated in Figure 4.1. In this section we leverage the results
from the previous sections to study the dynamics corresponding to a class of circulant
payoff structures with each node having a single outgoing edge. For simplicity of
presentation, we consider only mutation matrix (Q1) in this section. We show that for
a particular set of topologies in this class, the dynamics exhibit multiple simultaneous
Hopf bifurcations about distinct fixed points. The analysis in this section points to the
fact that the dynamics with payoff graphs having multiple embedded cycles can have
multiple distinct stable limit cycle attractors; we explore these multi-cycle dynamics
more generally in §4.5.

Consider the dynamics (3.2) where the payoff matrix B is given by
B := By, = Circulant (1,ay,--- ,any_1), with ay = a and a; =0 for s # k. (4.6)

Let ged(a, b) denote the greatest common divisor of a and b. Two graphs with payoff

Case 1 Case 2 Case 3
N =5
k=1,2,34
N=6 ' |[>
k=15 d=2; k=24 P
N =15 @
N
k=1,2,4,7 =3 * s
8,11,13,14 | k=3,6,9,12 k=510

Figure 4.5: Graph topologies corresponding to circulant payoff matriz By j from (4.6) for
N =5,6,15. Three cases are shown, Case 1 corresponds to simple cycles, Case 2 to multiple
cycles, and Case 3 to connected pairs of vertices (only exists for N even). Note that multiple
values of k can yield the same graph topology modulo a vertex relabeling; non-isomorphic
topologies have distinct d.
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matrices By, and By, are isomorphic if and only if ged(N, ky)=gcd(N, k2). Hence,
among the payoff matrices By, the set of matrices By 4 where d belongs to the set
of proper divisors of N, corresponds to a set of non-isomorphic graph topologies. We
split the set of graph topologies with payoff By 4 (d a proper divisor of N) into three

distinct cases as described below:
(1) d =1, the graph is a directed cycle containing all vertices
(2) 1 <d < NJ2, the graph consists of d disjoint cycles, each of length N/d

(8) d = N/2, the graph consists of N/2 disjoint pairs of connected vertices. This

case exists only for N even.

Figure 4.5 illustrates the three cases of graph topologies for N =5, 6,and 15.
In addition to ®miq,n, the dynamics with payoff matrix By 4 and mutation matrix
(Q1) have d equilibria denoted ;4 n and given by

T
0L . ] ERY, j=1,---,d  (47)

R _ T d T T
m.’lad7N - 0'71 N Od—] ‘ T ‘ O 7

4

J N -1 N
In Case 1, d = 1, and correspondingly j = 1, and ®1,1,N = Tmiz,~n. For a given N
and d # 1, the d equilibria x4 n are cyclically and symmetrically spaced around
ZTmix,N. Case 1 is studied in detail in §4.1 and obtained by setting 8 = 0 (a simple
one-parameter cycle). For the topology with pairs of connected nodes in Case 3, the
Jacobian of (3.2) evaluated at the equilibrium @,z n, or also at any of the equilibria
Tj,N/2,N, is real and symmetric and therefore has only real eigenvalues. Thus the
system cannot have Hopf bifurcations for these equilibria in this case. We henceforth
focus on Case 2 and study the dynamics with payoff topologies comprising multiple

cycles.

4.4.1 Case 2 Analysis

We begin the analysis of the dynamics with multi-cycle graph topologies by first look-
ing at the case N =6, d = 2 (payoff Bgs), before generalizing to higher dimensions.
The two disjoint cycles in the graph corresponding to Bg o suggest that the behavior
of the system might be similar to that observed for the N = 3 cycles in Chapter
3. Indeed, simulations of the dynamics shown in Figure 4.6 suggest the existence
of two stable limit cycle attractors, each dominated exclusively by three strategies,

corresponding to the connected nodes of the graph. Further, simulations of the phase
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(a) Trajectories of the dynamics (3.2) for N = 6, d = 2, and B = Bg s = Circulant (1,0, «, 0,0, 0),
and for two different random initial conditions. Red corresponds to components z1, x3, x5 while blue
corresponds to components Ts.x4, Tg.
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(b) Phase portrait for dynamics with payoft Bg » and 50 different initial conditions showing two stable
limit cycle attractors.

Figure 4.6: Simulation of the dynamics (3.2) for N =6, payoff Bs2 and p = 0.25. Panel
(a) shows two typical trajectories for the system while panel (b) illustrates the limit cycle
attractors in a decoupled phase space. The red trajectories correspond to the components
1, x3 and x5, while the blue trajectories correspond to x2, x4 and xg.

space for 50 different randomly selected initial conditions, as in Figure 4.6(b), indi-
cate that the two limit cycles are the only stable attractors for the dynamics for an
appropriate range of bifurcation parameter pu.

The linearization of the system at equilibrium @iz violates condition (H1) of
Theorem 2.2 (i.e., complex eigenvalues of the Jacobian have algebraic multiplicity

greater than one). However the dynamics with payoff Bg s have two other equilibria
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(as in (4.7)) given by

T
w1,2,6=[1/3 0 1/3 0 1/3 o] ,
T
Z230= |0 1/3 0 1/3 0 1/3] .

The simulations in Figure 4.6 suggest that the dynamics undergo Hopf bifurcations

at each of these equilibria. In Corollary 4.1, which follows from Corollary 3.1, we

prove that this is indeed the case by showing that xq 26 and x2 26 undergo two
2—a

simultaneous Hopf bifurcations at the critical point p = =5=.

Corollary 4.1. The system (3.2) with payoff matriz Bgo and mutation matriz (Q1)
has equilibria T126 and X226 that undergo supercritical Hopf bifurcations at the
critical point p = Q_Ta with o # /3 — 1.

Proof. Here we analyze the equilibrium x4 26. The analysis for @22 ¢ is similar. The

Jacobian Dggl,. , . is given by
1-2a—6u —2+a—3ap Jau+6p—2—2a ]
9 0 9 0 9 0
0 ol 0 0 0 0
3apu+6pu—2—2a 1-2a—6u —2+a—3apu
D | — 9 0 9 0 9 0
Hlerao 0 0 0 —a-l 0 0
3
—2+a—3au 0 3au+6u—2—2a 0 1-20—6p 0
9 9 9
0 0 0 0 0 o

Permuting rows and columns (i.e. reindexing the nodes), this matrix can be rewritten

as the block matrix Mg, given by

1—2a—6u —24a—3apn Jop+6pu—2—2a i
9 9 9
3ap+6p—2—2a 1—2a—6u —24+a—3au 0
—2+a—3ap Sapu+6pu—2—2a 1—2a—6u
Mgz = 5 9 5 : (4.8)
0 ~Lag
L 3x3 3 43x3 |

which has the same eigenvalues as Dm9|m1,2,6‘ The upper diagonal block of Mg is
the same as the Jacobian of the system (3.2) for N = 3, payoff Bos with § = 0,
mutation (Q1) and evaluated at equilibrium [1 /3 1/3 1 /3]T. The lower diagonal
block is a Hurwitz matrix. Also the two blocks are decoupled, hence the eigenvalues

of Mg are given by the union of the sets of eigenvalues of each block. A pair of the
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eigenvalues crosses the imaginary axis resulting in a Hopf bifurcation for precisely

the conditions given in Corollary 3.1 with f = 0 and mutation matrix (Q1) (i.e., a

2—a
6

C.4, we leverage the reindexing and decoupling (as in Mgo) to compute the first

critical point p = and complex eigenvalue condition o # /3 — 1). In Appendix
Lyapunov coefficient for the dynamics and show that the Hopf bifurcations in this

case are supercritical. O

Following the intuition developed from the analysis of the two-cycle dynamics for
N = 6 above, and the illustrations in Figure 4.6, we now extend the analysis to
general N. Just as in the N = 6 case, a decoupling in the Jacobian allows us to
prove the existence of multiple Hopf bifurcations about the d fixed points x; 4 n.
The (m,n) entry for the Jacobian of the system (3.2) with payoff By 4 and mutation
matrix (Q1) is given by

[Da:g]mn = (2xn + « xn-i—d) dnm + Alp—dqn—dm — Tm [QIn + « (xn—d + xn—&—d)]

N N
— (Z l‘i + « Z xkxk—kd) 5mn- (49)
k=1 k=1

Evaluating the Jacobian from (4.9) at the equilibrium x; 4 7, and rearranging its

rows and columns analogous to (4.8), we obtain the matrix

ANy <Ny Onyx vy

N
MN,d: y where leg, NQZN—Nl,

1+
ON1><N2 - N INQXNQ

and A is the Jacobian of the system (3.2) with payoft By, 1 (simple cycle), mutation
(Q1) and evaluated at equilibrium @ 1 N, = N%l Ny = Tomia,Ny -

My 4 has a block diagonal structure with N — NV} eigenvalues equal to —1]JV“—10‘. Its
remaining /V; eigenvalues are given by the eigenvalues of the circulant matrix A. The
Jacobian (4.9) evaluated at each of the d equilibria ;4 n is similar to My 4, hence
making the Hopf bifurcation analysis of all of these equilibria equivalent. The matrix
A is precisely the Jacobian studied in §4.1 for the case N = N; and § = 0; hence
the existence of Hopf bifurcations follows from Theorem 4.1. The criticality of each
of these d simultaneous Hopf bifurcations of equilibria ;g n is analogous to the
criticality calculations in §4.2 and is computed in Appendix C.4. Corollary 4.2 below
summarizes the bifurcation result described above and is the multi-cycle extension to

Theorem 4.1. To simplify notation, analogous to (4.4) we set [A],, = vn + .
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Corollary 4.2. The system (3.2) with payoff matric Byg (with N > 6, d =
1,---,N/2, d a proper divisor of N) and mutation matriz (Ql) has d equilibria
xjan (J = 1,---,d) that concurrently undergo L%J Hopf bifurcations, with the
r*" of such bifurcations located at

N/d N/d -1

2 2
fo, = — ;% cos <N7T(n — 1)rd) ;nn cos (Wﬂ(n — 1)rd>

forr=1ee 154), if 0> 0 and o, # iy

In this section we have shown the coexistence of multiple stable limit cycles for
the dynamics, when the underlying circulant payoff graph topologies have multiple
distinct cycles. In the following section we investigate the connections between cycles
in the payoff graph topology and limit cycles in the dynamics for more general payoff

structures.

4.5 Extensions and Generalizations

Studying the fully general model (3.2), even with NV = 3 strategies, is highly complex.
This complexity motivated our restriction to circulant payoff matrices of the form
Ben (4.1) and By g (4.6) for the analysis in §4.1 and §4.4. These results might lead
one to conclude that the circulant structure of payoff matrix B is a necessary condition
for Hopf bifurcations of the dynamics. In this section we illustrate that this is not the
case. We show examples of limit cycles for selected noncirculant payoff matrices, first
for N = 3 strategies, and then for N > 4. The simulations in this section illustrate
a tight connection between the topology of the payoff graphs and the existence of
stable limit cycles for the dynamics. In particular, embedded cycles in the payoff
graph appear to be necessary for (and often lead to) the existence of limit cycles, and
amplitude and frequency of limit cycles appear to be related to symmetries in the
graph.

Consider 3 x 3 payoff matrices B satisfying (3.1) and Condition 3.1 that have
directed links of two kinds: strong links with weights b and weak links with weights
eb where b € (0,1) and 0 < € < 1. There are 73 corresponding non-isomorphic graph
topologies in the set [97]. Figure 4.7 shows stable limit cycles for four topologies in
this set corresponding to noncirculant payoff matrices. Each of these topologies has

an embedded directed cycle.
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Figure 4.7: Limit cycles for noncirculant payoff matrices B, N = 3, and mutation matriz
(Q1). The solid arrows in the graphs are strong links with weight b and the dashed arrows
are weak links with weight eb. Parameters for all plots are b= 0.2 and ¢ = 0.1.

We next look at selected noncirculant payoff topologies with N > 4 nodes in Figure
4.8. The bifurcation plots (middle panel in Figure 4.8) are obtained by simulating the
dynamics for a range of different values of mutation parameter y and random initial
conditions. Stable equilibria are marked blue and limit cycles are marked magenta.
Also shown in the right panel of the figure are limit cycle trajectories of the dynamics
for specific chosen values of i in the magenta range. The colors of the nodes in the
topologies (left panel) match the colors of the corresponding trajectories.

Several interesting features can be observed in the plots in Figure 4.8. In topology
(a), the connection between the amplitude of oscillation of a given strategy in the
trajectory plot and the location of the corresponding node on the graph is apparent.
In particular, the cyan node, which is part of two directed cycles, has a significantly
higher oscillation amplitude than the green node, which is part of only one directed
cycle. The symmetry of topology (b) about the red node leads to the existence of two
stable limit cycle attractors, much like the illustrations in §4.4. On the other hand,
topology (c) has two embedded cycles but only one limit cycle attractor for both (Q1)
and (Q2) mutation matrices.

In Figure 4.9, we go a little further and consider random payoff graph topologies
having strong links with weight b and weak links with weight eb, much like in Figure

4.7. We simulate the dynamics for a set of different random graphs and a range of
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Figure 4.8: Limit cycles for the dynamics (3.2) with noncirculant payoff graph topology.
The left panel shows the payoff graph; all edges have equal weight b = 0.7. The center panel
shows the bifurcation plot for each topology and mutation matriz (Q1) or (Q2) as indicated.
The bifurcation plot is obtained by simulating the dynamics for 120 values of the mutation
parameter i in the range shown on the x-axis of each plot. For each i, the dynamics are
simulated for 12 randomly chosen initial conditions and the limiting set (stable equilibria
or limit cycles) is obtained. Stable equilibria are plotted in blue and limit cycles are plotted
in magenta. The right panel shows trajectory plots of the dynamics for a value of p chosen
in the magenta (limit cycle) range of the bifurcation plot (1= 0.2 in (a), (b) and (c) (Q2);
=041 (c) (Ql)). The colors of each trajectory match the colors of the nodes on the
corresponding payoff graph. For topology (b), the two trajectory plots correspond to different

itial conditions.
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Figure 4.9: Limit cycles for the dynamics (3.2) with random payoff graphs. The left panel
shows the payoff graph with two types of edges: strong edges (solid lines) with a weight
of b and weak edges (dashed lines) with a weight of €b; here b = 0.7 and ¢ = 0.1. The
center panel shows the resulting trajectories with mutation (Q2) and suitable p (0.2 in (a),
0.25 in (b) and 0.27 in (c)). The right panel highlights the interconnection between nodes
corresponding to the dominant components of the limit cycle trajectories. The color of each
of the nodes on the payoff graph matches the color of the corresponding trajectory in the
center panel. In each case, it is observed that there is a directed cycle between the dominant
component nodes.

values for the mutation parameter p, and focus specifically on graphs and parameters
that induce a limit cycle oscillation for the dynamics. We show three such examples
in Figure 4.9. For each set of simulated limit cycle trajectories, the dominant com-
ponents are obtained; dominant components are defined as those having a relatively
high oscillation amplitude, or correspondingly a trajectory with standard deviation
above a set threshold. The main observation we make here is that the existence of
limit cycles for the dynamics is tied to the existence of a directed cycle between nodes
of the payoff graph. In all our simulations of random graphs, for both mutation ma-
trices (Q1) and (Q2), we consistently find that the dominant components of stable

limit cycles correspond to the existence of at least one directed cycle between the
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corresponding nodes of the payoff graph, as illustrated in the right panel of Figure
4.9.

The purpose of the simulations in this section is to illustrate that one can break
symmetry in the payoff graph significantly (as compared to the modest symmetry
breaking that yields the circulant structures analyzed in this chapter) and still obtain
stable limit cycles for the dynamics, even in the case of random graph topologies, as
long as the topologies have at least one embedded cycle. In addition to limit cycles,
the dynamics can also have chaotic attractors as found in [74, 76]. We have not seen
chaotic attractors for the payoff topologies and mutation matrices (Q1) and (Q2)
studied in this chapter; we conjecture that alternative mutation models such as the

one used in [76] will exhibit chaotic dynamics.

4.6 Final Remarks

Much of the existing analysis of the replicator-mutator dynamics has been focused
on stable equilibria. The analysis in the literature has also primarily considered
payoff and mutation matrices that are symmetric, which correspond to undirected
payoff graph topologies. Recent work [60] on a graph theoretic model of language
dynamics has shown that the graph connectivity plays a critical role in determining
the location of bifurcation points in the dynamics, but the restriction to undirected
graphs confines the range of limiting behavior to stable equilibria. In [76], it is shown
that considering asymmetric payoff and mutation matrices (corresponding to directed
graphs) can yield limit cycle behavior and even chaos for replicator-mutator dynamics.

Here we have proved conditions guaranteeing stable limit cycles in the replicator-
mutator dynamics. These arise as a consequence of Hopf bifurcations for N > 3
strategies and for circulant payoff matrices. From a graph perspective, we showed
how breaking symmetry by considering directed graphs allows for oscillatory limiting
behavior. We emphasize that the limit cycles are not restricted to circulant payoffs,
but can exist for noncirculant payoffs as shown in §4.5. The simulations in §4.5
illustrate the connection between embedded directed cycles in the payoff graph and
the existence of stable limit cycles for the dynamics. A Hopf bifurcation analysis
of these more general cases is an intended future direction. We will also explore the
effects of the structure of the mutation matrix, beyond (Q1) and (Q2) considered here,
as a step towards understanding the transition to chaos illustrated in [76]. Further
directions of future research, including applications to the design of decision-making

protocols in multi-agent robotic systems, are discussed in Chapter 8.
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Chapter 5

Evolutionary Dynamics of

Collective Migration

Collective migration is a ubiquitous natural phenomenon common in a number of
species including birds, fish, invertebrates and mammals [119, 42, 22, 6]. The mi-
gratory process is often an adaptive response to conditions such as competition for
resources in a dynamic environment, seasonal variability, and selection of new habi-
tats for breeding, for example [132, 119]. Animals perform such migratory tasks by
leveraging a variety of environmental cues such as nutrient and thermal gradients,
magnetic fields, odor cues, or visual markers [132, 30, 140, 133]. Measuring these
stochastic environmental signals is complicated and requires the investment of time
and energy, as well as the development of necessary physiological and sensory machin-
ery such as vision in insects and vertebrates [42] and chemical signaling in bacteria
[136]. Along with environmental cues, animals migrating collectively also have the
ability to leverage social information from neighbors in the group [15]. One way of
doing so is by imitating invested neighbors (via consensus processes such as attraction
and alignment of heading) and thereby effectively achieving good migratory perfor-
mance, without paying the measurement and processing cost. The interplay between
costly information acquisition from the environment and relatively less expensive so-
cial information from the group raises two pertinent questions regarding leadership
and social interactions in migratory populations.

The first question relates to the migratory performance of large groups in the
presence of a limited number of leaders, i.e., can a subset of informed leaders effectively
lead a large group? The authors in [14] address this question using individual-based
simulations (involving attraction, repulsion and alignment between individuals) and

demonstrate that in a group of socially interacting individuals, a small fraction of
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informed leaders can effectively determine the direction of travel of a large group of
uninformed followers. Further, they show that for a fixed fraction of leaders, the
accuracy of group direction improves with increasing group size.

The second question relates to the evolution of leadership in collective migration,
i.e., under what conditions is the coexistence of invested leaders and social follow-
ers stable in an evolutionarily sense? This question is especially pertinent when the
cost of investing in signal acquisition is sufficiently high; followers can leverage the
investments made by leaders via social interactions, without paying the investment
costs. In a recent paper [33] (also see related commentary [120]), the authors address
this question using an individual-based model (similar to [14]) and evolutionary sim-
ulations, and show that under certain conditions, the specialization of groups into
coexisting leaders and followers (also known as branching or speciation) is a stable
evolutionary outcome.

Individual-based bio-inspired models such as those used in [14, 33] provide im-
portant insights about the relevant biological processes being modeled, but are chal-
lenging to analyze. In particular, it can be difficult to ascertain what aspects of the
low-level interactions (social network topology, cost functions, movement dynamics,
etc.) are most critical to the observed high-level behavior of interest (evolution of
leadership for example). This analysis can be done more effectively by constructing
appropriate simpler (lower-dimensional) models that capture the relevant high-level
behavior, while also being tractable for analysis. In [132], the authors construct one
such lower-dimensional mean-field approximation to the evolutionary model studied
in [33], and using tools from evolutionary adaptive dynamics [25, 26] prove conditions
for the branching of a migrating population into leader and follower groups.

While simpler models have the advantage of analytical tractability, this comes
at the cost of abstracting some potentially important features of the corresponding
detailed model. In the case of the migration model in [132], the mean-field approach
effectively prescribes an all-to-all social interaction topology between the individuals
in order to reduce dimensionality; this ignores the potentially important role of limited
social interactions. Indeed, it has been shown [98, 151, 3, 10] that network topology
plays a critical role in determining outcomes in biological as well as robotic collectives.

