Methods Toward the Design of Estimation
and Control for Networked Multiagent
Systems

ANTHONY J. SAvaAs

A DISSERTATION
PRESENTED TO THE FACULTY
OF PRINCETON UNIVERSITY
IN CANDIDACY FOR THE DEGREE
ofF DocToR oF PHILOSOPHY

RECOMMENDED FOR ACCEPTANCE
BY THE DEPARTMENT OF
MECHANICAL AND AEROSPACE ENGINEERING

Apvisers: Naomi EHricH LEoNARD, H. VINCENT PoOR

SEPTEMBER 2022



© COPYRIGHT BY ANTHONY J. SAVAS, 2022. ALL RIGHTS RESERVED.



ABSTRACT

This dissertation explores distributed estimation and control of networked multiagent sys-
tems. We consider collaborative systems in which agents access information from their neigh-
bors and use this information to better understand and manipulate the environment.

We consider distributed filtering of a scalar linear stochastic process over a networked mul-
tiagent system and focus on the setting where communication between agents is corrupted
by Gaussian noise. We show that communication noise is not easily handled by a two-stage
consensus filter in the literature and propose a novel algorithm which does not suffer per-
formance degradation under such communication noise. We discuss how to optimally tune
two fixed gains to minimize the asymptotic error covariance of the filter.

We consider designing a network of agents to perform distributed estimation azd control
of linear time-invariant systems. We develop a framework in which agents have the flexibil-
ity to change their feedback control parameters without needing to redesign their estimation
strategies. We use the small-gain theorem and the bounded real lemma to characterize con-
ditions under which this is possible using linear matrix inequalities. We show how linear
consensus dynamics can be used to further extend the operating regime of this framework.

Leveraging our distributed estimation and control framework, we develop a methodology
to distinguish agents for the purpose of actuator and sensor selection. We use hypothesis
testing to rigorously compare a set of centrality measures as selection tools, focusing on the

actuator selection problem. We show that under our framework there is strong statistical
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evidence that, given sufficient edge density, betweenness centrality is a good metric for actu-
ator selection over Erdos-Renyi random graphs in terms of minimizing a key matrix norm.
We further show that these results broadly extend to other graph generation methods and
are robust to actuator failure as well as network scale. When considering scenarios in which
individual agents do not have full controllabilty of the system, we show that there is strong
statistical evidence that degree centrality, rather than betweenness centrality, is a good selec-

tion heuristic for actuator placement.
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Part 1

Design of Distributed Estimation and
Control for Networked Multiagent

Systems



Introduction

Networked systems are ubiquitous throughout our society. Examples include transporta-
tion networks, power grids, robotic networks, financial markets, as well as social interaction
networks “*. In the most basic sense, a network is a collection of nodes and edges where an edge
represent an identifiable connection between a pair of nodes. In the case of a social network,

nodes could represent people on a social networking site and edges could represent friend-



ship. In the context of dynamical systems theory it is common to refer to nodes as agents,
where agents are considered to be entities which can perceive the environment using sensors
or act on the environment using actuators »*. We refer to a collection of agents which can po-
tentially interact with one another as a multiagent system. When such agents are connected
in a network according to an underlying structure, we refer to this as a networked multiagent
system. A great benefit of multiagent systems is that, while individual agents can be relatively
simplistic in terms of their sensing or actuation capabilities, through sophisticated feedback
dynamics and inter-agent interactions the collective group is capable of completing sophisti-
cated tasks’. When considering a large-scale system, it is evident that utilizing multiple agents
may afford unique benefits®. If a small number of agents become inoperative, it is possible
to design into the system a smooth degradation in performance which allows for built-in ro-
bustness. Furthermore, if it is relatively simple to add additional agents into the system, then
it allows for easy scalability within the system. If individual agents are relatively cheap to pro-
duce with respect to the entire system architecture, then we can also see benefits in terms of
cost reductions.

