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Abstract—Autonomous mobile sensor networks are employed
to measure large scale environmental scalar fields. Yet an optimal
strategy for mission design addressing both the cooperative
motion control and the collaborative sensing is still under
investigation. We develop one strategy which uses four moving
sensor platforms to explore a noisy scalar field defined in the
plane; each platform can only take one measurement at a time.
We derive a Kalman filter in conjunction with a nonlinear filter
to produce estimates for the field value, the gradient and the
Hessian along the averaged trajectories of the moving platforms.
The shape of the platform formation is designed to minimize
error in the estimates, and a cooperative control law is designed
to asymptotically achieve the optimal formation. We develop a
motion control law to allow the center of the platform formation
to move along level curves of the averaged field. Convergence of
the control laws are proved, and performance of both the filters
and the control laws are demonstrated in simulated ocean fields.

I. INTRODUCTION

The mission of measuring a scalar field, such as a tem-
perature or salinity field, is encountered in ocean science and
meteorology. Since the scalar field is often distributed across a
large area, it would take too many sensors to obtain a snapshot
of the field if the sensors are installed at fixed locations.
Mobile sensor networks are ideal candidates for such missions:
a small number of moving sensor platforms can patrol a large
area, taking measurements along their motion trajectories.

Mission design for a mobile sensor network requires com-
bination of cooperative control and collaborative sensing. This
is because the quality of collected information is coupled
with the motion of sensor platforms. Recent theoretical and
experimental developments suggest that a balance between
data collection and feasible motion is key to mission success
[1], [2]. Finding an optimal strategy is a challenging task.

In this paper, we design a mission for a mobile sensor
network to track level curves of a noisy scalar field. We study
scalar fields defined in the plane with spatially correlated
noise. Combining the sensor measurements from different
platforms along their trajectories, we develop a Kalman filter
and a nonlinear filter that provide estimates for the scalar field,
its gradient, and its Hessian. A cooperative control law then
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uses these estimates to control the center of the mobile sensor
network to move along a level curve of the scalar field.

Related to our work, mobile sensor networks can also be
applied to climb gradients of a scalar field [3], to monitor
environmental boundaries such as oil spills or chemical plumes
in the ocean [4]-[7], to patrol the perimeter of an object or a
region [8]-[12], or to provide coverage over a large area [2],
[13].

II. PARTICLE MOTION IN A SCALAR FIELD

Suppose a Newtonian particle with unit mass is free to move
in the plane with its position represented by r.. The system
equation for such particle is ¥, = f. where f. represents the
total force on this particle. This Newton’s equation can be
written in an equivalent Frenet-Serret form which is more
convenient for tracking purposes [2], [13].

We define a unit velocity vector X, as X, = % where o =
| fc ||, and define a unit vector y, as the vector perpendicular
to xp but forming a right handed frame with x; so that x,
and y; lie in the plane of the page and the vector x; X y»
points towards the reader. Then the steering control can be
defined as u, = éfc -y> and the speed control can be defined
as vo = f. - x,. We have the following equations:

X2 = Uc Y2
Y2 = —uc0xy . )]
The equation for speed control is
a=v;. 2)

The equations (1) and (2) describe the particle motion in the
Frenet-Serret form.

We let ve = —kj (0t —1). As time # — oo, @ converges to unit
speed exponentially with a rate determined by k; > O.

Let z(r) be an unknown smooth scalar function in the plane.
With the speed of the particle under control, we design a
steering control u, for the particle so that it will track a level
curve of z(-). The procedure can be found in our previous
works [2], [13]. Here we briefly summarize and explain the
results.

At any time instant 7, there is a level curve of z(-) passing
through r.. At this position r., we let y; be the unit vector in
the direction of the gradient of the field z(+), and let x; be the
unit tangent vector to the level curve. By convention, x; and
y1 form a right handed coordinate frame with x; X y; pointing
to the reader.