In this chapter, we design a model to study the evolution of collective migration
that is explicitly dependent on the social interaction graph topology. We present a
comprehensive analysis of the all-to-all limit of the model, recovering the speciation
results of the mean-field analysis in [132], and demonstrating the hysteretic effect

associated with recovering lost migration ability described in [33, 34]. We then go
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on to study the effect of topology on the evolutionary model, and show a minimum
social connectivity threshold necessary for the evolution of leadership in migration.

Our evolutionary model has two timescales. The fast timescale corresponds to the
stochastic migration dynamics and individual fitness computations as a consequence
of migratory performance. The slow timescale corresponds to the evolutionary dy-
namics of the population and changes in population strategy distribution as a conse-
quence of replication and mutation. A key advantage of our model is that it allows for
analytically computing fitness on the fast timescale by solving a set of coupled linear
equations. For the detailed model in [33], the fitness computation requires extensive
Monte-Carlo simulations using agent-based models. On the other hand, the detailed
model has the advantage of incorporating a time-varying social interconnection topol-
ogy between individuals, which eventually results in fission-fusion spatial dynamics
(where groups constantly merge and split) described in [33]; the model studied in this
chapter assumes a time-invariant social interaction graph for fitness computation. In
ongoing work on generalizing the model presented here to time-varying graphs, we
intend to investigate the observed fission-fusion result of the detailed model.

There is significant recent interest in understanding the mechanisms of interaction,
signal processing and information transfer in evolved natural collectives in order to
design better algorithms for collective motion and decision-making in robotic groups
[128, 98, 66, 142]. Robotic collectives often have resource constraints (analogous to
the measurement and processing cost for migration tracking), operate in dynamic
and stochastic environments, and interact with neighbors on some networked graph
topology. In Section 5.4, we consider the migration model from this multi-agent
robotic perspective and study a simple model of adaptive dynamic nodes on a network.
We illustrate the critical role that the structure of the interaction graph plays in
determining the location of leaders (highly invested nodes) in the adaptive network
and in bifurcations in the nodal dynamics as a function of increasing cost.

The outline of this chapter is as follows. In Section 5.1 we present our graph-
dependent evolutionary migration model and study its all-to-all limit in Section 5.2.
We study evolutionary dynamics with limited interconnection in Section 5.3 and focus

on adaptive dynamic nodes in small networks in Section 5.4.

5.1 Model Description

Our model is derived from the mean-field migration model in [132] with two key

modifications; we explicitly account for a limited social interaction graph topology

61



in the dynamics and we introduce a slightly modified social noise model to allow
for analytical fitness computations as a function of graph topology and individual
investments, as described below.

Consider a set of N agents indexed by i € {1,---, N} that each intend to control
their direction of migration represented by a stochastic scalar variable x; € R, thereby
tracking some desired ‘true’ direction p € R with high fidelity. Accurate tracking of
the desired direction p over time may correspond to benefits such as improvement
in environmental conditions for foraging, predator evasion, early access to breeding

grounds, etc. Following [132], the stochastic dynamics of each agent are given by

where dxp; and dxg; are the driven tracking and social consensus stochastic processes
respectively. k; € [0, 1] is an adaptive parameter that tunes the level of investment
made by agent ¢ in the driven and social processes. k; = 1, for example, corresponds
to an individual ¢ fully invested in the tracking process and ignoring social information
from neighbors, while k; = 0 corresponds to the individual exclusively leveraging so-
cial information without tracking the environmental signal. The k;’s are the adaptive
evolutionary parameters in the simulations and analysis in the sections to follow.
The driven process dxp; is modeled as an Ornstein-Uhlenbeck stochastic process
[137, 24] of the form
drp; = —kpi(z; — p)dt + opdWp;. (5.2)

Here, the parameter kp; > 0 corresponds to the gain associated with tracking, 0% > 0
is the noise intensity associated with measuring the environmental signal i, and dWp;
represents the standard Wiener increment. For kp;, > 0, the process (5.2) has a

steady-state mean and variance given by

2

Ele] = B [(@m—n] = 52 (5.3)

Higher values of tracking gain kp; result in lower steady-state variance in migration
direction x;, which corresponds to improved tracking. Figure 5.1 shows the spatial dy-
namics of migrating agents with driven process (5.2) and varying levels of investment

kp;, illustrating the effect of increasing investment on improved tracking performance.

We use basic tools from graph theory [111, 91, 47] (see also §2.3) to model the

social consensus process. Individuals are modeled as nodes on a directed social inter-
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Figure 5.1: Migratory performance as a function of investment kp. Agents are modeled
as steered particles with constant speed, headings x; given by (5.2), and starting at the
origin with random orientations. Each plot shows 500 trajectories with agents each having
the same value of investment kp; = kp as indicated and noise parameter op = 1. The
blue arrow shows the desired direction of migration p. Increasing investment kp results in
improved tracking performance as agent trajectories track the blue arrow p more effectively.

connection graph with adjacency matrix A = [a;;] € RV*N. A directed edge in the
graph from individual 7 to individual j is read as ‘i can sense j'. Let N; denote the
set of neighbors of individual i (i.e., the set of agents that individual ¢ can sense), and
||IV;|| denote the cardinality of this set (number of neighbors). For the social model
in this work, we assume that agents weight their neighbors equally by distributing a
total weight normalized to 1. This corresponds to the adjacency matrix
0 ifi=j
a;; = (5.4)
NG if i # g,

where ||AV;||T is the pseudoinverse of [|N;|| (NV:]|T = 0 when [|N;]] = 0, Nt =
1/||V;|| otherwise). The Laplacian matrix of the graph corresponding to the adjacency
matrix A is given by L = diag(A1l) — A, where 1 is a vector of ones of appropriate
dimension. In subsequent sections we use the terms individual or node/agent, and
population or network, interchangeably.

The social consensus process drg; is dependent on the social interaction graph
Laplacian L, the gain associated with the social process kg; > 0, and the noise

associated with measuring the social signal og; > 0 as follows:

dISi = —kSiL,;:l:dt + USidWSi- (55)
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In the social process (5.5), dWs; is the standard Wiener increment, and L; denotes
the i*" row of the Laplacian matrix L. Let x be the vector of individual directions
z;. Then Liz = [|Ni[|* 3 cp (w0 — 7).

Following the setup in [132], we make a simplification to reduce the parameter
space to one dimension by assuming that the gains are proportional to the relative
investments in each process, i.e., kp; = k; and kg; = 1 — k;. Substituting this
simplification in (5.2), (5.5) and (5.1) we have

(5.6)
= K3z — p)dt — (1 — kP Loaedt +\/K20% + (1 — k)?0% dWi.

In order to simplify the notation we make a coordinate transformation and define the
normalized direction Z; as
x—pul

'u, and correspondingly & = : (5.7)
oD 0D

Substituting the transformation (5.7) in (5.6) and observing that L;1 = 0 we have

the normalized dynamics

2
g i
251 qw;. (5.8)

)

dz; = —k}%dt — (1 — k;)*Li&dt + \/k:g +(1— k)

The social noise term og; reflects the difficulty that agents have in extracting social
information gained from interactions with neighbors. In [132], it is assumed that this
difficulty (magnitude of og;) decreases as the ordering or coherence of the population
increases. Here we take a slightly different local (and graph dependent) approach and
relate the social noise term for an individual agent to the average investment of the
neighbors of that agent (i.e. average magnitude of parameter k;, j € N;). Specifically,
agents that interact socially with neighbors having a high level of investment, have a
correspondingly lower social noise term, and are hence better able to extract social
information from their neighbors. The specific relationship can take many forms, but
for simplicity we use a linear relationship between the ratio 0%;/0% and the average
neighborhood investment,

0%

oL = B2(1 — Knbhd,i), (5.9)
9D

where k,pnq, is the average value of the investment made by the neighbors of agent i

and (3? is a social noise scaling parameter. In vector form, kg = Ak.
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The stochastic system (5.8) can be written compactly in matrix form as
Az = — (K, + KoL)& dt + SdAW, (5.10)

where the diagonal matrices K;, K, and S are given by K; = diag(k?), K, =
diag (1~ k;)?) and § = diag (/FZ + B (1 = F2)(1 — Faona) )

As discussed in [33, 132], the long-term migratory performance of an individual

with dynamics (5.8) can be computed by projecting the steady-state distribution
of directions x; in the desired direction of migration pu. This quantity is given by

70.55,75

exp( 5 ), where o2, . is the steady-state variance of x;, and corresponds to the

$8,1

expected migration speed of an individual i in the desired direction p. The fitness or
utility of an agent as a function of the steady state migratory performance and the

level of investment k; is defined in [33, 132] as

_ 2

F; = exp ( (;SS’i) exp (—ck?) , (5.11)

where the second term of the fitness function models the cost associated with in-
vestment in tracking with a scaling cost parameter ¢ > 0. The choice of cost func-
tion (5.11) is not unique; the multiplicative exponential form is chosen for analytical
tractability. Simulations in [132, 33] show that reasonable variations of fitness func-

tion yield qualitatively comparable results. The saturating form of the performance
2

_Uss,i

function exp (T) as a function of investment can be interpreted as modeling the
diminishing returns of increasing investment. Further, the quadratic form of the cost
ck? implies that higher investments in the driven process are increasingly costly. In
the absence of any social interactions, the optimal strategy for solitary migrating

individuals can be found by maximizing (5.11) with respect to kp; resulting in

2
ag
kD opt = \3/8—D. (5.12)

While disconnected individuals adopt the optimal strategy from (5.12), the pres-
ence of social interactions between individuals dramatically alters this picture; along
with having the ability to invest in measuring the environmental signal, migrating
individuals can leverage relatively less expensive social information available from
neighbors by effectively imitating or flocking with their neighbors. We explore this

dynamic in the sections to follow.
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5.2 Evolutionary Dynamics in the All-to-all Limit

As a first step in analyzing the social migration model (5.10), we consider the limit
of all-to-all interconnection (a;; = 1+ for all i # j in (5.4)) in a large population
(labeled the resident population with subscript R), with all individuals having a com-
mon level of investment kg > 0. This limit corresponds to the mean-field dynamics
analyzed in [132]. By the law of large numbers, the average direction of population
migration in the limit of large IV is the same as the desired migration direction u
after the decay of transients (i.e., in steady-state, ]\}1_1(1(1)0 Lx = x — p1). Substituting

Lz = & in (5.10), the dynamics of an individual in the population are given by

dip = — [+ (1~ kp)?] &n dt + \ /K + B2(1 — kn)? dW. (5.13)
The corresponding steady-state variance of an individual’s direction is given by

ki + B2(1 — kr)®
2 R
= , 5.14
O'ss,R 2 [k%% + (1 . kR)g] ( )

with steady-state migration speed (performance) given by exp(—o2, z/2). In Figure
5.2 we plot this steady-state migration speed as a function of investment kp for

varying social noise term (. As defined in Equation (5.9), the parameter (3 reflects
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Figure 5.2: Steady-state migration speed as a function of resident population investment

parameter kr and noise parameter 8 for a large population with all-to-all interconnection
and common investment kg.
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the strength of the noise from social interactions relative to the noise associated with
the tracking process. In Figure 5.2 we see that the migration performance saturates
at high levels of investment kg, and remains low over greater ki ranges, for large [3.
We use # > 2 in this work to model noisier social interactions relative to tracking
(consistent with [132]); this provides an incentive for individuals to invest in the
tracking process.

Now consider the evolution of strategies for such an all-to-all connected popu-
lation. A key part of any evolutionary algorithm is the computation of fitness of
individuals in the population as a function of strategy distribution, model parame-
ters, environmental conditions, and other such features. In certain cases (such as the
all-to-all limit here), fitness can be analytically computed, which allows for an explicit
calculation of the outcomes of the evolutionary process using tools from adaptive dy-
namics [25, 26, 18]. Adaptive dynamics are well-suited for studying the evolution of
a continuous one-dimensional trait in a population undergoing small mutations (see

§2.1 for a detailed discussion).

5.2.1 Adaptive Dynamics Calculations

Using (5.14) and (5.11), the fitness of an individual in the resident population with
dynamics (5.13) is given by

Fr(kr) = exp (— ki + (1 = n)” — ck%) :

1
A(2K2 — 2k + 1) (5.15)

Consider a small population of mutants with strategy kj; interacting with each other
and with all the residents. The mutants (owing to their small numbers) will experience

the same social noise as the residents so that they have dynamics given by

diyr = — [y + (1= k)] Eag dt + K3 + B2(1— k)(1 — ag)2 AW, (5.16)
Correspondingly, the fitness of individuals in the mutant population is given by

k2, 4+ B32(1 — kr)(1 — k)2
A2k, — 2k +1) C%) ‘ (5.17)

FM(kR, kM) = exXp (—

The relative fitness of the mutant strategy in the environment of the resident is known

as the differential fitness and is given by (2.3),

S(l{?R, kZM) = FM<kRa ]CM) — FR(ICR) (518)
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The two-dimensional function S allows us to predict which mutant strategies can
invade a particular resident population. For example, for a given resident strategy kg,
the values of kj; that result in .S > 0 correspond to the mutant strategies that when
rare can invade the established resident population. Further, a study of the selection
landscape S can help us predict when we can expect to see an evolutionarily stable
monomorphic population (all individuals having the same strategy) and when we can
expect to see opportunities for branching in evolutionary simulations (resulting in
leader (k; ~ 1) and follower (k; ~ 0) populations) as we vary the cost ¢ associated
with strategy investment.

The evolutionary dynamics of the resident strategy kg are given by (2.4), where
g(kr) is the selection gradient (note that the timescale ¢ associated with (2.4) corre-
sponds to slow evolutionary time and is different from the fast timescale associated
with the stochastic migrations dynamics (5.10) and (5.13)). For the differential fitness
S defined in (5.18), (5.15) and (5.17), singular strategies k. (defined as g(k.) = 0) are
given by the solutions to the polynomial equation (details in Appendix D)

ke [B°(1 — k) — 1] (ko — 1) + 4ck, (2k7 — 2k, + 1)> = 0. (5.19)

A singular strategy k. is known as a Convergent Stable Strategy (CSS) if it is locally
asymptotically stable for the dynamics (2.4), which is equivalent to satisfying the con-
dition (2.5). As discussed in §2.1, a CSS strategy k. can be either locally evolutionary
stable (local ESS) for the population, or can be a branching opportunity where the
population speciates. For S defined in (5.18), the branching condition (2.6) evaluates
to (details in Appendix D)

0<k, <

SN
6\f ~ 0.3923, (5.20)

The branching condition in (5.20) is exactly the same as that obtained in [132] (Equa-
tion (18)). Parameters 3 and c that yield CSS singular strategies k., € (O, 5_‘ﬁ> result

6
in speciated populations via evolutionary branching.

5.2.2 Adaptive Dynamics Results

The bifurcation diagram in Figure 5.3 summarizes the singular strategy condition
(5.19), CSS condition (2.5) and branching condition (5.20) to obtain four distinct
sets of evolutionary outcomes (in ranges A, B, C and D) for our model for increasing

cost parameter ¢ (calculations in Appendix D):
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Figure 5.3: FEvolutionary singular strategies k. as a function of cost parameter c. The

two sets of singular strategies defined by (5.19) are plotted in blue. One set corresponds to
(1—k.)[B2(1—ks)—1]

4(2k2 =2k, +1)2 -~
Solid curves are CSS strategies, and dashed curves are unstable singular strategies. The
regions marked (A)-(D) correspond to the descriptions in the text. Analytical derivations

for the cost parameters %, c1 and co that divide the regions are given in Appendiz D.

ke = 0 and the other corresponds to the curve given by the equation ¢ =

(A) Monomorphic: For 0 < ¢ < % there exists only one CSS strategy. This

strategy is also evolutionarily stable (evolutionary stability since k, > 5’T‘ﬁ),

resulting in a monomorphic population with strategy k.. The k, = 0 singular

strategy is not convergent stable.

(B) Two local CSS’s that are each evolutionarily stable: For ’624_ L < ¢ < ¢ there
exist two convergent stable strategies, one of which is the fully social strategy
k. = 0. Both singular strategies are locally evolutionarily stable. ¢; is defined

implicitly as the solution to the equation g( %ﬁ) =0.

c=c1
(C) Branching: For ¢; < ¢ < ¢ the convergent stable interior (k. € (0,1)) singular
strategy satisfies the branching condition (5.20) resulting in the speciation of

the population.

(D) Collapse of Migration: ¢ > ¢y represents the high cost scenario in which the
only singular strategy that exists is the convergent stable fully social strategy

k. = 0 and the population does not develop any migration ability.
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These four cases constitute a comprehensive picture of the evolutionary dynamics
of the migration model (5.10) in the all-to-all limit, and encompass key features of the
branching calculations in [132] and evolutionary simulations in [33]. The existence of
two locally evolutionary stable attractors in case (B) above implies that the evolu-
tionary dynamics can potentially yield speciated outcomes in the population without
evolutionary branching (case (C)). We illustrate this using simulations in §5.2.3.

A hysteretic effect associated with restoring population migration ability once
destroyed is apparent in Figure 5.3. In particular, once migration ability in the pop-
ulation is lost for high cost parameter ¢ > ¢, the cost parameter needs to be reduced
below the level % (< ¢1 < o) for migration ability to be regained. This compares
to the simulations in [33, 34] where agent-based models are used to study the effect
of habitat fragmentation on the evolution of migration. In these simulations, the
authors study the impacts of progressively more fragmented habitats on migratory
outcomes, and show that once migration ability is lost for a threshold level of frag-
mentation, much greater habitat recovery is necessary to restore lost migration ability
(a hysteretic effect). Higher levels of habitat fragmentation are comparable to higher

cost parameter c.

5.2.3 Evolutionary Simulations*

In Figure 5.4 we show the pairwise invasability plots (PIPs) [25, 26, 18] (see Figure
2.3 in §2.1 for a description) of the differential fitness S(kg, kys) for increasing cost
¢ to illustrate the four sets of outcomes described above. These plots show the sign
of S as a function of the resident and mutant population strategies. Dark regions
correspond to differential fitness S > 0 and allow mutant invasions; white regions
correspond to S < 0 and prohibit mutant invasions. Comparing the PIPs from Figure
5.4 to the canonical classes of PIPs in Figure 2.3, we see conditions for an initially
monomorphic population for low values of cost parameter ¢, a branching speciated
solution for intermediate values of ¢, and for high values of ¢ we see conditions that
prevent individuals from developing any significant investment, i.e., the population is
unable to develop any significant migration ability.

We confirm our predictions from the adaptive dynamics analysis by running evo-
lutionary simulations in the case of a monomorphic initial condition and also a uni-
formly randomly distributed initial condition as shown in Figure 5.4 (bottom two

rows). These simulations comprise the roulette-wheel selection and small mutation

*Results from this subsection were presented at the STAM Conference on Applications of Dy-
namical Systems, Snowbird, UT, 2011.
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Figure 5.4: FEvolutionary dynamics for the migration model with all-to-all interconnection,
noise parameter B = 3, and with increasing cost parameter ¢ as indicated in each column.
The top row shows the pairwise invasability plots. Black regions correspond to differential
fitness S(kr,knr) > 0 (mutants can invade) and white regions to S < 0. The red vertical
lines pass through convergent stable interior strategies kg = k.. The middle row of plots are
evolutionary simulations starting with a monomorphic population with strategy k = 0.5; hot
colors correspond to high population density. The bottom row of plots are also evolutionary
simulations, but having an initial population with a uniformly randomly distributed strategy
k € [0,1]. We use N = 2000 individuals for these simulations; corresponding to = 3,
boundary cost parameters from Figure 5.3 are ¢c1 = 2.48 and co = 2.77.

operations on each generation of a population of N = 2000 individuals with all-to-all
social graph, dynamics (5.10), and fitness (5.11).

The columns in Figure 5.4 from left to right correspond to the cases (A)-(D)
respectively. In case (A), both initial conditions result in a monomorphic evolutionary
outcome. In case (B), the polymorphic solution for the evolutionary simulation with
random initial conditions (Column 2, last Row) is a consequence of the stability of
the k, = 0 singular strategy, and not as a consequence of branching, as in case (C).
Case (D) corresponds to the collapse of migration with all individuals having an

insignificant level of investment.

71



The analysis in this section shows the range of evolutionary outcomes for the
migration model with all-to-all social interconnection. We are particularly motivated
by conditions that result in the speciation or branching of the population into invested
leaders and social followers. In the following section we study the role that limited

social interconnection topology plays in the emergence of this evolutionary branching.