We are interested in problems related to utilizing networked multiagent systems to per-
form estimation and control tasks. Just as multiagent systems can provide unique benefits
as previously mentioned, they also offer unique challenges in terms of design. With respect
to estimation, typically the information that is collected by sensors in a multiagent system is
distributed in nature. There are a variety of reasons for this. Individual agents could be mea-
suring data that differs either spatially or temporally (or both). Individual agents could also
be equipped with different types of sensors and tasked to measure fundamentally different at-

tributes of some external process of interest. Because of the fact that agents could be measur-



ing disparate data in this sense, the environment could be partially observable to an individual
agent. Partial observability brings with it particular challenges for decision making in mul-
tiagent systems. One example is that optimal planning of a multiagent system under partial
observability can be intractable”. There is also the issue of sensor fusion, which refers to the
problem of determining how best to combine the sensor measurements of different agents
so as to increase the collective knowledge of the group as a whole > >7**'>"°, In Chapter 2
we investigate novel ways to achieve sensor fusion in the presence of communication noise.
We show how communication noise degrades the performance of a distributed filtering al-
gorithm outlined in°" and propose an innovative algorithm which avoids such degradation.
The study summarized in Chapter 2 has been published and appears as Savas, Srivastava, and
Leonard''. The paper can be found in Chapter 8 of Part II of this dissertation. The study
was done in collaboration with Vaibhav Srivastava and my advisor Naomi Leonard.

With respect to performing control tasks, typically the control in multiagent systems is
decentralized. In such schemes there is not a centralized hub that communicates with ev-
ery agent in the architecture and provides commands, but rather each individual agent is
responsible for its own decision-making. One obvious benefit to decentralized control is
there is built-in robustness to the system that is not afforded by centralized methods. In
well-designed systems if a small number of agents are removed from the architecture it is pos-
sible to still meet a desired control objective, which is not true if a centralized controller were
to be removed from within a centralized framework. One popular method to address the
general problem of decision-making in multiagent systems has been the field of game theory,
where each agent is assumed to be rational and strategic '*. In this dissertation we focus on

collaborative multiagent systems where the agents work together to achieve a common con-



trol objective. Examples might include formation control of mobile agents ' ' **", multiagent
rendezvous problems ", or cooperative manipulation by robots'“. Often in such networked
systems agents have limited (local) information regarding the process of interest or the data
known to the other agents in the network. If an agent is influenced by the actions of other
agents in the network but does not have access to those other agents’ data, then the system
has a nonclassical information structure . Optimal solutions to such nonclassical decentral-
ized systems differ greatly from well-known results in the centralized setting. For example,
in”” the author shows that for a linear system subject to Gaussian noise when the objective
is to minimize the expectation of some quadratic criterion, a nonlinear control law exists
which outperforms all affine laws when the information structure is nonclassical. Finding
the analytical form for the optimal nonlinear control law to this celebrated Witsenhausen’s
counterexample is still an open problem today

Another well-known result from the centralized setting which is not generally applicable
when the control and estimation is distributed over a network is the separation principle. In
feedback systems theory, the separation principle states that solving for the optimal controller
and state estimator can be decoupled under certain conditions . This notion of a separation
principle was introduced in ' *'”. The underlying idea is that one chooses as a control at each
instant in time the conditional expectation of what would be the optimal control if there was
no uncertainty. In other words, one designs the control law assuming perfect information,
and then separately designs the estimator such that the estimator errors converge to zero. This
is closely related to the idea of certainty equivalence™. The pioneering idea to use a class of
control laws which are functions of the estimates was proposed in

There have been efforts to extend this notion of a separation principle to networked sys-



tems. In** authors propose and prove the existence of a separation principle for observer-
based discrete-time networked control systems with random packet drops. A separation prin-
ciple is proved for a linear quadratic control problem in a team-based distributed setting in
In Chapter 3 we consider a distributed control problem and propose a new framework which
allows us to design the control and estimation parameters separately under certain conditions.
We also make use of linear consensus dynamics to extend the operating regime of our algo-
rithm. The study summarized in Chapter 3 is in preparation for submission and appears as
Savas, Park, Poor, and Leonard**. The paper can be found in Chapter 9 of Part II of this
dissertation. The study was done in collaboration with Shinkyu Park and my advisors H.
Vincent Poor and Naomi Leonard.