For convenience, we introduce a variable 6 € (—x, ] such
that

cosh =x;-xp
sinf = —y;-Xx; . 3)

Along the trajectory of the center, it can be shown that

6 = a(kicos O+ Krsin —u,) 4)
where v v
X V7zxq X) V72y1
Kl=————— and kp = ————, (@)
| Vz|| | Vz||

and V27 represents the Hessian of the scalar field z(-). Mean-
while, along the trajectory of the center, the value of z satisfies

i=—a| Vz|sin®. (6)

Our goal is to design the tracking control u. so that 8 — 0
and z — C asymptotically where C is a given constant.

Let f(z) be the derivative function of a function %(z) that
satisfies certain technical conditions as in [14]. We design the
control law to be

le = K1 €08 0 + Ky sin 0 — 2 () ||Vz||cosz(g)+sin(g) (D

The proof of the convergence of this steering control law is
similar to those in our previous works [14], [13], and [2].

III. KALMAN FILTER DESIGN

In the steering control law (7), we observe that the field
value z, the gradient Vz, and the curvatures x; and k,—which
depend on the Hessian V?z—are required by the particle to
track a level curve of the scalar field z(-). In most practical
situations, since the field is noisy and the sensing devices are
imperfect, it is difficult to estimate the field value, the gradient,
and the Hessian using a single sensor platform. The key idea
here is to employ multiple moving sensor platforms to obtain
the necessary estimates cooperatively to reduce noise. This
requires the platforms to be in a formation. The center of the
formation as well as each moving platform are modeled as
Newtonian particles. The center will be controlled to travel at
unit speed and be steered to follow a level curve using the
steering control law (7).

Let the positions of the sensor platforms at time ¢ be
ri(t) € R? where i = 1,2,...,N. Let r. be the center of the
platform formation i.e. re(f) = & ¥ r;(f). We assume that
the measurement taken by the ith platform is modeled as

yi(ri) = z(x;) +w(r;) +n; (3

where n; ~ 4 (0,67) are i.i.d. Gaussian noise and w(r;) are
spatially correlated Gaussian noise. We define the following
N x 1 vectors:

y =il z=[z(r)], n = [ni], w=[w(r;)], ©)

and assume that n and w are stationary, i.e., their statistics
are time invariant. These assumptions are idealizations for
physical scalar fields in the ocean or atmosphere.

Let the moment when new measurements are available be
tr where k is an integer index. To simplify the derivation, we
will not consider the asynchronicity in the measurements; we
assume that all platforms will have new measurements at time
k.-

Let ri;x =r;(tx) and rc; = rc(t). The function z(r;x) can
be locally approximated by a Taylor series. If r;; is close to
rc k., then it is sufficient to use the Taylor series up to second
order. Let z; ; = z(r; ), then

Zik = 2(rep) + (Tig —Tex) Va(rex)

1
+ S (rig —Ter) V2a(re ) (rix — rex) (10)
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for i =1,2,...,N. We are interested in estimates of z(ry),
Vz(rex), and V?z(rex). Other than providing insights on the
structure of the scalar field, these estimates are also used in
the steering control for the center of the formation.

In order to solve for the field value, the gradient, and
the Hessian—altogether six unknowns, we must let N > 6 if
the sensor platforms are not moving. We are able to reduce
the number of sensor platforms by utilizing cooperatively
controlled motion of the platforms. The intuition is that
measurements from different time instances can be combined
in the estimation process—a key idea for filter designs. In this
paper we show the case N = 4. We develop discrete filters to
find an estimate z.; for z(rc ), an estimate d.j for Vz(rcx),
and an estimate H, for the Hessian sz(rcﬁk).

Let sg = [z(rcx), Vz(rex)']7. Let Cx be the N x 3 matrix
where its ith row vector is defined by (Cy); = [1 (rig— rc’k)T]
fori=1,2,...,N. Let Dy be the N x 4 matrix with its ith row
vector defined by %((ri.k —Tek) ® (rig —Tex))’ where ® is
the Kronecker product. For any 2 x 2 matrix H, we use the
notation H to represent a column vector defined by rearranging
the elements of H as follows

H = [Hy1,Ha1,Hiz, Ha)” . (11)

Then the Taylor expansions for all sensor platforms near rc
can be re-written in a vector form as

7 = Cisy + Dy V22(re ) (12)

where z, = z(t), and V2z(rey) is a 4 x 1 column vector
obtained by rearranging elements of the Hessian sz(rc) as
defined by (11).