5.3 Evolutionary Dynamics with Limited Social

Interactions'

In this section we study the role that graph topology plays in the evolutionary dy-
namics of the migration model (5.10). While the all-to-all topology assumption of
§5.2 allows for a detailed analysis of the evolutionary dynamics in a large population,
it is unrealistic for most biological and decentralized artificial systems. In §5.3.1,
we relax the all-to-all assumption and study the migration model (5.10) with limited
interconnection. We prove two main results. Theorem 5.1 provides necessary and suf-
ficient conditions for a population with limited interconnections to develop the ability
to migrate. Theorem 5.2 presents an analytical technique for computing migratory
performance (solution to fast timescale dynamics) as a function of interconnection
topology and individual node investments.

In §5.3.2 we utilize the analytical fast timescale calculation from Theorem 5.2 to
simulate evolutionary dynamics for three classes of limited interconnection topologies:
undirected ring lattices, undirected random graphs, and directed random graphs.
In each case, the simulations show a minimum connectivity threshold necessary for

speciated evolutionary outcomes in the population.

5.3.1 Fast Timescale Results

As we will see in Theorem 5.2, the steady-state probability distribution of the state
& for the migration dynamics (5.10) exists if and only if the zero equilibrium of the
noise-free form of the dynamics (5.10) are asymptotically stable. The noise-free form

of the dynamics (5.10) are given by

x = Mz, where M = —(K, + K,L). (5.21)

TResults from this section were presented at the STAM Conference on Applications of Dynamical
Systems, Snowbird, UT, 2011.
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Intuitively, the asymptotic stability of the zero equilibrium of the noise-free dy-
namics (5.21) corresponds to the population developing the ability to collectively
migrate since & — 0 = « — pl. The lack of asymptotic stability for (5.21)
implies that there exist individuals in the population that do not have an ability to
migrate because their direction states x; diverge away from the desired direction pu,
and correspondingly, the steady-state variance of x; given by O’?SVZ- does not exist. The
linear dynamics (5.21) are asymptotically stable if and only if matrix M is Hurwitz
[113], i.e., all eigenvalues of M have real part strictly less than 0. Lemmas 5.1 and 5.2

provide necessary and sufficient conditions, respectively, for matrix M to be Hurwitz.
Lemma 5.1. If matriz M is Hurwitz, then there exists some node i such that k; > 0.

Proof. 1f the condition is not satisfied, i.e., k;=0 for alli € {1,--- , N}, then M = —L.
The Laplacian matrix L has a zero eigenvalue associated with the eigenvector 1 and

hence M is not Hurwitz. O
Lemma 5.2. If k; > 0 for alli € {1,--- , N}, then M is Hurwitz.

Proof. This can be checked by a straightforward application of the Gershgorin circle
theorem [43]. The Laplacian matrix L is given by L = [l;;]. The eigenvalues of M lie
in the union of N disks, each centered about —k? — (1 — k;)?l;; with radius (1 — k;)?l;.
If k; > 0 for all 7, then the disks all lie strictly in the left half complex plane. O

Lemmas 5.1 and 5.2 are extreme cases of investment that can be interpreted in the
context of migration as follows. Lemma 5.1 says that regardless of social interconnec-
tion topology, the population does not develop migration ability unless at least one
individual is invested in acquiring the external signal . Lemma 5.2 says that if all
individuals in the population are invested, then the population develops the ability to
migrate in the direction pu, for any social graph. In Theorem 5.1 we derive necessary
and sufficient conditions for the population to develop migration ability (matrix M
Hurwitz) that depend explicitly on the topology of the social interconnection graph.
The proof of Theorem 5.1 requires the following lemma from [110] (see also [111, 64]).

Lemma 5.3. For a general Laplacian matriz L= [l;]] € RV*N given by ZNZ-]- <0 for

N
17 j and Z l~i]- =0 foralli € {1,--- N}, the following conditions are equivalent:
j=1

(i) L has a simple zero eigenvalue and all of the other eigenvalues have positive

real parts.
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(ii) The directed graph G(L) of L (graph with adjacency matriz A = [ay;], Gi = 0
for alli and a;; = —Zij for all i # j) has a directed spanning tree (see Definition
5.1 below).

(iii) For z € RN, the dynamics 2 = — Lz converge asymptotically to al for some

scalar a.
Proof. See Lemma 3.1 in [110], Theorem 2 in [111], and Lemma 2 in [64]. O

Definition 5.1. Spanning Tree: A directed graph has a directed spanning tree (con-
dition (ii) in Lemma 5.3) if there exists at least one node k on the graph such that a
directed path exists from every other node on the graph to node k. Node k is known

as a root node of the graph.

For undirected connected graphs, every node is a root node. For general (con-
nected or disconnected) directed graphs, one can define a root set that is accessible

from every other node in the network, i.e. there is a directed path from every node

to at least one node in the root set. Let R(L) denote a minimal root set (set with
smallest cardinality) of the graph with Laplacian L (denoted G(L)). Note that for a

given graph, the set R(L) is not necessarily unique. For example, for an undirected

connected graph, R(L) = {i} for any node i (see Figure 5.5(a) for an illustration).

b
(a) ,4.0 (b) .k\o (c) Oﬂ."{‘uu
2,/ 3 2 N3 0 N3 el
e ‘ é \ 6./

Se— 1 o 6 Se—8

Figure 5.5: Illustrations of the root set R(L) and the conditions of Theorem 5.1. In each
graph, the set of nodes labeled 1,--- N and solid arrows correspond to the social graph
G(L). The complete set of nodes labeled 0,1,--- | N and all the arrows correspond to the
augmented graph g(ﬁ) Node 0 represents the external signal. All three graphs shown have
a spanning tree rooted at node 0, and hence satisfy the conditions of Theorem 5.1. (a) Social
graph is undirected and connected, hence R(L) = {1},{2},{3},{4}, or {5}. (b) Directed
social graph with R(L) = {3}. (¢) Directed social graph with R(L) = {2,3,6} or {2,3,7}.
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Theorem 5.1. Matriz M from (5.21) is Hurwitz if and only if there exists a minimal
root set R(L) such that k; > 0 for all nodes j € R(L), where L is the Laplacian matriz
of the social graph with adjacency matriz (5.4).

Proof. Define the normalized external signal state (x; = p in (5.7)) Zp = 0 and the

augmented state vector z = [Z, ] . Consider the dynamics

N R e N N
[ SRS E

Then L satisfies the properties of general Laplacian matrices given in Lemma 5.3.

The graph corresponding to Laplacian L is the same as the graph corresponding to
Laplacian K>L with an additional node (labeled 0, with state Z;) having incoming
links with weights k’? from all nodes j = 1,--- | N (see Figure 5.5 for an illustration,
links to node 0 are shown as dashed arrows).

Since node 0 of g(i) has no outgoing links, from Definition 5.1 we have the

following condition,

~ A

G(L) has a spanning tree <= R(L) = {0}. (5.23)

We claim the following

A

G(L) has a spanning tree == 3 R(L) s.t. k; > 0 for all j € R(L). (5.24)

We prove the statement above by contradiction. Assume that G (f)) has a spanning
tree and for each root set R(L), there exists a node j such that k; = 0. Since G(L)
has a spanning tree, R(L) = {0}, which means that there is a directed path from
every node to node 0. Now consider any root set R(L). Since k; = 0, node j in R(L)
can only reach node 0 by a path to a node m ¢ R(L), for which k,, > 0. However,
if such a path exists, then the set R(L) where node j is replaced with node m is
another root set. By assumption we must have k,, = 0. Thus there exists no directed
path from node j to node 0. Hence g(ﬁ) does not have a spanning tree and we have
proved the claim.

Consider any root set R(L) and assume that k; > 0 for all j € R(L). Then all
nodes j € R(L) are connected to node 0 of G(L). For all nodes m ¢ R(L), either
k., > 0 and m has a direct link to node 0, or k,, = 0 in which case m has a link to at

least one other node on a directed path to the root node 0, via an element of R(L).
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Hence
IR(L) s.t. k;j >0 for all j € R(L) = G(L) has a spanning tree . (5.25)
Combining (5.23), (5.24) and (5.25), we have the condition,

IR(L) st. kj >0Vj € R(L) <= G(L) has a spanning tree

— R(L) = {0}. (5.26)

From Lemma 5.3, G(L) has a spanning tree if and only if the dynamics (5.22)
converge asymptotically to a1 for some scalar a. However in (5.22), the state £o = 0
is invariant and hence o = 0. The linear dynamics (5.21) converge asymptotically to

0 if and only if matrix M is Hurwitz [113]. This gives the condition

A

G(L) has a spanning tree <= M is Hurwitz. (5.27)

Combining (5.26) and (5.27) we have the desired result. O

Sets of root nodes R(L) are illustrated for a set of simple social graphs in Figure
5.5. The directed connected graph in Figure 5.5(b) has a single root node, whereas
the graph in Figure 5.5(c) has two possible minimal sets of root nodes.

We now return to the noisy migration model given by the system of stochastic
equations (5.10). In order to compute the fitness of an individual in a migratory
collective using (5.11), a computation of the steady-state variance of the individuals

dynamics o2, ; is necessary. This quantity in turn depends on the level of investment

of the individuals in the network (represented by the vector k) and the underlying
topology of the social interconnection graph G(L), and can be computed by solving
the matrix Lyapunov equation, as shown in Theorem 5.2 (see also [151, 103] for related

results on the consensus and drift-diffusion models respectively).

Theorem 5.2. For the stochastic dynamics (5.10) with social graph G(L), suppose
there exists an R(L) such that k; > 0 for all j € R(L). Then the system of stochastic
differential equations (5.10) has steady-state mean tlirgoE [Z(t)] = 0 and steady-state
covariance matriz 3 = tlggo E [&(t)"&(t)] given by the solution to the Lyapunov equa-

tion (K, + KyL)Y + (K, + KyL)T = SST.

Proof. The system (5.10) is a multivariate Ornstein-Uhlenbeck process with mean
given by [24]
E[&(t)] = exp (Mt) E[£(0)] .
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By Theorem 5.1, M is Hurwitz and hence lim E [&(t)] = 0.

t—o00

The covariance matrix of @ is given by

E[(&(t) — E[&®)(&(t) — E[2(t)])"]

= exp(Mt)E [(0)Z" (0)] exp(Mt) + /exp(M(t —5))SST exp(M(t — 5))ds.

Since M is Hurwitz, the steady-state covariance matrix is given by

Y= tlircr}oE Z(t)"z(t)] = tlirgo exp(M(t — 8))SST exp(M(t — s))ds,

0

which as is shown in [24] is the solution to the Lyapunov equation

MY+ M + 85T =o. (5.28)

5.3.2 Slow Timescale Evolutionary Dynamics

The Lyapunov equation (5.28) in Theorem 5.2 allows us to compute the migratory
performance (and correspondingly fitness (5.11)) of individuals since the diagonal
terms of the steady-state covariance matrix Y are the individual steady-state vari-

ances o2 .. In this section, we use evolutionary simulations based on fast timescale

fitness calculations from (5.28) to study the role that graph connectivity plays in the
evolution of branching.

We focus on three classes of social graph topologies of which one is ordered (ring
lattice) and two are random (undirected and directed). In each class, a single param-
eter controls the level of connectivity of the graph. The three classes of graphs used

are listed below:

e Undirected Ring Lattice: A graph with N nodes, each connected to K nearest
neighbors, K /2 on each side, for K even. An undirected edge exists between
nodes i and j if and only if 0 < min{|i — j|, N — |i — j|} < K/2. The graph is
connected for K > 2.

e Random Undirected (Erdés-Rényi) [19, 82]: Undirected graph with N nodes.
Every edge in the graph exists randomly with a uniform probability p. The
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expected number of neighbors of a node is E[K] = Np for large N. The graph
is almost surely connected if p > In(N)/N or equivalently E[K] > In(N).

e Random Directed [83, 2]: Directed graph with N nodes. Each node has a
probability p of having a directed link to every other node in the network. The
expected number of neighbors of a node is E[K] = Np for large N.

100
Generation

0.4

Equilibrium Strategy Density

e
no

0 20 40 60 80
Number of Neighbors

Figure 5.6: Effect of social graph topology on the evolutionary outcomes of the migration
model. The left plot shows the equilibrium strategy distribution as a function of number
of nearest neighbors for the ring lattice graph model with N = 400 nodes and parameters
6 = 3 and ¢ = 2.6; bright colors correspond to higher population density. The two plots
on the right labeled (a) and (b) are evolutionary simulations, the steady state conditions
in these plots correspond to the red dashed slices in the left plot. Notice that the speciated
two-strategy equilibrium exists only once the graph connectivity exceeds a threshold number
of neighbors (= 18 for parameters chosen here).

For each class of topologies, the parameters K and p allow us to explore a range of
connectivities; for K = p = 0, the social graphs are fully disconnected and individuals
must resort to solitary migration with a monomorphic optimal strategy (5.12). For
K — N —1 (for the ring lattice) and p — 1 (for the random graphs), the social graph
is fully connected, resulting in the leader-follower speciated evolutionary equilibrium
for certain parameter choices as discussed in Section 5.2. Between these two connec-
tivity extremes, intuition suggests that an intermediate level of limited connectivity
can provide adequate information flow in the network for followers to leverage the
investments made by leaders, thereby resulting in a speciated population. In Figures

5.6 and 5.7 we confirm this intuition by showing that the transition from a monomor-
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phic, to a branched evolutionary solution as a function of topology (parameterized
by K and p), occurs at an intermediate threshold level of connectivity.

For the simulation in Figure 5.6 we use the ring lattice topology for the social graph
with N = 400 individuals and choose a set of parameters for which the all-to-all social
graph is known to have a two-strategy solution, § = 3 and ¢ = 2.6 (see Figure 5.4,
column 3). For a range of values of the number of neighbors K = 2.4,--- 100, we
compute the fitness of individuals using (5.28) and (5.11) and evolve the strategies of
the populations to an evolutionary steady state. This steady-state strategy distribu-
tion is plotted as a function of number of neighbors K in the figure. We see that there
exists an intermediate threshold for social connectivity (given by K = 18) that allows
for adequate information flow in the network to result in evolutionary branching. In
particular, social graphs that are much sparser (fewer edges) than the all-to-all case
analyzed in Section 5.2 can yield speciated evolutionary outcomes.

In Figure 5.7 we present simulations similar to those described for Figure 5.6
above, for all three classes of social graph topologies (ring lattice, undirected ran-
dom, directed random) and for N = 200,400, 600. In each case, we see a threshold
connectivity for evolutionary branching that is higher than the minimum thresholds
for the social graph to be connected. We also see that the number of individuals in
the population N does not have a significant affect on this threshold in the range
considered. Further, the location of the threshold is dependent on the class of graph
being considered; the two classes of random graphs have lower thresholds than the
ordered ring lattice.

The simulations in this section illustrate the significant effect of limited social
graph connectivity on the evolution of branching in migration. In particular, we show
that social connectivity above threshold levels can yield speciated outcomes in the
evolutionary dynamics. The thresholds depend on the classes of social graph topology
being considered. Determining the analytical minimum connectivity threshold as
function of parameters (3, ¢ and class of graph, is a topic of ongoing work. We
also intend to look at other classes of graph topologies such as spatially embedded
graphs with a topological metric on connectivity (such as in [3]), and classes of small-
world graphs parameterized by a single rewiring parameter [146, 82| (the ring lattice
and undirected random graphs considered here are two extreme limits of the Watts-

Strogatz small world model).
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Figure 5.7: Fvolutionary equilibria as a function of social graph topology for ring lattice,
random undirected and random directed graph models with parameters § = 3 and ¢ = 2.6;
number of nodes N are shown on each plot. The minimum number of neighbors (or mean
number for the random graphs) is independent of the number of nodes N in these plots,
~ 18 for the ring lattice, = 9 for the random undirected graphs and =~ 8 for the random
directed graphs.

5.4 Dynamic Nodes and Bifurcations

Our analysis of the collective migration model (5.10) thus far has focused on the
evolutionary perspective, typically considering the dynamics of networks with large
numbers of nodes. In this section we shift focus and consider the model from an
adaptive perspective on much smaller dynamic networks. This analysis is motivated in
part by questions about leadership, task assignment and robust adaptive behavior in
multi-agent robotic systems [128, 98, 107]. We consider a simple model of greedy local
optimization by nodes on a graph, which yields individual adaptation of investments

k;. For this model we show bifurcations as a function of cost that yield leader-follower
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emergent behavior as equilibria of the adaptive process. We also illustrate the critical
role played by graph topology in determining the location of leaders in the network
of adaptive nodes using several examples.

Consider a system of interconnected agents with fast-timescale tracking dynamics
given by (5.10). Further, suppose that each agent seeks to maximize its local utility
function by adapting its investment parameter k;. We assume that the utility function

for each agent U; is given by the fitness function (5.11),

—g2
U; = exp (%) exp (—ckj). (5.29)

In this setting, the utility function for a focal agent 7 depends on the agent’s invest-
ment k;, as well as the investments of other nodes in the network; we assume that
the agent can measure its own utility, but not the investments of other nodes. Given
the measured local utility U;, agents modify their investments k; on a slow timescale

by climbing the gradient of their local utility to reach its local maximum,

dk;  OU;
dt — ok;’

(5.30)

Our goal is to study the outcomes of this simple adaptive process by computing
equilibria of the dynamics defined by (5.30), (5.29) and (5.10), and studying their

bifurcations. Let U; = InU; and consider the non-homogeneous time scaling 7 =

t
[ Ui(o)do. Then the dynamics (5.30) transform to
0

1 dk; U, d —0'33,@- 2 -
R TH T (T_Cki>’ P=Ale N} (531

The dynamics (5.31) are identical to (5.30), modulo the time-scaling, and are nota-
tionally simpler. In particular, the equilibria of (5.31) are identical to those of (5.30).
We focus on these dynamics for the remainder of the section.

We first look at the simplest case of the dynamics with N = 2 nodes, with an
all-to-all graph. The steady-state covariance matrix 3 (from (5.28)) in this case can

be computed analytically [24] as

(Det M)SST + [—M + (Tr M)] SST [-M + (Tr M)]"

2= —2(Det M)(Tr M) ’

(5.32)
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where matrices M and S are defined in (5.10) and (5.21). For each pair {i,j} =
{1,2},{2, 1}, the diagonal elements of ¥ from (5.32) are given by

o Jiy(ki— D)+ fi 20k = )k +1)% + f ((k; Bkj —2) + 1)k — 2k2k; + k3)
o T T (k= D kit (B — Dk + 1) ((ky (3K, — 2) + 1) K2 — 2k%k, + K2)
(5.33)

where f;; = (1%2 — % (ki = 1) (k; — 1) 2) :

Substituting (5.33) in (5.31), we compute the equilibria k., of the dynamics (5.31)
and (5.10) and their stability as a function of increasing cost parameter c¢. Analyt-
ical expressions of the equilibria are complicated, but the equilibria are illustrated
for § = 3 in Figure 5.8. For low cost, both individuals make a significant equal
investment corresponding to the symmetric equilibrium k., = kego > 0. As cost
increases, the level of this equilibrium investment decreases and eventually a pair
of stable leader-follower equilibria appear via two saddle-node bifurcations. As the
cost increases further, the symmetric stable equilibrium loses stability in a subcriti-
cal pitchfork bifurcation, leaving the leader-follower pair of stable equilibria and an
unstable symmetric saddle equilibrium.

For larger all-to-all networks with the dynamics (5.31) and (5.10), bifurcations in
cost ¢ yield generalizations of the leader-follower equilibria for the N = 2 case: the
fraction of nodes in the leader populations decreases with increasing cost parameter
¢ as a consequence of several bifurcations in the dynamics. This is illustrated for
N = 10 nodes in Figure 5.9.

The topology of the social graph and the cost parameter ¢ together play an im-
portant role in determining the location of leader and follower nodes on the graph
at equilibrium. This is illustrated for an undirected star graph in Figure 5.10. At
low values of cost ¢, the fringe nodes of the star invest strongly in the external signal
and the central node leverages these neighbors as a follower with small investment.
At intermediate cost ¢ all individuals make similar investments, while at high cost ¢
the central node adapts to become the leader with all the fringe nodes leveraging this
investment as followers.