We are also interested in the problem of sensor and actuator selection. Typically, one has a
configuration of sensors and actuators and then designs controllers and observers to best use
that given configuration to achieve some desired objective. However, in large-scale systems
utilizing all of the sensors and actuators in a given architecture could be infeasible both from a
computational standpoint or an economic one. Thus, it is a worthwhile endeavor to develop
methods to select appropriate subsets of available sensors and actuators for practical use cases.
Much of the literature considers the problem of graceful degradation in performance relative
to the optimal Kalman filter or Linear Quadratic Regulator that makes use of all of the sens-
ing or actuating capabilities available, which in general is a difficult combinatorial problem.
A convex sensor selection methodology for a problem with linear measurements corrupted
by additive noise is given in*’ which utilizes heuristics to approximately solve the problem.
In*" the author proposes using a genetic algorithm for actuator selection. In this instance

an aerospace application is considered in which there are many possible candidate locations



for actuator placement, and the genetic algorithm is used to determine the minimum num-
ber of actuators needed to meet a design objective. Obviously enumerating all of the possi-
ble combinations in such an application quickly becomes cumbersome and infeasible as the
size of the decision space grows. Looking at the joint sensor and actuator selection problem
for vibration control of flexible structures, Powell’s iterative method for multidimensional
function minimization has been used to optimize sensor and actuator placement in an H,
sense”” and gradient-based techniques based on the gradient of the controlled system’s A,
normare used in " to inform actuator and sensor placement. In a fluid dynamics application,
H, optimal sensor and actuator placement was explored for the linearized Ginzburg-Landau
system . An alternating direction method of multipliers algorithm for joint sensor and ac-
tuator placement is proposed in*°. Joint sensor and actuator selection is also evident in the
leader selection problem in consensus networks. A convex relaxation is employed in’" and
an analytical solution is given for one or two leaders in

We consider the problem of sensor and actuator selection for our novel distributed control
framework summarized in Chapter 3 and detailed in Chapter 9, focusing primarily on actua-
tor selection. Rather than tackling the problem of optimally selecting subsets of sensors and
actuators, we instead explore how various centrality measures from graph theory might be
utilized as heuristics. In Chapter 4, we use hypothesis testing to compare between select cen-
trality measures with the goal being to minimize a key norm. A benefit to such an approach
is that one could use these statistically discovered heuristics as seeds to “warm-start” a given
numerical optimization procedure. As previously discussed, solving the optimal sensor and
actuator selection problem is computationally intensive and can become infeasible as the size

of the architecture grows. Utilizing a suboptimal solution as a seed for such optimizations



could vastly improve computation times. In addition, a heuristic such as these centrality mea-
sures could be employed in online algorithms that must respond to changes in the network
architecture where one does not have the time to reoptimize. We explore situations related

to this, specifically irrecoverable actuator failure, in Chapter s.

1.1 OUTLINE AND CONTRIBUTIONS

In this dissertation we focus on the design of estimation and control frameworks for dis-
tributed multiagent systems. We begin by considering the distributed filtering problem with
the added caveat that communication between agents is a noisy process. We show the detri-
mental effects such communication noise has on consensus filters in the literature and pro-
pose a novel filtering algorithm which is resilient to such effects. We then consider the joint
problem of distributed estimation and control over a network of agents. By utilizing the
small-gain theorem we are able to provide conditions under which the design of the estima-
tion and control parameters can be done independently akin to the celebrated separation
principle in optimal control theory. We then use this distributed control framework as a ba-
sis to develop heuristics for sensor and actuator placement. We employ statistical hypothesis
testing to compare heuristics and analyze the robustness and scalability of our results.

The dissertation is separated into two parts. Part I contains a summary of all key work as
well as unpublished results. Part I, consisting of Chapters 7-9, contains work that has been
published or that is in preparation for submission.

In Chapter 2 we introduce the distributed linear filtering problem and summarize results
from Chapter 8. We consider two-stage consensus filters and demonstrate that communica-

tion noise inherently destabilizes filters from the literature. We develop an innovative two-



stage filter which is robust to communication noise and rigorously analyze its properties. We
also provide analytical results on how the performance of individual agents differs depending
on their location in the network. We conclude with a preliminary investigation of the con-
vexity of a proposed cost function integral to our algorithm design.