_Let G be the N x 3 matrix with its ith row defined by
(Co)i=[1 (rix—rep—1)"] for i =1,2,...,N. Let Dy be the
N x 4 matrix with its ith row vector defined as %((r,-k -
Tei—1) ® (Tik —rc,k,l))T. Then the Taylor expansion near
Iep—1 18

2 = Cisi_1 + Dy V2a(re s 1) (13)

Equating (12) and (13), we can solve for the relationship
between s; and s;_; as

st = Ay si1 — (CLC) 'l (DiVPa(te k) — DVe(res-1))
(14)
where

Ay = () (L Cy). (15)



We formulate the problem into the framework of Kalman
filters. Suppose that H.; is an estimate for the Hessian
V2z(rcx) in vector form. Let

h,_ | = —(CkTCk)71CZ (Dkﬁc,k — Bkﬁc’kfl ) (16)
We then rewrite (14) as
Sk =Ap_1Sk—1 +h_ 1 + e a7

where we have introduced the N x 1 noise vector €;,_; which
accounts for positioning errors, estimation errors for the Hes-
sians, and errors caused by higher order terms omitted from
the Taylor expansion. We assume that €;_; are i.i.d Gaussian
with zero mean and covariance matrix M _.

Equation (8) can also be written in vector form as

Yi = CiSi + Dkﬁc,k +wi + Dye, +ny (18)

where e; represents the error in the estimate of the Hessian.
Let Wy = E[wyw! ], Uy = E[ee] ], and Ry = E[nyn! . The noise
Wy is “colored” because it models the spatial correlation of
the field. Let E [wkw,ffl} = V. We suppose that Wy, R, and
V. are known once the positions of the platforms are known.
This assumption is reasonable since the statistical property
of ocean field and atmospheric field are usually known from
accumulated observational data over a long period of time.

Instead of using (18) directly as the system output equation,
we define F, = (CkTCk)_leT and let y; = Fpy, so that

Vi = St + Fxwi + Fi(DyHe i+ Dyeg +1y,). (19)

This yy is a combination of the platform measurements y; and
has the same dimension as s.
In order to design a Kalman filter with colored noise wy,
we model w; as
Wi =AY (Wi + M1 (20)

where 7);_; is white noise with correlation matrix Q; =
E[nn!']. Then, because

Vi = Elwiwi_y] = AL E[Weoiwi_y] = A Wi

Wi = Ewewi | =AY Wit (AY )" + Qe 1)
we have
AL =W,
Okt =Wi— A} W1 (A )T (22)

The equations (17), (20), and (19) are the system and output
equations for the mobile sensor network with N platforms.

The states are [S,{7WZ]T, the output is yi, the state noise
are [e],n!]", and the observation noise are Dyey+ny. The

equations for Kalman filters are obtained by canonical proce-
dures. We may derive formulas for the Kalman filter following
standard textbooks such as [15]. Here we omit this procedure
due to space limit. The rest of the paper does not depend on
specific forms for the Kalman filter.

IV. ESTIMATING THE HESSIAN

An estimate of the Hessian, Hj, is needed to enable the
Kalman filter. At the end of the (k— 1)th time step, we have
obtained an estimate s;_j(+) from the Kalman filter. This
includes an estimate z. 4 for z(rc x—1) and an estimate d¢ x|
for Vz(rcx—1). We outline the procedure to compute Hy as
follows:

1) Start with an estimate or an initial guess H. ;.

2) Use a one-step filter to reduce noise in the new mea-
surements.

3) Determine a level curve passing through the center of
the platform formation and estimate its curvature.