We show equilibrium outcomes for three more graph topologies in Figure 5.11. For
the undirected ring lattice, alternate nodes adapt to become leaders and followers,
while for more complicated nearest-neighbor type topologies, the precise connection
between topology and location of leaders is more challenging to interpret. This inter-

pretation requires the development of a graph- and investment-dependent metric to
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keq,'i

Figure 5.8: Bifurcations for the adaptive node dynamics (5.30) with N = 2 nodes, an
all-to-all social graph, and noise parameter 8 = 3. The top plot shows the two components
of keq (equilibria of the dynamics (5.30) and (5.10)) as a function of the cost parameter
c. Stable sinks are marked blue and unstable saddles are marked red. The inset shows a
zoomed in view of the region with 15 < ¢ < 20 marked in the dotted square. The dashed lines
in the inset c¢1 = 16.7 and co = 18.2 denote the saddle-node and pitchfork bifurcation points
respectively. The row of bottom plots are phase portraits for the dynamics with parameter
c as indicated; the circles are stable sinks and the squares are saddles. These plots remains
qualitatively the same for different values of B > 2; the bifurcation points ¢ and ca move
further to the right for higher (5.

rank nodes for their leadership potential, perhaps analogous to the information cen-
trality metric used for drift-diffusion stochastic networks in [104], a topic of ongoing

work.
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Figure 5.9: Bifurcations for the adaptive node dynamics (5.30) and (5.10) with N = 10
nodes, an all-to-all social graph, and noise parameter 3 = 3. The left plot shows stable
equilibria of the dynamics as a function of c; trajectories for the points marked with the
circle (¢ = 1), square (¢ = 3) and triangle (c = 10) are shown on the right. The labels on
the left plot indicate the number of leaders in each branch of stable solutions. Notice that
bifurcations yield fewer leaders for increasing cost.

Figure 5.10: Role of topology and cost parameter for the adaptive node dynamics on the
undirected star graph. Parameter c is indicated on each plot. The x-axis of each plot is time

and the y-axis is strategy k;. The color-scale corresponds to the magnitude of equilibrium
investment keg ;.

5.5 Final Remarks

The study of leadership has received significant attention in both biology and multi-
agent robotics. One focus in biology has been on determining conditions for the
84



~ A ) ? =
- -, * :‘ .* = ’_y ‘? :‘0 *\ 3 0.5
r " 4 4 4 Y
f0.4
{ » ~ 4 L - ‘|# 035
P ; 5*;"4 x / ”, ? o3
b, s » e %\ & X i § 025
St . VAR

- - \ ) & : 02
O R

. Prossnnnnnn 1

Figure 5.11: Role of topology in determining locations of leaders on the social graph.
Parameters for all three plots are 3 = 3 and ¢ = 4. The colors of nodes on each plot
correspond to equilibrium investments k; for the dynamics (5.30) and (5.10) with magnitudes
indicated in the color-bar. The left graph is an undirected star with N = 10 nodes. The
two right plots show a random spatial embedding of nodes with two different interconnection
models. In the middle plot, each node is connected to its three nearest neighbors (topological
metric) and in the right-most plot, each node is connected to all neighbors within a fized
radius given by the dashed line drawn (distance metric).

stable evolution of leadership behavior in collective systems, since followers in such
systems have good performance at a lower cost. In networked robotic systems, the
leader-follower paradigm has been studied in a variety of contexts as a tool to design
control protocols that achieve desired performance. In this work we focus on the role
that the social graph connectivity plays in a networked model of collective migration.
We use tools from adaptive dynamics to study the all-to-all limit of the evolutionary
model and derive bounds for branching of the population into leader and follower
groups. For limited connectivity, we prove necessary and sufficient conditions for
convergence of the noise-free migration model, and show that fitness of individuals in
the stochastic model can be derived analytically using the Lyapunov equation. For
random networks and lattices, we show a minimum connectivity bound that yields
evolutionary branching in the population. In the final section, we study smaller
networks inspired by collective robotic systems, and show that the network topology
plays a critical role in determining the location of leaders in the adaptive system.
Our goal here was not to design the best system for a given task, as is often
the case in the leader-follower work, but rather to understand the role of networked
topology in the emergence of leadership. One interesting avenue for future work is
to understand where the top-down engineering design approach meets the bottom-up

adaptive approach taken in this chapter. This understanding will aid in the design of
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collective systems that are near optimal, and also robust to failures such as lost nodes
or links. For the evolutionary model, further work involves analytically deriving the
minimal connectivity threshold for branching, and generalizing to study arbitrary

social graphs, beyond the lattice and random networks studied here.
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Chapter 6

Coevolutionary Dynamics of

Pursuit and Evasion

Pursuit and evasion behaviors are widely observed in nature and play a critical role
in predator foraging, prey survival, mating, and territorial battles in several species.
Species such as bats and dragonflies have evolved sophisticated dynamical strategies
such as motion camouflage to disguise themselves as stationary during aerial pursuit
[77, 27]. Studies on migratory cannibalistic locusts have revealed that pursuit and
evasive behavior among conspecifics is integral to the formation of mass-moving mi-
gratory bands in dense swarms [35, 5]. Recent experimental work on the dynamics of
coordinated predator pursuit and prey evasion among schooling fish has shown that
collective behavior, among both predators and prey, plays a vital role in predator
hunting and prey evasion under conditions of considerable informational constraints
(such as dynamic ocean environments) [37, 45].

Pursuit-evasion contests have been studied extensively from a game-theoretic per-
spective as differential games [46]. Unlike classical (matrix-based) games, the dy-
namics of players in differential games are modeled using differential equations, with
payoffs corresponding to particular states of the system, or to system trajectories.
In engineering, pursuit and evasion games have received much attention, particularly
in the context of missile guidance and avoidance [101, 51] and aircraft pursuit and
evasion [108, 81]. The book by Nahin [80] provides a review of the topic along with
relevant historical background.

The pervasiveness of pursuit and evasion in nature motivates the examination of
winning strategies from an evolutionary perspective. Here one can think of a strategy
as a control law that a particular pursuer (evader) employs to capture (escape). Cor-

relates of evolutionary fitness, such as time-to-capture, provide natural metrics that
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connect the dynamics of individual pursuer-evader pairs to evolutionary dynamics of
populations comprising individuals playing different strategies. ESSes of the pursuit-
evasion game point to strategies or behaviors one would expect to observe in nature.
Recently, Wei et al. [147] used the evolutionary approach to study pursuit games with
dynamics derived in [50]. The authors of [147, 50] use Monte-Carlo simulations and
analytical calculations to study three pursuit strategies competing against a field of
deterministic or random nonreactive evasive strategies (an evader with a nonreactive
strategy has dynamics that are uncoupled from those of the pursuer). The three
chosen pursuit strategies (classical, constant bearing and motion camouflage) are bi-
ologically inspired. The authors show convergence of the evolutionary game dynamics
between the three strategies to pure motion camouflage and motivate this result by
empirical observations of motion camouflage in hoverflies, dragonflies and bats [27].

In this chapter, we build on the work in [147] by studying the coevolution of the
three strategies of pursuit from [147] playing against three distinct evasive strategies,
two of which are reactive strategies (an evader with a reactive strategy has dynamics
that are coupled to those of the pursuer). In contrast to the analysis in Chapters 3,
4 and 5, which involve the evolutionary dynamics of a single population, the analysis
in this chapter involves the interaction between two distinct populations (pursuers
and evaders). This will require us to look at an extension of the standard replicator
equations to a double simplex phase space.

We use Monte-Carlo simulations and theoretical analysis to show convergence to
an equilibrium of classical pursuit versus classical evasion. We point out that extend-
ing the ‘games against nature’ approach [147] (evolution of pursuers with respect to
nonreactive evaders) to competitions between two sets of strategies does not result
in a motion camouflage as the winning pursuit strategy, as in [147]. Indeed, the
environment of evasive strategies that a pursuer population encounters is critical to
determining the winning pursuit strategy. It is anticipated that analysis of strat-
egy spaces different again from those studied in the present chapter will yield other
interesting evolutionary outcomes.

We explore the winning strategies (classical pursuit and classical evasion) in a
collective motion model with agents pursuing and evading designated neighbors on
a cyclical interaction topology. This exploration is motivated by collective motion
in cannibalistic locusts [5] and has strong parallels to prior work in cyclic pursuit
(23, 67, 69, 68]. Simulation results suggest a rich set of solutions for this collective

motion model.
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The outline of this chapter is as follows. §6.1 describes the planar dynamics for
pursuit and evasive agents and the different pursuit and evasion strategies under
consideration. In §6.2 we study the coevolutionary dynamics of the two populations,
and in §6.3 we focus on the collective motion model with the winning strategies.

NOTATION: For notational convenience, the Euclidean plane R? is identified
with the complex plane C. Thus (z,y) € R? = z +iy € C. For two complex numbers
1,05 € C, the complex inner product is defined as {(cy, ¢o) := Re(c;c3), the real part
of ¢1¢5, where ¢ is the complex conjugate of co. |c1| is the complex modulus of ¢;.

M# denotes the element-wise inverse of matrix M = [m;;], i.e. m?; =1/my;.

6.1 Dynamics of Pursuit and Evasion*

We study a two-agent planar pursuit and evasion problem where each agent is mod-
eled as a self-propelled steered particle with constant speed and with angular velocity
determined by the interaction between the particles. We consider three pursuit behav-
iors: classical, constant bearing and motion camouflage, and three evasive behaviors:
classical, random motion, and optical-flow based [123]. The choice of the three pursuit
behaviors is motivated by work in [147] and [50], where it is proved that if the speed
of the pursuer is greater than that of the evader, the pursuer captures the evader in
finite time. Here ‘capture’ means that the Euclidean distance between the pursuer
and evader reaches a designated minimum.

Consider a pursuer and an evader moving on the complex plane with positions
rp =axp+iyp € C and vy = 25 + iyp € C, and headings 0p € S! and 0z € S,

respectively. The dynamics of the two-agent system are given by

. __ ,i0p .
rp=e"", Op =u
P P jo (6.1)

7'"E:I/€“9E, 9E = Ug.

Here, the speed of the pursuer is normalized to be 1 and the evader has a constant
positive speed v < 1. We define the baseline vector [147] r as the relative position of

pursuer with respect to evader, i.e.,

r=7Trp—TEg.

*Sections 6.1 — 6.3 are presented verbatim as in [96] with some minor modifications.
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Figure 6.1: Cartoon trajectories of a pursuer and an evader. Pursuer position rp and
evader position rg at time ty are shown as circles. The corresponding velocities €*P and
ves (and the vectors ieF and vie® normal to these) are shown as dotted arrows. Also
shown is the baseline vector r. Solid trajectories correspond to t < ty and dashed trajectories
to t > to.

Figure 6.1 shows the positions and velocity vectors for each particle, and the

Op

baseline vector. Note that 7 = €7 — ve?®. We define the three pursuit control laws

following [147] (with some change of notation):

e Classical pursuit:
ro.
up = —77<m,l€zep>, (P]_)
where 7 is a constant gain.

e Constant bearing pursuit:

Up = —1 <L) iei¢€i0P> ) (PZ)

7]

where ¢ € (—7/2,m/2) is a chosen constant bearing angle.

TPursuer strategies (P1) and (P2) are modified slightly for clarity from those used previously in
[96]. We have dropped the second terms in each control law; these terms were only relevant in the
fast initial transient dynamics and do not affect the results described here.
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e Motion camouflage pursuit:

where y is a constant gain.
We define the three evasion control laws as follows:

e (Classical evasion:
roo
Up = —1 <_7 ZBZGE> ) (El)
where 7) is a constant gain.

e Random motion evasion:

Piecewise linear paths with turns every « time units, and turning

rate ug selected uniformly randomly from [—k, k] at every turn. (E2)

e Optical-flow based evasion:

up = —ntan! (8) , (E3)

where 6 is the complex argument of r and § = —ﬁ (ryir).

Intuitively, classical pursuit (evasion) involves the pursuer (evader) aligning its
velocity vector with the baseline. In constant bearing pursuit, the pursuer maintains
a constant bearing angle ¢ between its velocity vector and the baseline, whereas
in motion camouflage, the pursuer contracts the magnitude of the baseline, while
leaving the argument of the baseline unchanged. In [147, 50], the authors use elegant
geometric ideas to show that the pursuit control laws (P1)-(P3) provably correspond
to the desired pursuit strategies described above. This is done by defining pursuit
manifolds for each strategy (‘states of the interacting system that satisfy particular
relative position and velocity criteria’) and proving convergence to these manifolds
for sufficiently high gains n and p. In optical-flow based evasion, the evader reacts
to the changes in the argument of the baseline vector; these changes are intended
to mimic optical flow generated by the pursuer on the retina of the evader [123].
Figure 6.2 shows a simulation of the three pursuit and three evasion strategies pitted
against one another. Note that the baseline vectors remain roughly parallel in each
case of motion camouflage pursuit (bottom row of panels in Figure 6.2). The evader
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trajectory in optical-flow based evasion is a straight line when competing against a

motion camouflage pursuit strategy.

(E1) (E2)

(P1) | f

(P2)

P \/
~—~——— >

Figure 6.2: Simulated trajectories of each of the nine pairs of competing pursuit and eva-
sive strategies. The rows correspond to pursuit control laws (P1), (P2) and (P3) respectively
and the columns correspond to evasive control laws (E1), (E2) and (E3) respectively. For
example, the plot in the middle corresponds to constant bearing pursuit versus random mo-
tion evaston. The starting positions are indicated with ‘P’ and ‘E’. In all plots the evader
(E) starts at the origin with 6(0) = 0. The pursuers (P) in columns 1 and 3 start at
rp(0) = 5+ 3i with a heading Op(0) = . In the second column the pursuers start at ran-
dom positions and with random headings. The straight lines in each plot are snapshots of
the baseline vector at specific points in time.

For all control laws up and ug defined above, Lemma 6.1 ensures that capture is

always possible in finite time.

Lemma 6.1. Consider dynamics (6.1) and control laws (P1)-(P3) and (E1)-(ES3).
For every capture radius € > 0 and every initial condition rp(0), rg(0) such that
|7(0)| = |rp(0) — rg(0)| > €, there exists a finite capture time T' such that |r(T)| = e.

92



Proof. Refer to [147, 50] for proof. Note that the evasive controls (E1)-(E3) satisfy

the continuity and boundedness assumptions of Proposition 3.3 in [147]. O

The central question we ask in this chapter is which strategies win out in a co-
evolutionary contest between the three proposed pursuit strategies and the three
proposed evasive strategies? In [147] the authors studied the evolutionary dynamics
of the three pursuit strategies (P1)-(P3) playing against an environment of nonreac-
tive deterministic or random evasive strategies such as (E2). In the following section
we consider an evolutionary scenario in which the pursuit strategies coevolve with

reactive evasive strategies (E1) and (E3) as well.

6.2 Evolutionary Dynamics

To model the evolutionary dynamics of pursuer-evader interactions, fitnesses are de-
termined by the cumulative effect of several one-on-one contests between pursuers and
evaders such that a long time-to-capture for a particular contest corresponds to a high
evader fitness and a low pursuer fitness. Consider a pursuer population represented
by the population vector p = [ p1 P2 P3 }T. Here p;, i € {1,2,3}, corresponds to
the fraction of individuals in the population playing strategy (P7). Hence the vector
p is restricted to the simplex A,. Similarly, the evader population is represented by
the population vector g = [ G @ g3 ]T which is also restricted to Ay. The fitness
vectors for the pursuer and evader populations are denoted by fp € R? and fg € R%
respectively, where fp; is the fitness of pursuit strategy (Pi) and fg; is the fitness of
evasive strategy (Ej) . Define population mean fitness by fp=p " fpand fr = q" fx.

We can now write down a discrete update equation for each population that
depends on the relative fitnesses of the different strategies in that population. For

transition from generation g to generation g+ 1, we have fori =1,2,3 and j = 1,2, 3:

pilg+1) = pi(g)@
; " (6.2)
g(g+1) = QJ(Q)%-

One can verify that the equations (6.2) ensure that each population vector remains
in the simplex A,. Intuitively, strategies with fitness greater than the population
mean fitness are favored. Given an expression for the fitness vectors, we can study

the outcomes of the dynamics (6.2). As in [147] we use time-to-capture as a measure
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of fitness. The fitness of the set of pursuer strategies fp depends on the distribution
of evaders in the population q and fg depends on the distribution of pursuers in the
population p. This implies that the equations (6.2) are coupled. We simulate the
evolutionary dynamics (6.2) using Monte-Carlo calculations that determine fitnesses.

We then perform a theoretical analysis.

6.2.1 Monte-Carlo Simulations

We follow the setup in [147] for our Monte-Carlo experiments. The important step
is the construction of the capture time matrix 7' € R**® such that ¢;; > 0 represents
the time-to-capture for pursuit strategy (P7) competing against evasive strategy (Ej).
Lemma 6.1 gives us that all elements of T" are positive and finite. To construct T, we
perform nine simulations, one for each element of T', such that each simulation has a
pursuer and an evader starting from the same initial conditions. In each simulation
the evader starts at the origin with a heading of zero. The pursuer’s initial position is
chosen from a uniform distribution on the square [—10, 10] x [—10, 10], and its initial
heading from a uniform distribution on S*. The other parameters are the same for
each simulation: n = u = 10, v = .6, ¢ = 0.05, ¢ = 0.3, o = 0.2, and Kk = 2
The results presented here remain qualitatively consistent for reasonable variations of
these parameters. A detailed study of the effect of each parameter on capture times
is a direction of future work.

For each generation, we compute ten time matrices TF = [tfj], ke {1,...,10},
such that each matrix corresponds to a different choice of pursuer initial conditions
and evader random trajectory for column 2 (note that T* denotes the k™ time matrix,

not to be confused With matrix multiplication). The average matrix T = [E} is

defined by t;; = Zt Let T(g) denote the average time matrix computed at

generation g. For matrices M(g) = T#(g) and N(g) = TT(g), the fitness vectors are
defined by

(6.3)

The inverse and direct relationships between the time matrix and fitness for pursuers
and evaders, respectively, ensure that high capture times have asymmetric fitness
consequences for pursuers and evaders. Fitnesses (6.3) also encode the frequency

dependence and coupling of the evolutionary dynamics (6.2) since the fitness of a
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pursuer (evader) strategy depends on the population distribution of evader (pursuer)
strategies. Another way of interpreting equations (6.3) is from the perspective of
a focal pursuer (evader) employing a specific strategy in a given generation. The
expected fitness of this individual depends on expected interactions with each evasive
(pursuit) strategy, which in turn depends on the population distribution of evaders
(pursuers).

Equations (6.2) and (6.3) give us the necessary tools to simulate the pursuit-
evasion dynamics defined on the direct product of two simplexes. This is done for a set
of 50 randomly chosen pairs of initial distributions p(0) and q(0). Each set of initial
conditions is propagated using equations (6.2) and (6.3) for 100 generations with new
fitness matrices M(g) and N(g) calculated at each generation. The results of the
simulation are plotted in Figure 6.3. Note that the trajectories eventually converge

to the point corresponding to pure classical pursuit and pure classical evasion, i.e.
T

Peqg = Qeq = [ 1 00 } . Further, the Monte-Carlo simulations point to a structure

in the matrix T (and correspondingly in M = T" and N = TT) which we state

below in Conjecture 6.1 without proof.

N

0

0. 0.6 y 0 02 04 © 06 e 08
Classical Pursuit / Classical Evasion X
Pure Classical Pure Classical

Pursuit Evasion

0

Figure 6.3: Monte-Carlo simulation of equations (6.2) and (6.3). The simplex on the
left corresponds to pursuit strategies and the simplex on the right to evasive strategies. The
curves on each simplex evolve in pairs (p,q) € Ag X Agy; there are 50 pairs in all corre-
sponding to 50 different initial conditions (p(0),q(0)). Each pair of trajectories comprises
100 generations (iterations of equation (6.2)) and hence 100 x 10 = 1000 evaluations of
matriz T'. The trajectories all eventually converge to pure classical pursuit (left figure) and
pure classical evasion (right figure), indicating that classical pursuit and classical evasion is
the evolutionarily stable equilibrium of the dynamics.
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Conjecture 6.1. The first column of matriz T is dominant, i.e. t;1 > tiz andt;; > tis

for all i. Further, in the first column t1; < to1 and t;, < ts3;.

The claim in Conjecture 6.1 is made as a consequence of Monte-Carlo computa-
tions of matrix T' and consistent observations of the proposed matrix structure. A
rigorous proof of Conjecture 6.1 requires careful analytical computations of capture
times for the different strategies, a topic for future work. The structure of Conjec-
ture 6.1 provides a useful tool for analyzing the evolutionary dynamics on the direct
product of two simplexes and for proving convergence properties. We investigate this

in the following subsection.