In Chapter 3 we consider distributed control of linear time-invariant systems and sum-
marize results from Chapter 9. We employ the small-gain theorem and characterize linear
matrix inequality conditions under which a weaker notion of the separation principle holds
for the design of the estimator and control parameters. We also explore how to utilize linear
consensus dynamics to extend the region of applicability of our framework. We show how
our framework can handle nonlinear control laws and consider a multi-vehicle platooning
example as an application.

In Chapter 4 we use statistical hypothesis testing to compare heuristics for sensor and actu-
ator selection with respect to the distributed control framework proposed in Chapters 3 and
9. We compare a set of centrality measures against one another and compute statistics over
Erdos-Renyi random graphs. We show that there is strong statistical evidence that, among
the centrality measures considered, betweenness centrality is the best heuristic given a sufhi-
cient edge density.

In Chapter 5 we explore how our statistical results extend to additional graph generation
methods, actuator failure, sparse control authority, as well as network scale. We find strong
statistical evidence that betweenness centrality remains the most effective heuristic for actua-
tor selection given sufficient edge density except in the paradigm of sparse control authority.
We consider systems in which individual agents do not have full controllability of the pro-

cess; rather, there is only joint controllability at the network level. In such cases we find strong
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statistical evidence that degree centrality becomes the most effective heuristic for actuator se-
lection.
In Chapter 6 we summarize the main results and provide commentary on possible future

directions of this work.

II



Distributed Filtering with Noisy

Communication

We now investigate the problem of distributed filtering in a networked multiagent system
of a scalar linear stochastic process under noisy communication. Sections 2.1-2.5 summa-

rize results which are presented in Part II: Chapter 8 which appears as Savas, Srivastava, and
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Leonard ''. In Section 2.1 we define precisely what we mean by the distributed linear filter-
ing problem. In Section 2.2 we provide an overview of linear consensus dynamics which are
akey component of our algorithm. In Section 2.3 we introduce one two-stage distributed fil-
ter from the literature. We define what we mean by noisy communication within the sensor
network and analyze how such communication noise impacts the performance of said filter.
In Section 2.4 we propose and rigorously analyze a novel algorithm to mitigate such issues.
Sections 2.6-2.7 cover new results, not published in"* of Chapter 8. In Section 2.6 we ex-
plore how the performance of individual nodes is related to their location in the network. In

Section 2.7 we provide preliminary analysis on the convexity of a pertinent cost function.

2.1  DISTRIBUTED LINEAR FILTERING PROBLEM SETUP

Consider the following scalar linear stochastic process

x(k+1) = ax(k) + w(k), x(0) =X, (2.1)

foreachk € Zxo, where 2 € R is a constant, {w(k) }iez., is a sequence of independent
identically distributed (i.i.d.) zero-mean Gaussian noise with variance ¢ € R, and X is
a Gaussian random variable with mean x, and variance ¢. For simplicity, we will consider
the case with 2 = 1 but note that the following analysis is generalizable to the case 2 # 1.
An example evolution for the stochastic process defined in (2.1) with 2 = 1, process noise
variance ¢ = 1, mean of initial condition xy = 0, and variance of initial condition ¢ = 11is

shown in Figure (2.1).
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Evolution of a Scalar Linear Stochastic Process with Noise Variance q = 1
12 T T T T T T T T T

Figure 2.1: Evolution of a scalar linear stochastic process given by (z. 1) with 2 = 1, noise variance q = 1, mean of
initial condition xy = 0, and variance of initial condition & = 1.