4) Compute H.

A. Curvature and Hessian

The level curve passing through the center of the formation
r. can be parametrized by its arc-length s, hence z(r(s)) is
constant for all values of s. Suppose the gradient Vz does not
vanish along the curve. We recall that the unit normal vector
to the level curve is defined as y;(s) = %, and at any
given point, the unit tangent vector to the curve, denoted by
X (s), satisfies X1 (s)-y1(s) = 0. Then we have the following

Frenet-Serret equations [16]:

B0 _ sy (o)
dydlis(s) = —x(s)x1(s) , (23)

where k(s) is defined as the Frenet-Serret curvature of the
level curve.

With this configuration, because Vz(rc)-x; =0 along the
level curve, the derivative with respect to s is

d dx
TVare) X1+ Va(re) - L =0 (24)
which implies
Xi V22(re)xi + || Vz(re) |l y1 - k(s)yr = 0 (25)

where V2z(r.) is the Hessian of z at r.. Because X, is the unit
vector along the xj-axis, in the Frenet-Serret frame we have

dxxz(re) +| Vz(re) || x(s) = 0. (26)

This suggests that we can obtain Hyyy, the estimate for
axxz(rc)a by

Hxx,k = - H dc,k H Ke k 27

where d, x is the estimate for the gradient Vz(r. ;) and K is
the estimate for the curvature x(rc ).

On the other hand, we have Vz(r;)-y; = || Vz(r.) || . Taking
derivatives on both sides of this equation with respect to s, we
get

d
x| VZiz(re)yr = || Va(re) [ly1 - k(s)xi = — | Vae |l . (28)



This implies that dyyz(r:) = d% || Vz¢ ||. Therefore, the estimate
Hyy i for Oxyz(rcx) is

d
ny,k = % H dc,k H . (29)

The estimates Hyxx and Hyy; are elements of H.y in the
Frenet-Serret coordinate system. Since the field z(+) is smooth,
we require Hyy; = Hyy . We also need to find out Hyy; to
determine H .

B. A One-step Filter to Reduce Noise

Using the known estimates at time k — 1, we can make
predictions for the field value at the positions of the sensor
platforms at the kth step when the platforms will move from
Ijj—1 tOTjf as

zp = st (+) + Difle g1 (30)

The error of the prediction zg compared to the true value z;
is Gaussian i.e. z}: = 7; + Y. From properties of the Kalman
filter, the covariance of z} is Gy = E[ypf] = CePy_ | (+)CF
where P;_,(+) is the error covariance in the estimate s;_; ().

Using the estimate of Hessian H. ;_; from the previous step,
we also make a prediction Hf, ¢ that satisfies Hg e = Hep—1.
Using the Kalman filter, we may obtain a prediction for the
Sk as

sy = A} si_1(+) +hp_, (31)
where
b = —(C[C) '\ CL(DAY  — DiHejr).  (32)

Note the difference between hY | and hy_; in (16).

We then take new measurements at the kth step using all
four platforms. Let y; be the vector of the measurements
and ZE be the vector of the predictions. Let the updated
measurements Zj be

7 = (I+ G (Wi +Re) ™) 'z + (I + (Re + W) G )~y

(33)
Such Z; minimizes the cost function
| RPN
Ji = 3 [(zk — ZE)TGk Y@ —12)
(k= Zk) W+ Rie) " (ye — %) - (34)

As we can see, G; serves as the weighting matrix that
balances using the information from previous estimates and
from current measurements.
Claim 4.1: The estimator given in equation (33) is unbiased
with the error covariance matrix (I+ Gy(W;+R;) ')~ !G;.
Proof: For simplicity we drop the subscripts k in W, Ry
and Gy. Because zf =1z, + ¢ and y; = z; + Wi + 1y, we have

Z=I+GW+R) N '+ I+ R+W)G )y,
=(I+GW+R) ™) (m+v)
+I+GWHR) ) T'GW +R) ™ (2 + Wi +my)
=z +I+GW+R) (Y

+GW+R) " (wi+my)) . (35)

or;
I ) o
o e —
ae
rE X K c .r4
dE :ﬁ/dj
T e

Fig. 1. Detection of a level curve using four sensor platforms. x. denotes the
center of the entire formation. rg denotes the center of the formation formed
by ry, r3 and ry. rg denotes the center of the formation formed by r;, r3 and
r4. vy and rg are located on the same level curve with r..