6.2.2 Theoretical Analysis

For some small time step At > 0, we can rewrite the equations (6.2) as follows:

L o4 1) = pilg)) = p(g) P
Ay (Pilg +1) = pil9)) = pil9) AT
1 BN
A (gi(g +1) —q;(9)) = qj(g)—At =

In the limit At — 0 and with a change of timescale, we arrive at the set of differential

equations

q; = J% (ij - E) : o0

Consider a constant matrix 7" that obeys the structure of Conjecture 6.1. Further let
M =T# and N = TT. Defining fitness vectors fp = Mq and fg = Np analogous
to equation (6.3), and substituting into (6.4) we get

. Di T

i = ——— ((Mq); —p" M
b= ia (Mq); —p"Mq) o5
. qj :
q; = qT]ij ((Np)j - qTNp) :

Equations (6.5) are a form of the replicator dynamics (see Chapter 2) for two interact-
ing populations with fitnesses defined by linear functions of the population distribu-
tions. Critical to arriving at equations (6.5) is the assumption that 7" is constant and

thus M and N are constant, which is justified by a ‘law of large numbers’ argument
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[147]. Further, the assumption makes the analysis of equations (6.5) tractable, and
hence allows us to formally investigate the convergence shown in the Monte-Carlo
experiments.

The system of equations (6.5) is a four-dimensional system evolving on Ay x As.
There are several possible solutions of the dynamics on these simplexes. For instance,
all vertex pairs (pairs of pure strategies) are fixed points. Further, a strategy that is
initially absent does not emerge, i.e., p;(0) =0 = p;(t) = 0, V¢, and the same holds
for g; (replicator dynamics are said to be non-innovative as they lack mutation). In
order to investigate the coupled replicator dynamical system (6.5), we first study the

simpler single population replicator dynamics given by

qi
q”

G = (fi—q"f), fori=1,23. (6.6)
The fitness functions for the system of equations (6.6) are assumed to satisfy the

following properties:

e Property 1: f; = fi(t), i = 1,2,3, are each distinct functions of time, i.e.,
fi # f; pointwise. If this were not the case then populations ¢ and j would be

indistinguishable from the perspective of evolutionary dynamics.

e Property 2: The functions f;(t) are each globally Lipschitz, bounded and posi-
tive for all ¢ > 0.

e Property 3: The functions f;(t) have a single dominant fitness; without loss of
generality, f5(t) > fao(t) and f3(t) > fi(t) for all ¢ > 0.

Lemma 6.2. Assume initial conditions are restricted to the domain D =

{q € A%q3 > 0}. The dynamics (6.6), satisfying Properties 1-3, have a unique
T

asymptotically stable equilibrium point qe, = [0 0 1} attracting all initial

conditions in D.
Proof. The proof is in Appendix E.1. O

The case of Lemma 6.2 with each f; constant is considered in [147]. We now return
to the coupled set of equations (6.5) and state the main theorem of this section. Here
we employ the dominant structure of matrix 7', assuming that Conjecture 6.1 holds,

to prove convergence.

Theorem 6.1. Assume initial conditions are restricted to the domain Dy =
{(p,q) € Ay x Ag|py > 0,q1 > 0}. Let matriz T satisfy Conjecture 6.1 with M = T#
97



and N = TT. Then, the coupled replicator dynamics (6.5) have a unique asymp-
T
totically stable equilibrium point Peqg = Qeq = [ 10 O} attracting all initial

conditions in Dy.

Proof. The invariance of the domain Dy with respect to the dynamics (6.5) follows
from the invariance of the domain D in the proof of Lemma 6.2. The column dominant
structure of matrix 7" implies that the first element of the fitness vector fr = Np =
T7p is dominant. That is, regardless of the population distribution p at any time
instant, fg1 > fge and fp; > frsz. Hence we can use Lemma 6.2 to conclude that
regardless of the evolution of the population vector p, the population vector g will
asymptotically converge to q., = [ 100 }T

Asymptotic stability implies that for every € > 0 there exists a time t; > 0 such
that t > t; = ||q — q¢4|| < €. From the calculations in Lemma E.1 in Appendix E,

||q — qeq|| <€ — fp1 > fp2 and fp1 > fpg for

. { 2(m11 - m21) 2(77111 - m31) }
€ = min , .
(ma1 —mor) + ||M|l17 (man —mar) + || M|

Hence we can apply Lemma 6.2 again to the dynamics of p to conclude that after time

T
t1, the population vector p will also asymptotically converge to p., = [ 100 ] .
O

In Figure 6.4 we simulate the dynamics in equations (6.5), for a particular cal-
culation of matrix 7', showing smooth convergence to the unique stable equilibrium.
This can be compared to the Monte-Carlo simulations of Figure 6.3. From a game-
theoretic perspective, the stable equilibrium point corresponds to the single unique
pure Nash equilibrium of the bi-matrix game, for payoff matrices M and N.

In this section we have performed a computational and theoretical analysis of
the evolutionary dynamics corresponding to the competition between a population of
pursuers and a population of evaders, each having three strategies. We have shown
convergence to a unique stable pure-strategy equilibrium corresponding to classical
pursuit and classical evasion. This differs from the solution in [147], where the au-
thors study the three pursuit strategies as a ‘game against nature’, each competing
independently against nonreactive evasive strategies. There the evolutionary dynam-
ics converge to the motion camouflage pursuit strategy. The competition of pursuers
with a reactive set of evaders introduces a rich set of possibilities for evolutionary
outcomes. Indeed, by comparison to the results of [147], we see that making avail-

able alternative evader strategies affects the evolved strategies for both pursuers and
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Figure 6.4: Simulation of smooth dynamics (6.5). The capture time matriz T is chosen
to be the mean of 50 Monte-Carlo computations of capture time matrices TF; M = T#
and N = TT. The plot on the left shows the population vector p and the one on the right
shows q. 50 pairs of trajectories are plotted with initial conditions chosen from a uniform
random distribution on the space of two simpleres As X Ao. Comparisons to the Monte-
Carlo simulations in Figure 3 show strong similarities.

evaders. We note that one need not restrict to the three chosen pursuit or evasive
strategies; other choices of strategies may be appropriate depending on the context.

We now shift focus to employing pursuit and evasive behaviors for collective mo-
tion. In the following section we examine classical pursuit and classical evasion as

this pair constitutes the evolutionary equilibrium of our strategy space.

6.3 Collective Motion

The multi-agent dynamics described in this section are motivated in part by the in-
triguing dynamics of social forging in groups of cannibalistic migratory locusts [5, 112]:
individuals pursue other conspecifics in front of them and evade individuals approach-
ing from behind. Inspired by these dynamics of cannibalistic locusts, and also by prior
work on cyclic pursuit [67, 69, 68], we study the collective dynamics of steered parti-
cles with each exhibiting classical pursuit and evasive behaviors simultaneously.
Consider a system of N agents indexed by j = 1,..., N, each having position
r; = x; +1y; and heading 0;. The agents are steered particles with constant speed

v > 0 and steering control u;. Similar to equations (6.1), the kinematics of the agents
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are given by
0]-’ éj = Uy. (67)

S
T = ve

For each agent we define baseline vectors b;; = 7,41 —r; and b;_ = r;_; — ;. Note
that 7 + 1 and j — 1 are defined mod N3 i.e., by, =r; —ry and by = ry —r;. The

control law u; is given by

o, b
u; = u;p +ujp =K <z’ezgf, Zhs > — 0K <ie“91', J > , (6.8)
b5+ 16—l

for scalar gain K > 0 and scaling parameter 5 > 0. The first term in the control

law (6.8) is a classical pursuit term, with agent j pursuing agent j + 1 by attempting

to align its heading with the baseline between j and j + 1 (i.e., b;+). The second

term is an evasive term with agent j evading agent j — 1 by attempting to align its
heading anti-parallel to the baseline between j and j — 1. The dynamics correspond

to a cyclical interaction (sensing) topology between agents as illustrated in Figure

6.5.
3 ok—oi lg— @2
§ “o/
[ X Evasion QI

Pursuit

1
v A
v

\‘ \“
N-1 @ N N-1 @

N

Figure 6.5: Sensing topology for cyclic pursuit and evasion. An arrow from agent j to
agent k should be read as ‘j senses k’. Agents pursue the agent immediately ahead and
evade the agent immediately behind.

Simulations of the collective dynamics show several interesting outcomes:

e For § < 1, stable circular motions exist with agents traveling equally spaced

around a circle of radius This is illustrated for a formation of

K(1-p)sin(n/N) "
N = 8 agents in Figure 6.6(a).

e At 0 = 1 we observe a bifurcation. Specifically, the steady circular motions
disappear and the agents diverge into an incoherent state for § > 1 as shown

in Figure 6.6(b).

e For 8 < 1, the circular motions are not the only stable steady motions. We
also observe convergence to regular figure eight weaving patterns as illustrated
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in Figure 6.6(c); the initial conditions in Figure 6.6(c) are the only change from
the simulation in Figure 6.6(a). Observation of such weaving patterns was also

reported for pure cyclic pursuit [67].

o 05 1 15 2 25 3 -15 -10 -5 0 3 0 15 20 -4 -3 2 -1 Q 1 2 3

Figure 6.6: (a) Convergence to a circle for a group of N = 8 agents with § < 1. Param-
eters are K =5, v = 1 and = 0.5. (b) Divergence into an incoherent state for 3 > 1,
i.e., evasion is stronger than pursuit. Parameters are K =5, v =1 and § = 1.2. (c)
Weaving figure eight solution for N = 8 agents and § < 1. Parameters are K =5, v =1
and 3 = 0.5.

These results suggest that for stable circular motions to emerge from cyclic pur-
suit and evasion, the pursuit action must be stronger than the evasive action. This is
consistent with [112] in which stable vortices for pursuit agents are observed. The au-
thors [112] note that ‘pursuit facilitates the formation of clusters’ (cohesion) whereas
‘escape (evasion) leads to a homogenization of density’ (dispersion).

In the case of a large number of agents following the pursuit-evasion dynamics
(6.7), (6.8), the agents settle quickly into a cyclical chain-like formation. The chain
starts off with an arbitrary shape (dependent on initial conditions) and continually
deforms (changes shape) on a slow time scale as illustrated in Figure 6.7. Simulations
run for extended time do not show convergence of the formation to a regular motion;
instead they show the continued slow deformation of the chain. An analysis of the
chain-like formations as shown in Figure 6.7, perhaps using continuum methods and

knot theory, is another topic of future work.

6.4 Final Remarks

In this chapter we have considered an evolutionary game of three strategies of pursuit

against three strategies of evasion, two of which are reactive. Monte-Carlo simulations
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Figure 6.7: Chains for large N, here N = 50. The plots from left to right show snapshots
at indicated times. The plot on the right is a composite showing trajectories of all agents
over time. Parameters are K =5, v =1 and = 0.5.

of the evolutionary dynamics, involving fitness computations for the interactions be-
tween the different pursuer and evader pairs, show convergence to a stable equilibrium
of classical pursuit and classical evasion. Using the structure of the fitness matrices
observed in these simulations, we analytically prove the convergence of replicator
dynamics to the same classical pursuit and classical evasion equilibrium as in our
Monte-Carlo simulations. This effort builds on prior work [147] where it was shown
that replicator dynamics converge to motion camouflage pursuit when competing
against nonreactive evasion strategies. Our result provides an interesting contrast to
the earlier result [147] and further illustrates that the consequences of evolutionary
dynamics depend significantly on the space of strategies considered.

Motivated by the outcome of the evolutionary game, and by the behavior of
cannabilistic locusts, we have investigated a novel control scheme involving agents
performing simultaneous pursuit and evasion on cyclical interaction topologies. In
the case that the pursuit gain is larger than the evasion gain, simulations indicate
local convergence to circular motion formations of specified radius, as well as local
convergence to more complex weaving patterns. Exploring the use of different pursuit
and evasive behaviors and their corresponding collective outcomes is a topic of future

work.
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Chapter 7

Decision-Making Dynamics in

Honeybee Swarms

A honeybee colony* is a fascinating natural example of an emergent system where an
aggregation of thousands of individuals functions together as a composite integrated
unit. Other examples include the gigantic colonies of leafcutter ants [149], army ants
[13], or fungus growing termites [1, 116]. The colony functions as a truly decentralized
system where local interactions among the bees yield group-level structure and func-
tion, critical to survival. A typical bee colony is composed mostly of (predominantly)
sterile female worker bees, all of whom are daughters of the one fertile queen bee that
lives in their midst [116]. A small set of male drone bees in the colony performs the
fundamental reproductive task of mating with young queen bees from other nearby
colonies. The worker bees perform most of the colony survival tasks including for-
aging, rearing the queen for reproduction, hive construction, and scouting for new
potential nest sites during swarming. The scout bees in the swarm are among the
most experienced, and correspondingly oldest, forager workers [28]. The focus of this
chapter is on the decision-making dynamics of nest site selection among these scout
bees during the colony swarming process. The book by Seeley [116] is an excellent
reference for an in-depth look at all of the other captivating elements of honeybee
colonies, in addition to the swarm decision-making discussed here.

Honeybee colonies reproduce by casting swarms, each of which comprises a queen
accompanied by several thousand worker bees. A small fraction of the worker bees

are known as scout bees and perform the task of locating suitable nest sites for the

*While we use the term honeybee quite generally, the experimental evidence for the features of
honeybees and swarms described in this chapter comes from Apis mellifera, the most commonly
domesticated species [116].
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swarm by engaging in a democratic [116] decision-making process of choosing among
several competing options. This process involves the famous waggle dance [144] in
which scouts advertise the location and quality of suitable nest sites by performing
a distinctive dance on the surface of the swarm (the waggle dance is also used in
foraging to signal flower locations). The collective nest site selection process among
the scouts is known to have several of the typical elements of decentralized decision-
making systems: commitment of individuals to options after sampling, recruitment
of uncommitted individuals by those already subscribed to an option, and decay of
preference affiliation over time (akin to the ‘leaking’ in leaky-accumulator models of
neuronal decision-making [8]). Seeley et al. in a recent paper [118] have shown that
scouts also send inhibitory stop signals to other scouts advertising alternative nest
sites, thereby causing these scouts to cease dancing. This cross-inhibitory process
has been shown to be critical to the ability of swarms to make decisions effectively,
particularly when choosing between competing options of near-equal value.

In this chapter we study bifurcations in an analytical model of honeybee swarm
decision-making from [118] and illustrate the critical role played by stop-signal inhibi-
tion in enabling swarms to manage the speed-accuracy tradeoff in the decision-making
problem. The model from [118] is described in §7.1. §7.2 summarizes the analysis
of the symmetric case of options with equal value from [118] and illustrates a pitch-
fork bifurcation in the dynamics. In §7.3 we present a general description of the
bifurcations of the model for the asymmetric case of options with unequal value, and
illustrate how the pitchfork bifurcation in the symmetric case is one slice through a
more general cusp catastrophe bifurcation set corresponding to the dynamics. In §7.4
we show that the model has two timescales and derive an analytical expression for
the slow manifold of the dynamics. We study a stochastic version of the model in

§7.5 and summarize our findings in §7.6.

7.1 Model Description

We study a mean-field model of the swarm decision-making dynamics derived in [118].
We restrict to looking at the decision-making process of choosing between two options
A and B for analytical tractability. Also, while scouts might advertise several options
(on the order of 10 [116]) early on in the selection activity, only two or three options
usually remain in the more advanced stages. The model has states y4, yp and yy
corresponding to the fraction of scouts subscribed to (i.e., dancing for) option A, the

fraction subscribed to option B, and the fraction uncommitted (U) to either option,
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respectively. The vector y = [ya yp yU]T is a simplex vector satisfying y; > 0 for all

i€ {A,B,U} and y4 + yg + yu = 1. The dynamics have four main processes:

e Commitment: Uncommitted scout bees commit to an option upon indepen-

dently encountering one in the scouting process at rate 7, for option i € {A, B}.

e Recruitment: Scout bees committed to a particular option recruit uncommitted

scouts to subscribe to that option (using the waggle dance) at rate p; for option

i€ {A, B}.

e Decay: The number of waggle dance circuits declines over time due to the fading
interest of a committed scout at rate «; for option i € {A, B}. Decay has been
shown to be essential to consensus forming in the decision-making dynamics
[115].

e Stop-signal: By the cross-inhibitory mechanism, scouts subscribed to a partic-
ular option inhibit those subscribed to alternative options at rate o; for option
i € {A, B}. The stop-signal is known to reduce waggle dancing and is typically

delivered as a vibrational signal by the sender butting her head against the

dancer [118].
COMMITMENT Ul A UB
RECRUTMENT A+ U 2424 B+U92B
DECAY A BXU

STOPSIGNAL A+ BZ2 A4+ U B+AZEB+U

YA =|YAYU|F|PAYAYU||— @AY A~ OBYAYB

YB =|YBYU|+|PBYBYU|— ®BYB|— TAYBYA

Figure 7.1: Connections between the microscopic (top) and macroscopic (bottom) descrip-
tions of the swarm decision-making dynamics. The set of four categories on the top show
the four processes that are part of the decision-making dynamics (commitment, recruitment,
decay, stop-signal), and the microscopic rate equations corresponding to each (for example
U ™ A denotes the transition from U to A at rate v4). The bottom pair of macroscopic
mean-field equations (7.1) is color-coded to match each of the four processes.
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The microscopic rate equations for the four processes described above are shown

in Figure 7.1 (top). The corresponding mean-field equations are given by

dya
1A + PAYAYU — QAYA — OBYAYB (71)
dy .

These equations have been derived rigorously in [118] as a system-size expansion
[139, 24] of the microscopic master equations [24]. Note that gy = —y4 — Us.

The nest sites of swarms are typically tree cavities that provide good protection
from predators and from harsh environmental conditions. Scout bees evaluate poten-
tial nest sites on a variety of metrics including cavity volume, cavity entrance size,
height of the entrance from the ground, and the presence of earlier combs [143]. Fur-
ther, various studies [31, 29, 116] have shown that scout bees have an innate scale of
absolute nest site goodness or value that encapsulates these metrics. We use v; > 0
to denote this absolute value of nest site i € {A, B}. Following the parameterization
used previously in [118], we assume that all of the rates 7;, p;, and a; may depend
on the value v; of the potential nest site with which they are associated. We set the
commitment and recruitment rates 7; = v; and p; = v;, and the decay rates a; = v%
The parameterization in [118] also assumes that the stop-signal rate o; is independent
of site choice and hence 04 = o5 = 0. Substituting for these rates in (7.1) we obtain

a pair of quadratic differential equations in three parameters v4, vg, and o:

dya 1
24 _ ——ya+vayu(1 +ya) — oyays
dyB 1 '
o onYB +vpyu(l +ys) — 0Yays.
t B

Our analysis of bifurcations and timescale separation in the sections to follow focuses

on this pair of coupled equations.

7.2 Symmetric Case

The symmetric case of equal options v4 = vg = v was studied in [118]; we summarize

the results here. Substituting v4 = vg = v in (7.2), the symmetric dynamics are
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given by

d _

—gf S 7 vyu (1 +ya) — oyays

) Z (7.3)
B —YB

2 = 2= 1 — .

o " +vyu(1 +yp) — oyays

The dynamics (7.3) have three sets of equilibria (the fourth equilibrium set is
always outside the simplex Ay) denoted (Yaeq, Ypeq) and given by

_< 202 22 )
e s VI 202 1 00 1 4050 L+ 02 + VI L 202 1 90t | dobo

1 1 1 403 1 1 1 43
p2:<————|— (UZ_l)Z_%_____ (02_1)2_1) (7.4)

2 2 202 "2 2 202 o

1 1 1 493 1 1 1 493

R 2 _qye_ v b L4 2 _1\2 _ 2V
bs (2 202 202 (v ) o2 202 202 (v ) o )

These equilibria correspond to a pitchfork bifurcation in the dynamics with a bifur-
cation set (parameterized by v):
i 403

o = o1 (7.5)
For ¢ < o*, the equilibria py and ps from (7.4) are imaginary and p; is stable. A
pitchfork bifurcation occurs at ¢ = ¢* resulting in two stable equilibria p, and p3 and
one unstable equilibrium p; for ¢ > o*, as illustrated in Figure 7.2 (see also Case 1
in Figure 7.4).

The pitchfork bifurcation describes an important feature of the stop-signal based
cross-inhibition on the decision dynamics. For values of stop-signal below the thresh-
old o*, the only stable equilibrium of the dynamics is the symmetric (y4 = yg)
equilibrium resulting in a deadlock in the decision-making process with equal frac-
tions of the population subscribed to each option. This situation is suboptimal from
a speed-accuracy perspective since the time spent in deadlock between equal options
does not yield any greater accuracy in decision-making. Ideally, we would like for
the system to be able to spontaneously ‘flip a coin’ between the equal alternatives in
order to make a fast decision. This is exactly what is enabled by the cross-inhibitory
mechanism. Post bifurcation (¢ > ¢*), the two stable equilibria correspond to a
choice of one of the two alternatives, and the system dynamics are attracted to one
or the other based on initial conditions, thereby breaking deadlock (see inset phase

portraits in Figure 7.3).
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Figure 7.2: Pitchfork bifurcation set for the stop-signalling dynamics with equal alterna-
tives (7.3). The dark region below the curve o* = % has a single stable equilibrium;
the light region above the curve has three equilibria, two of which are stable. The pitchfork
bifurcation for adequately high stop-signal o breaks the deadlock in decision-making between
equal alternatives. Insets show typical phase portraits in each region.