Now suppose that a sensor is tasked to sample such a stochastic process at each discrete time

k to obtain a noisy measurement given by

y(k) = x(k) + n(k), foreachk € Z,, (2.2)

where {(k) }rez., is a sequence of i.i.d. zero-mean Gaussian noise with variance » € R.
Using sensor measurements y(k) given in (2.2) to estimate the state x(£) in (2.1) is known
as the standard scalar Kalman filtering problem . We now extend these ideas to a network
of sensing nodes which can communicate over a fixed undirected graph G = {V, £}, where
V = {1,..., N} is the vertex set, £ € V x V is the edge set, and Nis the total number of
nodes. In this analysis we only consider connected graphs, meaning that every node has an

existing path to every other node in the network. Now assume thateachnodez € {1,..., N}
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samples the stochastic process (2.1) at discrete times & and generates noisy measurements
defined by
y:(k) = x(k) + n;(k), foreachi e {1,... N}, (2.3)

where {7;(k) }rez., arei.i.d. zero-mean Gaussian noises with variance 7. Note that each sens-
ing node is assumed to have the same noise variance 7. We further assume the noise sequences

n,(k) are independent for different 7 € {1,. .., N}. We can write (2.3) in vector form as

y(k) = x(k)1n + n(k), (2.4)

where y(k) and 7(k) are the N-column vectors of y;(k)’s and 7;(k)’s, respectively, and 1,y is
the N-column vector of all ones. As an illustrative example, consider a network of N = 3
nodes which each take noisy samples of the process x(#) seen in Figure (2.1). If each sensor
has noise variance » = 25, which indicates a relatively high sensor-to-process noise ratio, then

typical sensor output described by (2.3) is shown in Figure (2.2).
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Sensor Measurements with Noise Variance r = 25
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Figure 2.2: Samplings of the stochastic process seen in Figure (2.1) by a network of N' = 3 sensors each with noise
variance » = 25.

We will now focus on the distributed estimation problem in which the sensing nodes can
only use local communication within the network to construct and update their estimates
of the process x(k). In other words, each node in the network does not have global knowl-
edge of the other nodes’ estimates for any given discrete time and must instead use informa-
tion flow within the network to improve their individual estimates. Specifically, we focus on

consensus-based dynamics and their applications to distributed estimation >

2.2 CONSENSUS DYNAMICS

In consensus dynamics each node at each discrete time will average its state (in this case, its
estimate) with that of its neighbors in the communication graph *»**7*. Let F € R"*N be
the matrix of convex weights a node assigns to its neighbors. Note that F;; is node #’s self-

weight. To construct such a consensus matrix we employ the adjacency matrix A € RV
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of the graph, defined as

1 if(5,/) €&
A - if (7,) (5)

0 otherwise

The graph Laplacian £ € RN*N is then defined as

—A;  fori#j
Zi\il Ay fori=j

We can then construct a consensus matrix /' as
F=T1Iy—¢L (2.7)

where Zy is the identity matrix of order Nand 0 < ¢ < y It is well-known

that this matrix F is nonnegative and row-stochastic, and for a connected and undirected
graph has only one simple eigenvalue at unity and every other eigenvalue is inside the unit
disk*»“*7"7*. Furthermore, for unsigned graphs Fis also column-stochastic. Note that row-
stochasticity of F'simply means that ijil F; = 1foreachs € {1,..., N}, whereas column-
stochasticity yields Y Fy = lforeach; € {1,..., N}. We will denote the eigenvalues of
Fas{Ao, ..., An—1} with 1y = 1. With these properties of Fin mind, a key limiting behavior
is

. 1
lim F* = X[lNlJ([ (2.8)

m—r00
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Thus, for any vector v € RN we have

N
1
lim [F"v]; = NZ v;,, foreachi € {1,...,N}. (2.9)

m—r00
=1

In other words, if we take 7 as the number of consensus rounds, in the limit as m — 0o we
see that each element of 7”v will converge to the element-wise average value of v, which is pre-
cisely what we mean by achieving consensus. As an illustrative example, for a line graph with
0.6 0.4 0
N = 3nodesand takings = 0.4 we can constructa consensus matrix ' = | 0.4 0.2 0.4,
0 0.4 0.6
/3 1/3  1/3
and it can be seen that /° = [1/3  1/3  1/3| as expected. We now discuss one

/3 1/3  1/3

method in which consensus dynamics have been employed to tackle the aforementioned dis-

tributed estimation problem.