Therefore E(z;) = E(z;) because 1, w; and n; have zero
mean. The error covariance can be directly computed to be
(I+GW+R)"H-'Gm

C. Estimation of Curvature

We are ready to estimate the curvature of the level curve
passing through r¢ ;. Since the procedure only involves infor-
mation for step k, we drop the subscript k in this section for
simplicity.

With a formation of four moving sensor platforms, we are
able to estimate k(s) for the level curve at the center of the
formation by the following steps:

1) Compute an estimate of the field value and gradient at

the center r. using (31).

2) Considering the formation formed by rj, r3 and ry4,
obtain the estimates zg and dg at the center rg of
this three platform formation (Fig. 1) by solving the
following equations for i = 1,3,4:

—~ 1
Zi =2z +dg- (ri—1g) + E(ri —rg) HY (r;—rg). (36)

Let Zg = [21,23,24), sg = [z6,dE]7, and
1 (l‘[ — I‘E)T
CE = 1 (1'3 — I‘E)T . (37)
I (rg—rg)7
Let Dg be the 4 x 3 matrix with its three row vectors
given by %((r,- —1g) ® (r; —rg))T for i =1,3,4. Then
Zg = Cgsg + DgH® which implies that sg = Cg'[2 —

DgHP).
3) Along the positive or negative direction of dg, we may
find the point ry (Fig. 1) where zj = z& using
dg
ry=rg+ (25 —z8) . (38)
[[de |
4) Estimate dj; by solving the following equations for i =
1,3,4:
- 1 T 7P
Zi:ZJ—FdJ'(I'i—I'])—FE(I'i—I']) H (ri—rJ). 39)



5) Repeat the steps 2), 3) and 4) for the formation con-
sisting rp, r3 and rys with appropriate changes in the
subscripts for points rg and rx (Fig. 1).

6) Let yij, yix and y;. denote the unit vectors along the
directions of the gradient dj, dg and d.. Define 66, =
arccos(yiy - ¥ic), Osp, = ||ry—rc||, 86r = arccos(yik -
Yic), and dsg = ||rg — rc||. Obtain the estimate for x(s)

at rc as 5 5
1 (f06L  06Rr
==|l=—4+—=—. 40
K 2 (SSL 5SR> ( )
Obtain the estimate for Hyx according to (27).
7) Approximate 4 || Vz|| by
d [dx || — I dy]]
—||Vze || = 47— 41
ds Vel Os.. + Osr “1
Then using (29), the estimate Hyy is
[dx [ — [l dy]|
Hy=——""———". 42
xy OsL + Osr (42)
8) Solve
~ 1
Zi=ze+de-(rj—r)+ =(ri—r)THe(ri—r.)  (43)

2

for Hyy where i=1,2,3,4.

The resulting matrix Hc 4 can be used directly as the estimate

for the Hessian at the kth step. Or we may repeat steps 1)-8)

starting from H_; to get a new estimate for the curvature and

then to improve the estimate H, . The procedure becomes an

iterative numerical algorithm that solves the set of nonlinear

equations that z., Hxx x, Hxyx and Hyy ;. satisfy given /Z\i,k fori=

1,2,3,4. The prediction from step k— 1 provides a reasonable
initial value for this iterative algorithm.

V. FORMATION AND CONTROL

The estimation process imposes constraints on feasible
platform formations, and the shape of the formation affects
error in the estimates. We may design special formations to
reduce complexity in theoretical analysis, computation, and
operation.