7.3 Asymmetric Case

Looking back at the bifurcations for the N = 2 case of the replicator-mutator dynam-
ics shown in Figure 3.4, we see that as symmetry is broken, the (structurally unstable)
pitchfork bifurcation disintegrates into a saddle-node bifurcation and a stable branch
of equilibria. These bifurcation plots correspond to slices through the cusp catastro-
phe, plotted in Figure 2.6. In a qualitatively similar sense, the symmetric pitchfork
bifurcation for the stop-signaling dynamics from §7.2 disintegrates into saddle nodes
for vy # vp, with a corresponding cusp catastrophe bifurcation set. Before we plot
this bifurcation set, the following change of variables helps simplify notation: let mean
quality v = % and quality difference Av = v, — vg. Then
Av

A
vAzﬁ—l—Tvande:E—T. (7.6)
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Substituting (7.6) in (7.2) gives

dya —2ya _ Av
g —_— 1 —_
&t Wthv (U+ 3 ) vl +ya) = 0yays
(7.7)
dum _ 205 (58U (g g) -
it 25— Av  \' g )R T OYAYE:

The bifurcation set for the dynamics (7.7) is plotted for a chosen value of T in Figure
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Figure 7.3: Bifurcation diagram for the stop-signaling dynamics (7.7). The dashed red
curves are the saddle-node bifurcation set for Av # 0, the blue circle is the pitchfork bi-
furcation point for Av = 0. The horizontal and vertical lines mark three bifurcation cases
as indicated in the legend (see also Figure 7.4). Case 1 corresponds to a pitchfork bifurca-
tion, Case 2 corresponds to a saddle-node bifurcation, and Case 3 corresponds to hysteresis
(these can be seen clearly in Figure 7.4). The phase portraits marked (i)-(v) correspond to
the squares marked on the Av—o space. The bifurcation set is qualitatively identical to that
of the cusp catastrophe shown in Figure 2.6. This plot corresponds to v = 5; plots for other
values of U are qualitatively similar as shown in Figure 7.5.
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7.37. The corresponding sets for other values of ¥ are qualitatively identical (see
also Figure 7.5). The set divides the equilibria of the dynamics into three regions:
bistability with two stable equilibria close to the A and B corners of the simplex
and an unstable central equilibrium; A dominates with a single equilibrium such that
YAeq > YBeq; B dominates with a single equilibrium such that ype; > yaeq. Figure 7.3
also shows typical phase portraits of the dynamics at various points in the Av — o

parameter space, illustrating the pitchfork and saddle-node bifurcations.

o Case 1o < o Case 2 e s ool CaSE 3
- I U (= 52 s el Em . E L
= : = = ! _
= Av=0 E ° 4 Av=025 2" oc=5
= T ¢ €
[ox = 53]
Lﬂ [ '_U ¢ "U 05
= o o B
g g :
S . e g .
i L O ™ ~ T —— &

B e e e o //

o ' o - Av

Figure 7.4: Bifurcations of the three cases from Figure 7.3. The vertical axis on each
plot is given by % + qu;ﬂ , and corresponds to equilibria of the dynamics projected
orthogonally onto the yy = 0 boundary of the simplex. Blue curves correspond to stable
sinks and red curves to unstable saddles.

Figure 7.4 shows bifurcation plots of the dynamics corresponding to the three cases
(slices of the cusp catastrophe bifurcation set) from Figure 7.3. The two-dimensional
equilibria of the dynamics denoted (yaeq, Ypeq) are plotted in one dimension (vertical
axis ‘Projected Equilibria’) in Figure 7.4 by projecting each equilibrium orthogonally
onto the yy = 0 boundary of the simplex. This projection is given by % + %
Figure 7.4 clearly shows the pitchfork bifurcation (Case 1), saddle-node bifurcation
(Case 2), and hysteresis (Case 3) of the cusp catastrophe.

The full bifurcation set of the dynamics (7.2) in three parameters v4, vg and o is
plotted in Figure 7.5. The bifurcation set in Figure 7.3 is a slice through this three-
parameter set corresponding to v = % = constant (i.e., orthogonal to Av = 0).
The bottom two plots in Figure 7.5 are level curves of the three parameter bifurcation
set corresponding to the o — Av (bottom left) and ¥ — Av (bottom right) planes.

The vertical axis in the level curve plots titled |Av| corresponds to the minimum

t Analytical expressions for the equilibria of the dynamics in the asymmetric case are cumbersome
to write down, but solvable using symbolic manipulation software. The bifurcation set is computed
using analytical calculations of the equilibria of the dynamics and an iterative algorithm to determine
the boundary of the set. This algorithm is described in Appendix G.
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absolute difference in alternatives necessary for a unique equilibrium (A dominates
or B dominates). Hence the region of parameter space below each level curve has
bistability, and the region above has a unique stable equilibrium close to the correct

alternative (the one with higher value).

o

o
o:

Minimum |Av|
Minimum |Av|

(=3
Y

05
02

4 5 6 2 4 5 5 7 8

2 3 1 3
Stop Signal o Average Value 7

Figure 7.5: Bifurcation set for the dynamics (7.2) in three parameters vy, vg and o. The
top panels show two views of the three-dimensional bifurcation set. A wvertical cut through
this set orthogonal to the line vqg = vp <= Av = 0 gives the two-dimensional set shown
in Figure 7.3. Hot colors correspond to higher values of . The bottom left plot shows level
curves corresponding to a series of vertical slices of the the three-dimensional set orthogonal
to Av = 0. The bottom right plot shows level curves corresponding to a series of horizontal
slices of the three-dimensional set parallel to the vqa — vp plane.

There are four key decision-making features that are apparent in the bifurcation
plots in Figures 7.3-7.5. First, while bistability is favorable for ‘fast’ decision-making
when alternatives have near-equal value (plot (iii) in Figure 7.3), it is not favor-
able when alternatives are adequately different (|Av| adequately large) since the ‘dis-
tracting’ attractor close to the incorrect low value alternative can lead to errors in

decision-making (large o Case 2 in Figure 7.4).
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Second, for a given mean value v, the minimum |Awv| necessary to precipitate a
bifurcation in the dynamics resulting in a single attractor increases, with increasing
stop-signal o (Figure 7.5 bottom left); i.e. high-values of stop-signal make the col-
lective decision dynamics less sensitive to differences between options. Another way
of interpreting this is that for a high value of stop-signal, a high magnitude of differ-
ence in options is necessary (low sensitivity) to prevent the swarm from picking the
incorrect low-value alternative by falling into the distracting attractor.

Third, for a given value of stop-signal ¢, the minimum |Awv| for a single attractor
grows asymptotically linearly with increasing v (Figure 7.5 bottom right). This is sim-
ilar to Weber’s law of just-noticable differences [17] from psychology which states that
‘minimum difference in stimulus intensity required to discriminate between sources
varies linearly with average intensity’ [95].

Fourth, the level of stop-signal ¢ introduces a tradeoff in the collective dynamics
between speed and sensitivity. High values of stop-signal enable fast dynamics when
alternatives are of nearly equal value, but make the collective insensitive to differences
between alternatives. Lower values of stop-signal promote sensitivity, at the cost of
potentially expensive deadlock when alternatives are nearly equal. This tradeoff can
potentially lead to intermediate evolved levels of stop-signal cross-inhibition in the

decision-making dynamics.

7.4 Separation of Timescales

The phase portraits in Figure 7.3 show a clear separation of timescales in the dynamics
7.7. In phase portrait (iii) for example, trajectories converge quickly onto the slow
manifold corresponding to the heteroclinic connections between the central saddle
and the boundary stable equilibria. The dynamics then evolve slowly on (near) this
slow manifold. In Appendix F, we use singular perturbation theory [54] to compute a
rigorous analytical approximation to the slow manifold of the dynamics; these results
are summarized below.

Singular perturbation theory requires the identification of a small parameter in the
model and a coordinate transformation that converts the dynamics into the singular
perturbation ‘standard form’. In Appendix F, we use € := 1/7 as the small parameter

(thereby assuming large v) and convert the dynamics to the standard form using the
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coordinate transformation (y4,yg) — (z, 2) given by

z=(1+ya)(1+ys)
I+ya

xXr = .
1+yp

We then go on to show that the slow manifold is given analytically by the implicit

expression

o oy +ya)(1 +ys)
=YAYB =
2v 3 —Yu

(7.8)

in the (ya,yp) coordinates, and by the explicit expression

di*+6+ VD
z:< 2Tt )i ) =: h(x), (7.9)

1
where d = —, & = o + —= and D = (di* + 6)* — 4d2*(2 + d),
T

VT

SRS

in the (z, z) coordinates.

In Figure 7.6, we plot a comparison of the analytically derived slow manifold (7.8)
(or equivalently (7.9)) and trajectories of the dynamics (7.7) for various combinations
of parameters o and Av, for large v (taken to be © = 10 for this plot). The match
between the approximation and the trajectories is excellent, except for the case when
both Av and o are large. This case violates the limiting conditions of the singular
perturbation calculation, as discussed in Appendix F.

In Appendix F we also compute the slow-timescale dynamics on the slow manifold
and show that the equilibria of these dynamics match those of the two-dimensional
system (7.7) in certain limits (symmetric v4 = vg, 0 — 0 and o = v). A more general
analysis of the slow dynamics and their equilibria is a topic of future work.

One of the main reasons to pursue the timescale separation results discussed in this
section is to attempt to reduce the two-dimensional system (7.7) to a one-dimensional
description. This reduction is particularly relevant when comparing the swarm dy-
namics described here with classical models of binary decision-making which are often
in the form of one-dimensional stochastic differential equations (see the description of
the drift diffusion model in §2.4 for example). We leverage the slow manifold calcu-

lation made here to explore this connection in more detail in a paper in preparation

[95].
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Figure 7.6: Comparison between the analytically computed slow manifold h(x) plotted
in magenta and simulations of the stop-signaling dynamics (7.7). The match between the
analytical slow manifold and the simulations is excellent, except for the case Av = O(v),
o = O(v). For this set of plots, v =10, O(v) = 10 and O(1) = 1.

7.5 Stochastic Dynamics

Our analysis thus far has focused on bifurcations and timescale separation of the
deterministic mean-field decision-making model (7.1). It is important to recognize,
however, that the evaluations made by individual scout bees of nest site values v; are
inherently noisy. Experiments have shown that there is much overlap in distributions
of dance strength (and correspondingly judgements of value) between scouts advertis-
ing a medium-quality and a high-quality nest site during the decision-making process
[117]. Despite this noisy individual reporting of quality, there are clear differences in
mean qualities reported, resulting in a sharp distinction at the swarm level.

In this section, we move beyond the deterministic model (7.1), and build a stochas-
tic model to capture this inherent variability. The dynamics of this model can then
be compared to other standard stochastic models of decision-making, such as the
drift diffusion model (Figure 2.10(c)) which has been shown to optimally address the
speed-accuracy tradeoff in two-alternative forced choice tasks [8]. We assume that
the rates ~;, p; and «; in (7.1) that depend on the stochastic measurement v; are each
subject to variability. Similar to the setup in [71], we add independent white noise

terms of variance k? to each of these rates (for example o; — «; + kn,, where 7,,
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is a Gaussian random variable with mean 0 and variance 1) to obtain the stochastic

decision-making dynamics

@wﬂmw+mww—mm—@wwMH%¢%+ﬁ+%ﬁﬂV

(7.10)
@wﬂ%w+www—%%—mwwMH%¢%+%+%%MV

The parameter & in (7.10) sets the level of stochasticity or noisiness in the decision-
making process; higher values of k correspond to noisier evaluations.

In Figure 7.7 we simulate the stochastic dynamics (7.10) using the parameteriza-
tion used previously, v; = v;, p; = v;, and o = vli, for a finite time interval ¢ € [0, 30].
Parameters v, Av and o are chosen to correspond to the three cases shown in Figures
7.3 and 7.4. Each simplex in Figure 7.7 has 50 trajectories initialized at the origin.
The dark dashed lines plotted are quorum decision thresholds (y; = 0.7, i = A, B); a
decision for a particular alternative A or B is assumed to be made when a trajectory
first crosses the corresponding threshold. The simulations illustrate some key features

of the stochastic decision-making dynamics:

e Deadlock and speed (Case 1): This case corresponds to equal alternatives
Av = 0. At low values of stop-signal o, the population is in a state of deadlock
with a majority of trajectories (75%) unable to reach a decision boundary (top
row left). At intermediate levels of stop-signal, the bifurcation yields a much
more successful decision-making outcome with most (82%) of the trajectories
successfully breaking deadlock (top row middle). Speed increases (i.e. deci-
sion time shortens) at higher levels of stop-signal with all trajectories breaking

deadlock (top row right).

e Intermediate stop-signal for accuracy (Case 2): This case corresponds to un-
equal alternatives Av = 0.25. At low values of stop-signal, the population
is in a state of near-deadlock with a single attractor slightly closer to corner
A than B; 60% of the trajectories do not reach a threshold (center row left).
At intermediate levels of stop-signal, the bifurcation yields excellent decision-
making performance with a vast majority (98%) of the trajectories reaching
the correct threshold (center row middle). At higher levels of stop-signal, the
increased speed of decision-making comes at the expense of poor accuracy; only
70% of trajectories reach the correct threshold (center row right). This perfor-

mance degrades with increasing o, illustrating a classical speed-accuracy trade-
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Figure 7.7: Simulations of the stochastic dynamics (7.10) with parameterization ~y; = v;,
pi = Vi, q = U%_, k = 0.1, and for time t € [0,30]. Each simplex shows 50 trajectories
initialized at the origin ya = yp = 0 (correspondingly yy = 1). Circles are equilibria
(filled stable, hollow unstable) of the deterministic dynamics (7.7), and the dashed lines
are quorum thresholds y4 = 0.7 and ygp = 0.7. The inset bar plots show the fraction of
trajectories reaching each threshold; ‘nome’ indicates trajectories reaching neither threshold
in the given time (plotted in cyan). For Av = 0, trajectories reaching either threshold are
plotted in blue. For Av # 0 trajectories reaching the correct threshold (one with higher v;)
are plotted in green, those reaching the incorrect threshold are in red. Parameter values
appear below each plot.

off. However, unlike the speed-accuracy tradeoff for the linear DDM model [§]

(also §2.4), here the tradeoff comes from nonlinear dynamics.

e Hysteresis (Case 3): The decision swings from B, to bistability, to A, as Av
varies from —2 to 2. Such continuous variations in quality difference Av are

unrealistic in a swarm decision dynamics, but may be more reasonable in other
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decision systems (some examples are discussed in [95]). Experiments and anal-
ysis of neuronal decision-making models, for example, have shown that strong
stimuli (similar to large Av in this case) result in both faster and more accurate
choices than weaker stimuli [38, 109, 99].

A detailed analysis of the speed-accuracy tradeoff described in Case 2 above is
a topic on ongoing work. We are also in the process of investigating the role of
parameter variations during the decision-making process for systems with two or

more alternatives. Two such examples are shown in Figure 7.8:

e Breaking symmetric deadlock (Figure 7.8 left): The decision-making process
is between two equal alternatives with value v4 = vg = 3. The stop-signal
o ramps up linearly from an initial value of ¢ = 0 to a final value of ¢ =
3. The increasing stop-signal enables the deadlock to be broken when o >
o* ~ 1.7 with one option randomly winning out. This simulation is motivated
in part by the fact that elapsed time might influence the computations that
underlie decision processes since prolonged deliberation can be expensive [38].
In models of neuronal decision making [38, 11, 12], time-dependent ‘urgency’
signals (potentially analogous to the time-dependent stop-signal simulated here)

have been suggested as a way to impose a soft deadline on deliberation.

e Deadlock enables better final outcome (Figure 7.8 right): For a system tuned to
intermediate levels of stop-signal (o = 1 here), options of low quality result in
deadlock. This enables the system to wait for other potentially better options
to arrive into the mix and precipitate a decision. In this simulation, a third

high-quality option (v¢e = 4) enters at t = 30 and dominates.

7.6 Discussion

The decision-making process in honeybee swarms is rooted in the requirement that
the swarm comes to a unanimous consensus decision about a suitable future home.
The unanimity of the decision is critical because each swarm has only one queen, and
because fragmentation of the swarm in the migration process to the new nest can be
extremely costly, and potentially fatal. Experiments have shown that swarms are not
only able to come to this consensus decision, but nearly always pick the best possible
option of those available. This is remarkable given that the swarm decision-making
process is completely decentralized and inherently stochastic.
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Figure 7.8: Simulations of the stochastic dynamics. (left) A deadlocked population is able
to converge to a decision by picking one of two equal alternatives by slowly ramping up the
stop-signal; the critical value of stop-signal for the pitchfork bifurcation is marked on the
bottom plot. (right) For time t < 30 the population is deadlocked while choosing between
two low-value (v = 1) equal alternatives; a third high-value alternative (vc = 4) enters the
picture at t = 30, precipitating a decision in favor of this alternative.

As discussed in [116], there are two hypotheses for building consensus in a system.
The first is known as the compare and convert hypothesis and corresponds to agents
comparing their current state to neighbors and switching states to match those of
neighbors with better outcomes. This is reminiscent of the imitation mechanism
of the replicator-mutator dynamics in Chapters 3 and 4. The second is known as
the retire and rest hypothesis in which agents have a decaying (leaking) interest in
an option, thereby making each participant highly flexible in the decision-making
process.

Experiments have shown that scouts in a honeybee swarm do not directly compare
the options available, but instead rely on their decentralized interactions (recruitment,
commitment, etc.) to produce a consensus outcome. It has also been shown that
scouts decrease the number of dance circuits performed over time resulting in a de-
cayed interest in the corresponding option. In addition to this decay, in this chapter
we have shown the critical role played by the stop-signal cross-inhibitory mecha-
nism in enabling effective swarm decision-making. Stop-signaling enables breaking
deadlocks between equal alternatives and tunes the sensitivity of the dynamics to

differences between alternatives. We prove a separation of timescales in the decision-
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making model, thereby enabling a reduction of the dynamics to a one-dimensional
system. Leveraging this reduction to make detailed comparisons between the stochas-
tic swarm dynamics derived here, and other classical models of neuronal collective

decision-making, is an important avenue of future work.
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Chapter 8
Final Remarks

This thesis studies emergent collective behavior in selected biological systems from the
perspective of evolution by natural selection. Our main aim has been to understand
the mechanisms that endow biological collectives with extraordinary robustness and
adaptability, and to leverage this understanding to inspire effective decision-making
and collective motion protocols in artificial decentralized systems. We study four
related topics: replicator-mutator dynamics, collective migration, pursuit and evasion,
and swarm decision-making. The main conclusions from each of these topics are
presented in §8.1. §8.2 comprises some of the common themes between the topics that
have emerged through the analysis. We look ahead to future directions of investigation
in §8.3.

8.1 Conclusions

Replicator-mutator dynamics: Much of the existing analysis of the replicator-mutator
dynamics has focused on stable equilibria. The analysis in the literature has also
primarily considered payoff and mutation matrices that are symmetric, which cor-
respond to undirected payoff graph topologies. Here we prove conditions such that
stable limit cycles in the replicator-mutator dynamics arise as a consequence of Hopf
bifurcations for N > 3 strategies and circulant payoff matrices. From a graph the-
oretic perspective, we show how breaking symmetry by considering directed graphs
allows for oscillatory limiting behavior. We emphasize that the limit cycles are not
restricted to circulant payoffs, but can exist for more general noncirculant cases as
well. The simulations in Chapter 4 illustrate the structural stability in the dynamics

to perturbations of circulant payoff, and show the tight connections between embed-
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ded directed cycles in the payoff graph and the existence of stable limit cycles of the
dynamics.