2.3 A Two-STAGE DISTRIBUTED LINEAR FILTER

We will focus on one particular method credited to Carli ez /.’ which was put forth to
address the estimation problem posed in Section 2.1. The authors propose a two-stage dis-
tributed algorithm consisting of a measurement and prediction stage followed by a consensus

stage. We now summarize the algorithm.
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2.3.1 MEASUREMENT AND PREDICTION STAGE

At discrete time 4 each sensing node 7 € {1,..., N} computes a convex combination of its
predictive estimate of the current state of the process x(k) which uses observations up until
time & — 1, denoted as x;(k|# — 1), and its current observation y,(k) to generate its estimate

of the process given observations until time &, denoted as &;(k|£). We can write this as
x(klk) = (1 — O)x(klk — 1) + ly(k), (2.10)

where X(k|k) and x(k|k — 1) are vectors of ;(k|k) and &;(k|k — 1), respectively, and £ € [0, 1]
is the gain. It is important to note here that the gain £ is assumed constant, which differs
from the optimal Kalman filter gain. Thus, the distributed filter resulting from constant
choice of ¢ will not necessarily be optimal; however, the authors show in’® that this two-
stage distributed algorithm leads to estimation error with bounded variance. This implies

that choosing a constant gain ¢ will in fact be stabilizing.

2.3.2 CONSENSUS STAGE

The second stage of the algorithm utilizes consensus dynamics. Between two consecutive
discrete times # and £+1 there are 7 rounds of consensus dynamics which operate on the local
estimates ¥;(k|k). As mentioned previously, such consensus dynamics ensure that the local
estimate %;(k 4 1|#) of each node converges towards the average of the group Z]]il x;(klk).

We write this stage as

56'(/64-%‘/%) :Fa"c<k—|—(h_1)’/e), hedl,...,m}. (2.11)

m



Note that for such a two-stage algorithm a timescale separation between the dynamics of the
stochastic process x(k) and the consensus dynamics is inherently assumed. In other words,
it is assumed that the communication and consensus dynamics of the sensing nodes operate
at a much faster rate than the process dynamics. This is necessary if the sensors are expected
to perform 7 rounds of consensus in between taking measurements of the process at dis-
crete times £ and £ + 1. We see that after the consensus rounds are completed, the second
stage (2.11) yields the estimate vector x(k + 1|k) which is then used in the first stage (2.10)
to generate the estimate ¥(£ + 1| + 1). We also note that this algorithm is initialized with
x(0] —1) = x1 where x, is the mean of the Gaussian random variable used to initialize the
process x(k). The estimates at future times are then computed recursively using (2.10) and
(2.11). After computing the covariance of the estimation error for this algorithm, Carli ez
al.’" used it to find the optimal filter gain ¢ that minimizes the trace of the error covariance
matrix in the limit as # — 00, otherwise known as the asymptotic error covariance matrix.
Assuming that the consensus step (2.11) occurs noiselessly, the described algorithm is sta-
bilizing and will lead to bounded error covariance. However, we believe that the notion of
noiseless consensus is an optimistic one and propose a modification to the consensus step to

account for communication noise between nodes.

2.3.3 IMPLEMENTING No1sYy COMMUNICATION

We will now assume that each node receives noisy estimates of each of its neighbors’ states
each time consensus is performed. This models the expected communication noise which
will be present during the information transfer. Since the modification occurs in the consen-

sus steps, the first stage of the algorithm remains the same as that outlined in (2.10). However,
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we modify the second stage (2.11) to include noisy communication as

&<k+%‘k> :&(HM@ +m<k+%>, (2.12)

m

where #(k + h/m) is the N-variate zero-mean Gaussian noise with covariance Zy;, for each
k € Zsoand b € {1,...,m}, u(k + h/m) are independent, and o7 is the communication
noise variance. Note that we assume that the communication noise experienced by each node

has the same variance 7. We can define the estimation error at each discrete time # as
x(k|k — 1) = x(k)1y — x(k|k — 1). (2.13)

We now investigate how the modified algorithm comprised of (2.10) and (2.12) performs

with respect to the sum of the error variances across all nodes.