A. The Cross Formation

As an example of such special formations, we arrange the
four platforms in a symmetric formation as shown in Figure
2 and choose a coordinate frame attached to the formation
so that || rox —rex|| = ||rex —rix|| =a and ||r3p—rex|| =
|| ek —rax|| = b. Then, in the Frenet-Serret coordinate frame,
Cy and Dy; have very simple form because of the symmetry.
However, we do need control laws to stabilize this special
formation.

B. Formation Control

We view the entire formation as a deformable body. The
shape and orientation of this deformable body can be described
using a special set of Jacobi vectors, c.f. [17]-[21] and the
references therein. Here, assuming that all platforms have unit
mass, we define the set of Jacobi vectors as q = %(rz -ry),
qQ2 = %(1‘3 —ry), and @3 = %(l‘4+1‘3 —ry—11).

Fig. 2. A symmetric arrangement of the formation to simplify the equations
for estimates.
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Fig. 3.  Tracking the temperature level curve of 14.25°C in an estimated
temperature field near Monterey Bay, CA on August 13, 2003. For visualization
purpose, the level curve is accentuated. The trajectory of the center of
formation is plotted with status of the formation shown along the trajectory.
The horizontal axis corresponds to longitude and the vertical axis to latitude.

Lagrange’s equations for the formation in the lab frame are
simply the set of Newton’s equations: ¥; = f; where f; is the
control force for the ith platform for i = 1,2,3,4. In terms of
the Jacobi vectors, these equations are equivalent to

4;=u;
f. = fc (44)
where j=1,2,3 and u; and f; are equivalent forces satisfying
f :fcfilll *lll3, szfCJrilll *lllg,, f3 :chriller

V2 2 V2 2 V2
%llg,, and f4s =f. — %uz + %U3.

We now design the control forces uy, u, and u3 so that as
t— oo, q(t) — %Xl, Q@(t) — _%YI’ and q3(t) — 0 where
x| and y; are tangent and normal vectors for the level curve
at point r¢, and ¢* and b* are desired values for a and b. As-
suming that x; and y; are slowly varying, a simple controller
isup = —ky(q; — %Xl) —k3q1, = —ka(q2 + \%)’1) — k3,
and w3 = —koq3 — ka3, where k, k3 and k4 are positive,
constant, scalar gains. We have proved that this controller
achieves the formation asymptotically with an exponential rate
of convergence by following an approach suggested in [22].
We design f. to implement the speed and steering control as
in Section II so that the center of the formation tracks a level
curve.
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Fig. 4. The estimate z. (°C) versus time (hour).

VI. SIMULATION RESULTS

The level curve tracking algorithm is applicable to adaptive
sampling using sensor networks in the ocean. Adaptive ocean
sampling is a central goal of our collaborative Adaptive
Sampling and Prediction (ASAP) project [23]. The latest
ASAP field experiment took place in August 2006 in Monterey
Bay, California. Ten gliders and other propelled underwater
vehicles were employed to carry on a series of scientific
experiments for oceanographic research for one month. A level
curve tracking mission may be carried out in future ASAP
experiments.

In order to test our current algorithms on realistic ocean
fields, we use a snapshot of the temperature field near
Monterey Bay produced by the Harvard Ocean Prediction
System (HOPS) [24]. This field reflects the temperature at
20 meters below sea surface on 00:00 August 13th, 2003. It
has incorporated glider measurements during the Autonomous
Ocean Sampling Network (AOSN) field experiment [1]. We
have added spatially correlated noise to the HOPS field.

Four platforms are employed to track a level curve with
temperature 14.25 °C. The trajectory of the formation center
and the shape of the formation are plotted in Figure 3. We
control the center of the formation to travel at 1 km per hour.
Figure 4 shows the estimates of the temperature at the center of
the formation versus time. One can see the estimates centered
around 14.25°C with small error. In the real environment, the
ocean field will be time varying. The rate of the changing
ocean field is usually slower as compared to the speed of
the platforms. Although we have used a static field in our
simulation, the algorithm will be applicable to a slowly varying
ocean field.
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