Collective migration: The study of leadership has received significant attention
in both biology and multi-agent robotics. Agent-based simulations and experiments
with fish schools have shown that a small group of leaders is capable of guiding
the motion of a large group of followers. The ability of followers to leverage the
investments made by leaders and essentially operate as free-riders in the system is
an evolutionary paradox. In this work we focus on the role that the social graph
connectivity plays in the evolutionary dynamics of a networked model of collective
migration. We use tools from adaptive dynamics to study the all-to-all limit of the
evolutionary model and derive bounds for branching of the population into leader and
follower groups. For limited connectivity, we prove necessary and sufficient conditions
for convergence of the noise-free migration model, and show that fitness of individuals
in the stochastic model can be derived analytically using the Lyapunov equation. For
random networks and lattices, we show a minimum connectivity bound that yields
evolutionary population branching into leaders and followers. We also study a simple
model of greedy adaptive nodes on small networks, inspired by collective robotic
systems. We show that the network topology plays a critical role in determining the
location of leaders in the adaptive system; we study bifurcations in node leadership
as a function of investment costs.

Pursuit and evasion: Building on previous work that focuses on the evolutionary
dynamics of three pursuit strategies playing against an environment of nonreactive
evaders, we study an evolutionary game of three strategies of pursuit against three
strategies of evasion, two of which are reactive. Monte-Carlo simulations of the evo-
lutionary dynamics show convergence to a stable equilibrium of classical pursuit and
classical evasion. Using the structure of the fitness matrices observed in these sim-
ulations, we analytically prove the convergence of replicator dynamics to the same
classical pursuit and classical evasion equilibrium as in our Monte-Carlo simulations.
We then go on to incorporate the winning pursuit and evasive strategies in a novel
collective motion scheme and show conditions for the convergence of the dynamics to
circular formations and more complex weaving patterns.

Swarm decision-making: We study bifurcations in a mean-field model of honeybee
swarm decision-making and illustrate the critical role played by stop-signal cross-
inhibition in enabling swarms to break deadlocks between equal alternatives and
manage sensitivity to differences between unequal options. We carefully illustrate the

cusp catastrophe bifurcation set of the dynamics and prove a timescale separation that
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reduces the model to a one-dimensional system. We derive a stochastic version of the
model and study its dynamics using simulations. These simulations illustrate the
role of stop-signalling in managing the speed-accuracy tradeoff in the swarm decision

dynamics.

8.2 Common Themes

In the introduction to the thesis, we made an effort to connect the various topics
studied by looking at the systems from a robustness vs. adaptability perspective, as
summarized in Figure 1.1. In this section, we identify some of the common themes
that have emerged in our investigations of each topic. These themes are bifurcations,
timescale separation, consensus and hysteresis.

Bifurcations: Bifurcations feature prominently in this thesis and include Hopf
bifurcations studied in Chapters 3 and 4, cusp catastrophes studied in Chapter 7,
bifurcations of collective dynamics in Chapter 6, and more complicated bifurcations
of numerous equilibria as a function of graph topology in Chapter 5. These bifurca-
tions correspond to macroscopic models of collective dynamics and represent signifi-
cant changes in macroscopic emergent behavior as a consequences of relatively small
changes in microscopic parameters governing inter-agent interactions. The nonlinear
relationship between the microscopic and macroscopic descriptions that yields such
bifurcations is an important hallmark of emergent systems.

Timescale Separation: Evolutionary models such as those studied in Chapters
3-6 inherently have two timescales. The fast timescale in these models corresponds
to fitness computations as a function of ecological interactions. The slow timescale
corresponds to the evolutionary process that modifies traits in the population as a
result of fitness dependent replication and mutation. For example, for the migration
problem in Chapter 5, the fast timescale corresponds to the stochastic migration
dynamics and the slow timescale to the evolutionary change of agent strategies or
investments. A very different kind of timescale separation is shown in Chapter 7. Here
the fast timescale corresponds to individuals being attracted to an invariant decision
manifold which corresponds roughly to the recruitment of uncommitted individuals
to the decision making process. The slow timescale represents the dynamics along
this manifold towards a collective decision.

Consensus: Consensus is critical to the functioning of most multi-agent coopera-
tive systems and has inspired a vast literature in engineering, physics, mathematics

and other fields. In fact, most systems (even those with complicated inter-agent
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dynamics) that have emergent coordinated behavior can be approximated to first
order by some form of simple linear consensus dynamics. In this thesis, consensus
appears in the zero-mutation limit of the replicator-mutator model in Chapters 3 and
4, the stable OU process of the migration dynamics in Chapter 5, and the successful
decisions of the swarm dynamics in Chapter 7.

Hysteresis: Hysteresis is a remarkable feature that has appeared several times in
this thesis. In a basic sense, hysteresis corresponds to a delay associated with the
restoration of a macroscopic state of a system with respect to variations in a bifur-
cation parameter. Specific parameters of the replicator-mutator Hopf bifurcations
yield hysteretic curves (Figure 3.10(b) in Chapter 3 for example). Hysteresis was also
observed for the adaptive evolutionary dynamics of migration in Chapter 5 and as
part of the cusp catastrophe for the swarm dynamics in Chapter 7. In the context of
animal behavior, hysteresis has been associated with collective memory. This refers to
the phenomenon in which previous history of group structure influences collective be-
havior as individual interactions change, even though individuals have no knowledge
of what that history is [15]. Figure 8.1 is a composite plot of the various hysteretic

curves shown throughout the thesis.
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Figure 8.1: Three examples of hysteresis in the thesis. (left) from Figure 3.10(b) in
Chapter 3, (center) from Figure 5.3 in Chapter 5, (right) from Figure 7.4 in Chapter 7.
The shaded rectangles in each plot mark regions of bi(multi)-stability.

8.3 Looking Ahead

In a broad sense, the focus of robotic design and engineering over the past few decades
has been on creating robust platforms that are configured to solve specific problems
reliably, often with provable guarantees on performance. The rapid expansion of

communication, distributed sensing, networking, learning algorithms, and advanced
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software, however, have enabled a new generation of intelligent and interconnected
multi-agent systems. These systems are often comprised of individual platforms or
agents that are simple and robust, but can have collective emergent group behavior
that is highly complex.

Two areas that are currently undergoing this transition from the focus on the
individual agent, to the focus on both the individual as well as the collective, are
autonomous driving for cars on the highway, and collective swarm robotics. In au-
tonomous driving [138, 52], one of the main challenges involves the design of control
protocols that leverage inter-agent interactions (sensing and communication between
vehicles) to produce optimal group-level outcomes (efficient traffic flow and safe high-
way maneuvers). The alignment of individual interests (“I want to get there fast”) and
group outcomes (overall traffic flow) poses an important challenge in such systems,
and relates back to the evolutionary paradox of cooperation in natural swarms.

The developing area of swarm robotics focuses on using hundreds of relatively
cheap and expendable robotic platforms that have limited sensing and communica-
tion capabilities, to perform collective tasks with a high degree of parallelism [79, 114].
These systems are designed to have significant flexibility and adaptability for appli-
cations such as foraging for information in dynamic and hazardous environments,
distributed sensing, and distributed task allocation (the Robobees project at Harvard
is a nice example [150, 79]). A key challenge in this area is the design of inter-
agent control laws that yield provable collective solutions while still maintaining the
adaptability and scalability of the system.

The impressive robust and adaptive behavior of biological collectives serves as
an important source of inspiration in the design of bio-inspired algorithms for artifi-
cial multi-agent systems, including the two examples above. This is because natural
collectives possess several attributes that are highly desirable for these artificial sys-
tems. The honeybee swarms studied in Chapter 7 are an excellent example: the
decision-making in these swarms is completely decentralized, extensively accurate,
highly adaptive, and robust to noise and disturbances. The analysis in Chapter 7
shows that cross-inhibition is a critical component of effective decision-making dynam-
ics in honeybee swarms. We propose that cross-inhibition is a potentially important
ingredient (along with recruitment, commitment and decay) for effective decision-
making in robotic swarms as well. Hence, the study of cross-inhibition in the context
of robotic swarms is a topic for future investigation.

Another important feature of natural collectives is the ability to rapidly transi-

tion between different regimes of behavior (collective foraging to prey evasion, for
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example) without any centralized control. In macroscopic models, this feature mani-
fests itself as bifurcations in the dynamics of the system as a function of usually one
or two parameters. For the replicator-mutator model studied in Chapters 3 and 4,
for example, bifurcations as a function of mutation strength p produce limit cycles.
These bifurcations can be interpreted in the context of artifical multi-agent system
as a transition from exploitation of a single option, to the cyclical examination of
options, to the exploration of all options, as discussed in the Chapters 1 and 3, and
illustrated in Figure 8.2. This ability to shape the macroscopic behavior of a collective
system (comprising large numbers of agents) by tuning a single parameter is useful
for applications. A detailed examination of the bifurcations studied in this thesis,

applied to artificial collective systems, is an important future direction.
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Figure 8.2: Ezploration vs. exploitation. As bifurcation parameter i increases from p = 0,
the dynamics transition from exploitation (only one dominant option p < pci), to cyclical
domination of options u € (uci, o2), to exploration (all options have equal fractions of
agents 1 > pca). Adapted from Figure 3.5.

At the end of Chapter 5 we studied a simple model of greedy adaptation of nodes
on a network and showed the emergence of leadership through bifurcations in the
adaptive dynamics as a function of cost. We also showed the critical role played
by interconnection topology in determining the locations of leaders in the network.
We did not address, however, the connection between the equilibria of the adaptive
process, and optimal group solutions. This is an area worth investigating to help elu-
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cidate the connections between a local bottom-up process such as greedy adaptation
and a global top-down optimal design approach. The fundamental tradeoff here is
that local approaches, while being highly adaptive, reconfigurable to compensate for
loss of agents, and computationally inexpensive, can come at the cost of suboptimal
group performance. Understanding this tradeoff carefully, especially as a function of
graph topology, is another potential future direction.

The rich variety of collective dynamics in swarms, flocks, schools and herds has in-
spired a generation of scientists and engineers. Recent advances in experimental and
computational technology have enabled a careful examination of the mechanisms that
produce the observed rich emergent behavior, including through the lens of evolution.
The ongoing quest to better understand the interaction patterns in biological collec-
tives, coupled with innovative bio-inspired ideas for artificial multi-agent systems, will

continue to be an exciting area of research going forward.
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Appendix A

Calculation of Lyapunov coefficient

As stated in Theorem 2.2, the sign of the first Lyapunov coefficient /| ) evaluated

(xo,u0

at the fixed point @y and bifurcation point o determines the criticality of the Hopf

bifurcation. What follows are the expressions for calculating /| as presented in
[59].

Consider the N-dimensional dynamical system & = f(x, ) where z € RY and

(mOHLLO)

we R Let Ay = Dyf] (@0.10) where ¢y € RV, iy € R. Aj has two purely imaginary

complex conjugate eigenvalues, given by +iwg, where wy > 0. Define 77,7, and T3 as

T\ = (p,¢(q,9,9))
T, = (p,B(q,(2iwo—A)  B(q,q))
Ty = —2(p.%B(q,4,'B(4,9)))-

Here (r,s) = 7 - s is the complex inner product between two complex vectors, and
q and p are respectively the normalized eigenvector and adjoint-eigenvector of A
satisfying Apq = iwoq, Alp = —iwep, and normalization (p,q) = 1. B and € are

high dimensional tensors given by

By (r,s)
B(r,s) = B, (:7',8) B (r,s) = Z ai:gxl TSI
| By (r,s) " 0
(¢, (r, s, 1)
cir o) — ¢ (T:,s,t) | Z axkgz {(‘31; -
Oy (7'.,3,t) h
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The first Lyapunov coefficient /¢, is given by

|($L‘0,/J,0)

1
= —Re(T} + T, +T5).
90 e(Th + T, + T3)

1 | ((I:(),,LL())

Appendix B

Supporting material for Chapter 3

Lemma B.1. The divergence of the vector field g(x) restricted to the simplex Ay_4
s given by

V-g(x) =V - h(x)

TEAN_1
=1"[1-wB+S"|z—2" [NB+B"|z
where S = () o B, the element-wise product of () and B.

Proof. The divergence is given by

V-h(&) = i Z Z

We substitute for g;(x) from (3.2) in the first term of the difference in (B.1) and
using (3.1) and (3.3) we have

(B.1)

Z gil 8 [xz fz%z - ¢) + Z mjijji]

J#i
Of; 8
= Z fiGii + iUzqua—f —¢— (b ]
- T
) jF#i
—(1-w1TBz+(1—p) — No— T ¢+Zzwﬂﬂ bji
e
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=(1—-wW1"Bx+(1—p)— N¢ —x"(B+B")x + Zijsji
i g

=1"[1-pB+S"|x—2" [([N+1)B+B"| . (B.2)

where the last equality follows by Z Z zjs;; = 175Tx — (1 — y). Computing the
i
N
second term in the difference in (B.1) and using Z ¢j; = 1 we have
i=1

N 5 [N
Z TN = a_ [Z x]f]%z xz¢]
=1 =1 j5=1
N (B.3)
T
890]\; [ Zzlxl ] = —x" Bx.
Substituting (B.2) and (B.3) in (B.1) we get the desired result. O

Lemma B.2. Let B be circulant and invertible and define the row sums of B and BoB

as rg = Zbij and rgop = Zb?j respectively, for any row i. Then the divergence
j=1 j=1

V- h(x) <0 on the simplex An_ if

(N —rp)(rg —1)
N (r% —rpop)
(N —=1)(N —rp)

=" NN+ Nrg —2rp)

> for mutation (Q1) ,

for mutation (Q2).

Proof. From Lemma B.1, the divergence V - h(Z) is negative semi-definite on the
simplex if
max1” [(1—p)B+S" |z < minz” [NB+B"]=x. (B.4)

Z‘eANfl CCEAN,1

The term on the left hand side (LHS) of (B.4) is the maximum of a convex combination

of non-negative scalars and hence evaluates to

N
LHS = max Z(l — )bji + sij

N
— 1) mZaXZ bji + (1 —p)+ ,Umiaxzbij%j
i=1 J#1
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_ (1= +rp)+pn (%) for mutation (Q1) (B.5)

(1—w)(1+rp)+ % for mutation (Q2)

The term on the right hand side (RHS) of (B.4) is the minimum of a quadratic
form that is positive on the simplex. Given that B is circulant and invertible (an
N x N circulant matrix B of the form (3.1) is always invertible for N prime [43]),

this quadratic form has an isolated minimum at @,,;, = %1. Thus,

RHS= min 2" [NB+B'|z

J?EAN,1
N +1
= N2

1TB1=NJrl

rp. (B6)

Substituting (B.6) and (B.5) in (B.4) and some rearranging gives the desired result.
O]

Appendix C

Supporting material for Chapter 4

C.1 Proof of Lemma 4.2

Proof. To simplify notation in this proof, we denote the Jacobian D,g| as

Lmix, N
matrix A. Since A is circulant, its eigenvalues are given by (4.3). From (4.3) we see
that the eigenvalue \,(A) cannot be complex when w¥ is real. To guarantee complex

wk; . let k be given by

{1,--- ,N -1} N odd
{1,---,N—=1}\ {5} N even.

ke

One can then verify that Ax_(A) = A\(A). Hence, as long as the \;(A) are complex,

A has LMJ complex conjugate pairs of eigenvalues. Now we compute Im (A;(A))

2
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and hence obtain conditions for the existence of complex Ag(A). The calculations
differ slightly between mutation matrices (Q1) and (Q2) as shown below. We obtain

a simplified expression for the imaginary component of the eigenvalues by grouping
N

identical terms of A and using the identity Z wgf =0.
j=1

e Mutation (Q1):

k) N =345
k’) + (&13 - Cl17N_1) sin (%2]{) N Z 6

(CL12 — CLlN) sin (

Im (Ax(4)) =

zly =Y

(&12 — (Z1N) sin (

e Mutation (Q2):

Im (Ae(A)) = (a15 — ary) sin (%k) N>3

Substituting for the a;; terms from (4.2),

(=) (1 p— u(22125)> =0 mutation (Q1)

Im (M\(A)) =0 —
(a—=PB)(1—p—+5)=0 mutation (Q2).

(C.1)
The conditions of the Lemma follow from the expressions in (C.1). O

C.2 Proof of Lemma 4.3

Proof. To simplify notation in this proof, we denote the Jacobian Dwg|wmin as

matrix A. From Lemma 4.2, for r = 1,--- | L%J, Ar(A) is complex. Using the

notation a;; = 7; + un; we obtain

=S (56 ) o (-0

which is zero if and only if

p= [Z v cos (3\7;(] - 1) )] [Z 1 cos (3\7;(] —1)r )] h = o, (C.2)

Before we proceed, we need to establish that i, is indeed well defined; that is,

the denominator in (C.2) is non-zero. Let d, denote the denominator of y,. For
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N =3,d, = 6(a+ 3+ af) # 0 for mutation (Q1) and d, = 3(4+a+ 3) # 0

for mutation (Q2); for N = 4, d, = 2(a + 8 + 2a) # 0 for mutation (Q1) and

d, = 424+ a+ () # 0 for mutation (Q2). For N > 5, by grouping identical terms,
N

using the identity Zw% = 0 and replacing the expressions for n; in terms of o and

j=1

[ we have,

0£0 e 2 (a+ B3) (cos (2r) — 1) 4 2 (cos (32r) —1) #0 mutation (Q1)
cos (35r) # —%j mutation (Q2).

The conditions above can be verified to always hold given that the cosine function is
bounded between —1 and 1 and « and [ satisfy the conditions in (4.1).

Finally, we establish that if r,s = 1,--- L%J ,r # s then o, # pos, i.e. the
bifurcation points are distinct. If N = 3,4, Lemma 4.2 establishes that there is only
one bifurcation point. For N = 5, the two critical points can be shown to be distinct
by a direct calculation. Here we show the distinctness of the critical points in the
cases N > 6. Using (C.2),

)

2

Zj’vz1 7j COS (WW(] - 1)70) Ejvzl 75 COS (W(] - 1)3)

o 7 Hos < N ; # N - . (C.3)
Zj:l 1) COS (%(] - 1)T) Z]’:l 75 COS (QW(] - 1)5)
N .
By grouping identical terms, using the identity Zw% = 0, and replacing the
j=1

expressions for ; and 7; in terms of o and 3, we find that

(1+a+ B+ 2a8) (a+B)
+2af3 [cos (27) + cos (% s)]
(C3) <= (+2(a+pP)ap [cos (%’TT) cos (%’rs)] # 0 mutation (Q1) (CA4)

 cos (22r) # cos (3Fs) mutation (Q2).

For mutation (Q1), the left hand side of the inequality in (C.4) can be bounded
below by (o —8)* + (a+ ) > 0. For mutation (Q2), the condition in (C.4) is

equivalent to the initial hypothesis of r # s. The distinctness result now follows. [
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C.3 Proof of Lemma 4.4

Proof. Here we compute the terms Tj, T» and T3 from Appendix A to obtain a

simplified analytical expression for the first Lyapunov coefficient €1|(nc ) For

mix, N >H0,T
a circulant matrix M € RY*N let {(\,v;,)} be an eigenvalue-right eigenvector pair

(Mwg, = \vg), where
T N A
vp=|1 Wi ¥ ... w](VNfl)k ] and A (M) = Zmlj w](\],_l)k. (C.5)
j=1

We compute /] (@miaonpio) 35 3 function of the parameters o and 3. From Appendix
A the Jacobian Dwg|(mmiz N0

wo = |@l|, t = r sign (@), and g = v;. Note that Apqg = iwpq.

is denoted by Ay with eigenvalue \.(Ap) =iw. Let

Computing T}
Direct calculation and simplification gives

¢i(q,q9,q9) = —2N [2 + (a+p) Wy + (a+p) u);ﬂ w](\i[_l)t_

Hence
C(q,q,9) = 2N 2+ (a + B)wy + (e + B wi'] g,
which leads to
v = (p,€(q,4,9)) = 2N 2+ (a+ Bwy + (o + B)wy'] (p, @)
= —2N[2+ (a+f) (Wi +wi')]- (C.6)
Computing 7T,

We compute
B (q,q) =2 [l + awly + Bwy'] Q" va.

Since @ is circulant, so is Q7 and vy is a right eigenvector. Then

B (q,q) =2 [1+ awy + fwyi'] A (QT) V.

For each eigenvector-eigenvalue pair v, A of Ay, direct calculation shows that

1/ (2iwy — A) is the corresponding eigenvalue for the eigenvector v of (2iwgl — Ag) ™",
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where I denotes the identity matrix. Then,

) [1+ awly + Bwy] Aae (QT)

2. ]- _ A -1 =
( 1wy 0) B (q’ Q) 2i Wy — >\2t (AO)

Vot.

Since B (x, ky) = KB (x,y) for any k € C, then

) [1+ awly + Bwy'] A (QF)

B (g, (2iwy — Ao) ' B(g,q9) = 2160 — Aot (Ao)

% (q, ’Ugt) .