2.3.3.1  NUMERICAL PERFORMANCE UNDER No1sy COMMUNICATION

We consider N = 3 nodes communicating over an undirected line graph. As described ear-
lier, we construct a consensus matrix as ' = 75 — £, where we choose ¢ = 0.4. We analyze
ten discrete time instances of the stochastic process (2.1) witha = 1,ie., £ € {0,...,9},
and between each consecutive pair of time instances we apply 7 consensus rounds. For this
analysis we consider m € {0, 1,2, 3, 4, 5} and assume that the process noise varianceisg = 1
and the sensor noise variance is » = 25. Furthermore, we use filter gain £ = 0.25. We per-
form 200,000 Monte Carlo simulations as a way to estimate the trace of the error covariance
matrix. Figure (2.3) shows the trace of the error covariance matrix for £ = 4, which can be

3 - ,
represented as ) ., var(X;(4|3)), as a function of the number of consensus rounds 72 for a
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range of values of communication noise variance .
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Figure 2.3: Influence of communication noise in consensus dynamics on error variance across 200,000 Monte Carlo runs
for distributed filtering algorithm (2.10) and (2.12) with N = 3, g = 1,and » = 25 for an undirected line graph. We
see that the error variance diverges with the number of consensus rounds. Repeated from Figure (8.1).

We can immediately see that for large enough values of ¢, the trace of the error covariance
actually increases as more consensus rounds are performed, suggesting that the two-stage
estimation algorithm is no longer stabilizing in the presence of communication noise. We
observe that the trace of the error covariance diverges as the number of consensus rounds
increases, which clearly is not a desired property of a distributed filtering algorithm which
invokes consensus dynamics. We must note here that such destabilizing behavior is not unex-
pected since consensus dynamics inherently have one eigenvalue at unity as mentioned previ-
ously. This unit eigenvalue acts to integrate the communication noise across each consensus
round, and the integrated noise has asymptotically infinite variance. Thus, it is clear that a

distributed filtering strategy which has been deliberately designed as in* for noiseless com-
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munication does not and should not immediately extend to situations with communication
noise. We will now introduce our novel two-stage distributed filter and rigorously show that

it remains stabilizing even in the presence of noisy communication.

2.4 A NOVEL Two-STAGE DISTRIBUTED LINEAR FILTER

We now describe our novel two-stage distributed filter which modifies and expands on the
algorithm of Carli ez al.>® to account for and mitigate the effects of communication noise.

The first stage of our algorithm remains the same as in (2.10), i.e.,

G(k|E) = (1— O (klk — 1) + Oy(k), (2.14)

with (0| — 1) = xy1y. However, we modify the consensus dynamics in the following way.
We define z(k|k) = x(k|k) for each k € Z>,. We update z through 7 consensus rounds

between consecutive time instances # and 4 + 1 as

ok + %‘k) = Fo(k+ -1 ‘k) + ok + %) + (klk) (2.15)

m

for b € {1,...,m}. Note that in (2.15), each node 7 € {1,..., N} now remembers its
own estimate ¥;(k|k) at discrete time # and re-injects it during each subsequent consensus
round. To see the inspiration for such a modification, consider starting from a deterministic
initial condition z(k|k) = x(k|k). After m rounds of consensus the dominating component
of the variance of z(£ + 1|k) will be ma? (see Figure (2.3)). If we re-inject x(k|£) at each
consensus step, we ensure that the dominating component of the expected value of z,(k+1| k)

is 234 j]il %;(k|k) for each 7 € {1,..., N}. Finally, if we divide z(£ + 1) by (m + 1), the
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resulting mean is Z]]il %;(k|k) and variance is ma? / (m+1)* which goes to 0 as m — +o0.
Thus, for large 7 we recover the performance of the noise-free algorithm. An issue arises if
m is small since the communication noise will still degrade the performance of the estimator.
For this reason, we design the update x(k + 1|£) as the convex sum of x(k|k) and z(k + 1|k)

as
z(k+1|k)

ik +1k) = G(klE) + (1= )=~

, (2.16)

where { € [0, 1] is a constant. The parameter 'is a way for us to trade off the variance of the
two estimators X(k|k) and z(£ + 1|k). As we intuitively explained earlier, for large 7 we can
choose ¢ close to o and for small 7 we can choose ¢ close to 1. We note that the distributed
filtering algorithm in° has only one tunable parameter ¢, whereas our algorithm in contrast
has two tunable parameters £ and . In a similar way to°° we can choose these two parameters
such that the asymptotic error covariance of our estimator is minimized. With this in mind,

we will now analyze the error covariance of this new algorithm.