A calculation similar to that for B (q, q) gives

N
B, (@, va) = [Bwy” + awy' + 2+ Bwly + awy Z i w9

Hence
B (q,vy) = (ﬁw;ﬁt + ozwg,t + 2+ ﬂwN + awN) At (QT)

This implies that

B (a, (2in — A(])_l ‘B (qa q))

20, (Q") o (Q7 o
- 2;510 —)/\22:((140)) (1 oy + 5th) [BWN% + awy' + 2 + Buly + ozw?vt} q,

and

Ty = (p,B (q, (2iwy — A) ' B (g.q)))

20 (QT) \os (QT t By » y t
- 2i£i2_))\22t ((ji)) (1 + awly + Bwy’) [Bwy™ + awy' + 2+ Buwly + awd] . (C.7)

Computing T3

We show that % (g,q) = 0.

Bi(q.q) = —2—(a+F) (wy+wy)+ 2+ (a+0) (w§v+w;vt)]zqﬁ
= 2+ (a+73) (wy +wy)] —1+Zqﬁ]=o, (C.8)
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where the last equality comes from the fact that ) is a doubly-stochastic matrix.

This implies

Ty =—2(p.B (q.45'B (¢.9))) = —2(p, B (q,0)) = 0.

Combining the previous expressions for 17, T, and T3, the result follows. m

C.4 Criticality analysis for Corollaries 4.1 and 4.2

In this section we establish that the Lyapunov coefficient at each of the d concur-
rent Hopf Bifurcations of the equilibria x4 n is identical to that at the equilibrium
T miz,N/a for the simple cycle payoff Be n/qg with 8 = 0 (i.e. Byyg1). The mutation
matrix used is (Q1). Let N/d = Ny and Ny = N — Nj.

In order to simplify the calculations, consider the payoff matrix B N4 given by

BNl,l 0N1><N1 e 0N1><N1

A~ 0N1><N1 BN1,1 e 0N1><N1
Bna =

| ON1><N1 ON1><N1 e Blel

B ~,q is obtained by relabeling the graph nodes corresponding to By 4 such that index
labels for connected nodes are consecutive. The payoff graph topology induced by
BN,d is isomorphic to that of By 4, see Figure 4.5. The dynamics (3.2), with payoff
Byq and mutation (Q1) have equilibria &; = [Oﬁl(j_l) 1 0%, (a_j) T, which
correspond to the equilibria ;4 n. The Jacobian of the system above evaluated
at the equilibrium &, is precisely My 4 in (4.8). Using this definition of payoff, we
compute the first Lyapunov coefficient as described in Appendix A. We focus on
equilibrium &;; the analysis for the other &; is equivalent.

The eigenvalues A\, and eigenvectors vy, of a circulant matrix are defined in (C.5).
Let the Jacobian My 4 evaluated at the critical point pg, (defined in Corollary 4.2)

be denoted as
Ay Onyx N,

~

AOI

1+a
0N1><N2 - Ny [NQXNQ
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with eigenvalue A, (Ap) = iw. Let wy = |@|, t = rsign(w), ¢ = v, (Ay), ¢ =
[qT OdT(Nll)]T and (p,§) = 1. Note that Ayg = iweq and hence Agg = iweg. Let
@ be the (Q1) mutation matrix corresponding to By 4 and Q be the (Q1) mutation
matrix corresponding to B N.d-

With these definitions, we follow the calculations in Appendix A and compute
each of the terms T3, T; and T3 given below. A comparison of each of these terms,

to the corresponding terms in Appendix C.3 shows that the Lyapunov coefficient is
identical (when N +— Ny, §+— 0in (C.6), (C.7) and (C.8)).

Tv = ($.€(d4,4,4)) = —2N; [2+ awly, +awy'],

T, = <,a,% (5, (2ien—40) B (@ é))>

2N (QT) Aot (QT) : L, o
= en o (A (1+ awly,) [awy! + awd, +2],

T, = -2 <ﬁ,93 (q,Agl% (q,é))> — 0.

Appendix D

Supporting material for Chapter 5

In this appendix we discuss the details of the adaptive dynamics analysis from Section
5.2. Define the function

k2, 4+ (1 — kar)?B%(1 — kg)

G(kr, k) =
(kr kar) A(2k2, — 2kpr + 1)

+ ck3,.

Then the differential fitness from (2.3) is given by

S = exp|—G(kg, ku)| — exp[—G(kr, kr)].
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The selection gradient g(kg) is given by

kar(1 = kar)[1 + B2 (kp — 1)]

9(kr) 2(2k%, — 2k + 1)2

:-4KM—G%mkﬂ]< +2%M)'

= Ok

kv=kgr

Solving for the singular strategy condition g(k.) = 0 gives the expression (5.19)
k(1 — k)1 + B%(k, — 1)] + 4ck.(2k% — 2k, +1)* = 0.

This expression has two sets of solutions that are plotted in Figure 5.3. One set
corresponds to k, = 0 and the other is defined implicitly by the equation
(ke — D[1 + 5 (ks — 1)]

c= 102k2 — ok, + 1 =: ¢(ky). (D.1)

To determine conditions for evolutionary branching we compute

0%S 1 — 3%+ 3k,) (3k, — 10k2 + 6K3
PO = —e&Xp [—G(k‘*, k*)] ( ) ( 3 ) .
2R — 2 (1 — 2k, + 2k2)

Hence the branching condition g,% > ( corresponds to

M Vkp=kpr=k«

(21 — k) — 1) ks (3 — 10k, + 6k2)
2(1 — 2k, + 2k2)°

> 0. (D.2)

The zeros of function above in the range k. € [0,1] are 0, %ﬁ, and 1 — % A

derivative test shows that the condition (D.2) is satisfied for k, € <0, 5’6ﬁ).

The critical cost parameter c; in Figure 5.3, corresponds to the maximum singular

value k, for branching and is given from (D.1) by ¢; = ¢ <5%ﬁ> The parameter ¢y is
determined by calculating the local maximum of the function ¢(k,) as seen in Figure
5.3. We use the notation ¢(keqt) = ¢a. kerr can be calculated analytically and is
given by a particular root of a cubic equation. The analytical expression for k..; (and
correspondingly ¢s) is cumbersome and hence is left out of this text. Nonetheless, the
sketch in Figure 5.3 clearly conveys the main ideas.

Finally we discuss the convergence stability of the singular strategies. The con-

vergence stability condition is given by (2.5). For the k, = 0 singular strategy,

99
Dk

-3 52 —-1—-4 0 21
f}ﬁ C,hence—g <O<:>c>6 )

- o [ 2 Ohr o 1

kr=0
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For the second singular strategy curve defined implicitly by (D.1), the derivative

term in the convergence stability condition evaluates to

dg k[ — 10k, + 6k2 + 262 (—1 + 5k, — 6k2 + 2k%)] exp [~ Gk, k)]
OkR |y, —p. 2(1 — 2k, + 2k2)°
The interior root of B?c_i = 0 is precisely the value k..; that maximizes ¢(k.)
N kp=k

R *
(since ¢ = é(k.) = g(k.) = 0); this root corresponds to ¢y (see above). Hence one
can verify that the singular strategies corresponding to the curve (D.1) are stable for

k. > k.. and unstable for k, < k..;+ as shown in Figure 5.3.

Appendix E

Supporting material for Chapter 6

E.1 Proof of Lemma 6.2

Proof. D is invariant with respect to the dynamics (6.6) since all boundaries of D are
invariant (¢; € {0,1} = ¢; = 0), and further ¢3(0) >0 = ¢3(t) > 0 for all ¢ > 0

since

g3 = QSf; a3 > —q5 = q3(t) > g3(0)e™" > 0.

Using the constraint g7 13 = 1, we restate the dynamics (6.6) as a two-dimensional

system,

= (fa(t) (@1 — 1) + faa(t)g2)

(E.1)
2 (fa2(t) (g2 — 1) + far(t)an) ,

KH>|Q “'=>|Q

where fuo(t) = fa(t) — fa(t) > 0, faa(t) = fs(t) — fi(t) > 0, and [ = ¢7f =
f3— q1f31 — q2f32. One can check that the only three equilibria of the system (E.1) in
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A, (given properties (1)-(3)) are the vertices (geq1, ¢eg2) = (0,0), (0,1),(1,0), of which
(0,0) is the only equilibrium in D.

Linearization about the (0,0) equilibrium gives the dynamics,

[41]:[—f31/f3 0 ][Ch]
02 0 —f32/f3 q2 .

This non-autonomous linear system in diagonal form can be solved easily as

b failt)
o f3(t)

¢i(t) = qi(0)exp (— dt> ,i=1,2.

For i = 1,2, tlirglo ¢i(t) =0 and hence the (0,0) equilibrium point of the non-
autonomous system (E.1) is locally asymptotically stable by Theorem 4.13 of [54].
To prove that the invariant domain D is the region of attraction for the asymptoti-
cally stable (0, 0) equilibrium point of (E.1), we use a Lyapunov function V' = ¢; + ¢».
V' is positive definite on D with a unique minimum: V =0 < ¢ = ¢ = 0. We

compute

. o1
V=g +¢= }A(Chf:ﬂ + @ fs2) (1 + 2 — 1) <O0.

Since V is negative definite on the domain D, by Theorem 4.9 of [54] we have that D
is the region of attraction for the equilibrium point geg1 = 0, geg2 = 0 (and geg3 = 1).

T
Hence the equilibrium point q., = [ 0 01 } is the asymptotically stable limit for
all q(0) € D. O

E.2 Lemma E.1 used in Theorem 6.1

T
Lemma E.1. Let ¢ € A?, qeq = [ 1 00 } and fp = Mq, where M =T% and T
satisfies Congecture 6.1. Then ||q — qeqll < € = fp1 > fp2 and fp1 > fps, where

. 2(mi1—mo1) 2(m11—m31)
< .
€= M Trgy—maD) M * (maa—man)+[ M

Proof. ||q — Qeqll1 <€ = 1 >1—5, ¢2 < 5 and g3 < §. Suppose that

2(m11 - m21)
= (mar —mar) + [ M|y
2(mn - m21)
(m11 — mar) + (Mag + ma3)

€

— <

€ €
= (m1 — m21) (1 — 5) > (magg + m23)§
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= (M1 — Ma1)q1 > Ma2Ga + Ma3qs

= (M1 — Ma1)q1 > Maaga + Mazqs — Mi12ga — M13G3

T T
= | M1 M2 M3 } q> [ Ma1 Moy Moz | g, 0r fp1 > fpo. (E.2)
Similarly one can show that
2(m1 — may)
e < - > . E.3
= i —man) + ML fr1> fps (E.3)
Combining (E.2) and (E.3) we get the desired result. O

Appendix F

Supporting material for Chapter 7

This appendix comprises the details of the timescale separation calculation for the

stop-signalling dynamics (7.7),

dya —2ya  Av

e —_— 1 -
a2+ Av (” =5 )L+ ya) = oyays
dyp —2ypB _ Av

_ Bl G _ .
d  w—Ao (“ 3 ) vl +ys) = oyays

We perform a nonlinear coordinate transformation of the dynamics (7.7) and apply
singular perturbation theory to separate timescales and derive an analytic expression
for the slow manifold (heteroclinic connections). Assuming large U, define € := % as
the small parameter for the timescale separation calculations. We follow the notation
used in Chapter 11 of [54] and apply Tikhonov’s Theorem (Theorem 11.1 in [54]) to

prove the timescale separation.
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Standard Singular Perturbation Model

Consider the coordinate transformation (ya,yg) — (z,2) given by

z=1+ya)(1+ys)

. 14+wya (F.1)
1+yp

The transformation is well-defined on the domain (y4,yp) € A, since the Jacobian of

the linearization has non-zero determinant %;ZA)

is given by

on As. The inverse transformation

Yya =+vzxr —1

v — \/g L (F.2)

Note that (ya,ys) € Ay implies that z € [1, ?J and x € [%,2}. Level curves in x, z
coordinates on the simplex are illustrated in the figure below.

i
.
1
[
1]
1
[
1
; ]
]
\
1
' L N\ z=.75
[ [ /
I
e
1
\ ’/A\
\ P ‘\
\r =92
Pig 2= 1
R \ LT =
Y 27 \ e
[ \ \ -
[YPid v \ -’
/,’\\ 1 z)<\
” \ -
A=1.5 Y.~ AN
A \
7N, \,
N7 N \
A -
v = pS —
LY LY Z‘\ 1.75 \ ,13—15
S\ e AN AN N "
(Y= \\ \\ _¢‘>"
’ ’ \ :(‘—‘ \‘\
~7 2=1.25 N N s
» ~ L
- ) N .

Level curves in x,z coordinates.

Define the functions a(z, z) and §(z, z) as

2
a(x,z):\/%+\/;=2+yA+yB

(F.3)
Bz, 2) = Vzr — \/gzyA—yB-
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Then,
yayp=z2+1—a, ya+yp=a—2, and yy =3 — . (F.5)

Computing the time derivative of z and substituting from (7.7), (F.3), (F.4) and
(F.5) we get
2=9s(1+ya) +9a(l +ys)

2 _
T [Av B(z,2) — 20(22 — a(z, 2))] (F.6)

+202(3 — a(x, 2)) —oa(z,2)(z + 1 — alz, 2)).

Computing the time derivative of x and substituting from (7.7), (F.3), (F.4) and
(F.5) we get

~ ya(l+yB) —ys(l +ya)
(1+ys)
_ rAv(4dz — 2a(z, 2)) — 4206(2, 2)
0%z — z(Av)?
N axﬁix, z)<

+ zAv(3 — a(z, 2)) (F.7)

z+1—a(zx,z)).

With small parameter ¢ = 1/7 and ratio d = ¢/7, the transformed dynamics
(F.6), (F.7) can be written as a singular perturbation problem in standard form,
d
ed—j =2283—a)—da(z+1—a)
2633 Av 42z — a)é?
- = g(z, 2, €)
4—€e(Av)?2 4 —€2(Av)?
d
i z(3 — a)Av + @(
z

dt
B 4(xe N r(4z — 2a)e? Av
4z — ze?(Av)?2 4z — ze2(Av)?

(F.8)

z+1—a)

=: f(z,z,¢). (F.9)
To ensure that the e — 0 limit is well-defined we assume

A
lim =0 = limeAv = 0. (F.10)

v—00 Y e—0

Slow Manifold Calculation

The slow manifold is given by the root of g(z,z,0) = 0.
g(x,2,0) =0 = 22(3 — a(z,2)) —da(z,z)(z+ 1 —ax,z)) =0
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— 2zyy —da(z,2)(z+1—a)=0

= 2(1 +ya)(1 +yp)yr = d(3 — yu)(yays)

d 1 1
— by gy = vt ys) (F.11)
2 3—yu

(F.11) is an implicit expression for the slow manifold. Define the function & =
Vv + \/LE Then a(x,z) = v/zZ. In order to obtain an explicit expression we rewrite

(F.11) in the (z, z) coordinates as follows,

9(2,2,0) =0 = 22(3—a(z,2)) —da(z,2)(z+ 1 —a(z,2)) =0
— 2:(3 — Vz#) — dy/Zi(z + 1 — Vz2) =0
— 62z — 228 —diz —di+di*\/z=0
— (2+d)32z — (d2* + 6)/z + di = 0. (F.12)

(F.12) is quadratic in y/z. The solutions to the quadratic are given by

di? 4+ 6 + VD
22+d)z

N (F.13)

where the discriminant D = d?2* + 36 + 4dz? — 4d%22. Hence we have two distinct

solutions for the slow manifold given by

Z_<d§:2+6+\/5>2’<d:?;2+6—\/5>2_ (F.14)

22+ d)z 22+ d)z
The second solution in (F.14) lies outside the feasible domain z € [1, 2] (and corre-
spondingly (ya,ys) € Az) and is hence rejected.

To summarize, the slow manifold is given by

42 +6+vD\
ZZ( 22+ d)i ) =: hiz)

(F.15)

1
where 7 = /z + 7 and D = (di? + 6)* — 4d2*(2 + d).
x

143



Attractively of the Slow Manifold

The boundary layer dynamics are given by

j—i = g(z,y + h(x),0), (F.16)

where x is treated as fixed parameter. Stability of the boundary layer dynamics
requires the exponential stability of its origin, uniformly in the fixed parameter x
[54]. To test for exponential stability of the origin, we compute the Jacobian of the

dynamics (F.16) evaluated at the origin

a%g(a:, y + h(z),0) ) —%2 1296 1+ (LE20 (2452+ (x=170)  (p1p
and note that %g(w,y + h(x),0) o <0 forall z € [3,2].
Reduced Dynamics of the Slow Model
The reduced dynamics on the slow manifold defined by (F.15) are given by
&= f(x,h(zx),0)
= 7 [h(z) +1— a(z, h(z)] B (x, hz) + 2(3 — a (2, h(z)) Av.  (F.18)

h(x)

The general expression for the equilibria of (F.18) is complicated. Nonetheless, ana-
lytical solutions can be obtained for two special cases described below.
Special Cases

e d = O(¢): The slow manifold is given by the d — 0 limit of the expression
(F.15),

lim h(z) = o

d—0 (x+ 1) (F.19)

which corresponds to yy = 1 — y4 — yp = 0. Another way of seeing this is
computing g(z,z,0) from (F.6) in the limit d — 0, which gives 2z(3 — «) =
0 < 3—a=0 <= yy =0. The reduced dynamics on the slow manifold
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are given by substituting (F.19) in (F.18)

&= f(x,h(x),0)

a2 2) o
:U<w+1>2[ 9z ]M

9 (z+1)2

(x+1)

Equilibria of (F.20) are x,, = —1,%,1,2. These equilibria and their stability

)9

are summarized in Table F.1. The two stable equilibria, z., = % and z., = 2,

correspond to yp = 1 and y, = 1, respectively. The unstable equilibrium
2¢q = 1 corresponds to y4 = yp = % The 2., = —1 equilibrium is rejected since
the dynamics are only defined for z € [%, 2].

Table F.1: FEquilibria and stability for the reduced dynamics (F.20)

Teq 3 1 2
Zeq 2 % 2
= I I B
YBeq = 1— YAeq 1 % 0
ox 6 3
T=Teq
Stability Stable | Unstable | Stable

d =1, Av = 0: A general expression for the equilibria of (F.18), even for

the symmetric case Av = 0, is challenging to determine. However, for d = 1,

analytical expressions for the equilibria and their stability are summarized in

Table F.2. In practice, the expressions from Table F.2 hold for a broad range

of d as long as v is sufficiently large.

Note that from Equation (7.4) (and assuming o = O(v)),

2

2

lim p; = lim

A AR e T R R T ERVE S S !

9 2
_(1+¢ﬁ’1+\/1_3)’
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Table F.2: FEquilibria and stability for the reduced dynamics (F.18) with d =1 and Av =0

Teq 2 1 z
Zeg 2 | L(19+5V13) | 2
YAeq 1 - J:/ﬁ 0
YBeq 0 - J:/ﬁ 1
wegn] e | e, |
Stability e Stable Unstable Stable

which is precisely the unstable equilibrium point corresponding to z., = 1 in
Table F.2. Similarly, for o = O(v), li_)m pe = (1,0) and llm ps = (0, 1), which
are precisely the two stable equilibri; ggrresponding to ;eqoo: 2 and .y = % in
Table F.2, respectively. Hence, the equilibria of the reduced dynamics (F.18)
and their stability match exactly those of the full dynamics computed in (7.4),

in the limit as v — oo and 0 = O(v).

Appendix G

Edge Detection

This section describes a simple algorithm to find the boundaries of an object in
a specified region R of parameter space. Though we use the planar case R? for
illustration, the algorithm works generally in RY. The region R is assumed to contain

a domain D, the boundary of which we intend to find.

Assumptions:

1. For each point p € R C RY there is a map f : RY — {0, 1} such that f(p) =1
denotes a point inside the domain D and f(p) = 0 denotes a point outside D.
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2. Initial inside (f(pmn) = 1) and outside (f(pows) = 0) points are easy to de-
termine, such that the straight line from p,.; to p;, has a single boundary in

between.

Algorithm:

1. Initialize a point p;, inside D (i.e. f(pin) = 1) and a point p,,; outside D (i.e.
.f(pout) - 0)
2. Compute f(pPmia) where pmig = 3(Din + Pout)

3. If f(Pmia) = 1 then set f(pin) = f(Pmia)- Else set f(Dout) = f(Pmia)-

4. Iterate steps 2 and 3 until || f(pin) — f(Pout)|| < € for some chosen e.

One iteration of the algorithm above is illustrated in the figure below. A single
run of the algorithm to convergence produce one point on the boundary. Successive
points may be obtained by running the algorithm on several initializations of p;, and

Pout (potentially randomly). The main computational barrier is the mapping f.

R

.pout .pout

RQ

Hllustration of one iteration of the edge detection algorithm.
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