2.5 ANALYSIS OF THE NOVEL TwoO-STAGE DISTRIBUTED LINEAR FILTER

We now analyze the properties of our novel distributed linear filter. We begin by deriving an

expression for the asymptotic error covariance of our estimator.

2.5.1 ERROR COVARIANCE OF ESTIMATOR

We first define the predictive and posterior errors as

x(k+1|k) = x(k + 1)1y — x(k + 1]k),
(2.17)
and x(k+1lk+1) =x(k+ 1)1y — x(k + 1|+ 1),
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respectively. Let

Pk + 1|k) = E[x(k + 1/k)x(k + 1|k) ]
(2.18)
and Pk +1k+1) =Ex(k+ 1k + Dk + 1k +1)"]
be predictive and posterior error covariance matrices. With these definitions in place, we now

state the main result.

Theorem 1 (Asymptotic Error Covariance'’). For the scalar linear stochastic dynamics
(2.1) with a = 1 and the distributed linear filtering algorithm with noisy communication

defined by (2.14), (2.15) and (2.16), the following statements hold.:

1. The asymptotic ervor covariance is

. 1 — g2 = N2 ) DN T q T
lim P(klk 1) = ¢ r;u OFFEDFEE) T — (1—4)21N1N
o (2.19)
21 ¥4 F\ T
(m - 1> 7y (- Z:F F(F)T(F)

=0

where F' = (T + (m+1) Yoo Fs
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2. The trace of the asymptotic covariance matrix is

2
Cr+ gN + —(1(_ ?_ la)fzm
. m
w( fim P(kJE~1)) = ——— 1—0)
2
[
+ EZVZ ”

b=l —(1—0)?

1-2\- , J
(m+1)lh+4

where dy =Y .

Importantly, note that the steady-state error covariance (2.20) is bounded and hence our dis-
tributed estimation algorithm is stabilizing in the mean squared sense. However, our algo-
rithm is not necessarily optimal because we assume that the convex weights ¢ and {"are both
constant. Even with this fact, we can still select optimal parameters £ and {with respect to onr

algorithm.

2.5.2 METHODOLOGY TO TUNE PARAMETERS

As previously mentioned, our novel distributed algorithm requires tuning of the two param-
eters £ and {. For a given graph structure with a fixed number of agents N and consensus
matrix £, given process, measurement and communication variance q, 7, and 7, and a given

number of consensus rounds 72, we choose these parameters to minimize the asymptotic er-
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ror covariance (2.20). We define the relevant cost function as

J(0,8) = tr(klggo P(klk — 1)). (2.21)

Note the special case with no consensus (7 = 0) when determining the optimal (¢, ) which
minimize /. In this case, the modified algorithm will only involve (2.14) and (2.16). From

(2.16) we see that the only appropriate formulation would have { = 1. With { = 1 and

_ (CrgqN

m = 0 we see that (2.20) simplifies to /|,,—o = o gy

We then use fmincon in MATLAB
to minimize /,,— and solve for the optimal ¢. Likewise, for 7 > 0 we can use fmincon to

solve for the optimal £ and {'which minimize J. The trends of optimal ¢ and {"as a function of

number of consensus rounds 7 and communication noise standard deviation &, are shown

in Figure (2.4).
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Figure 2.4: Optimal £ and Zas a function of consensus rounds 72 and communication noise standard deviation g, with
N=3,r=25,and q= 1 for an undirected line graph. Repeated from Figure (8.2).
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We see that the optimal £ value increases with 72, whereas the optimal {'value does not display
a monotonic trend with 7. We attribute the initial trend of { for smaller values of 7 to the
transient consensus dynamics. Furthermore, note that the optimal value of { goes toward
zero as the number of consensus rounds 7 increases. This is precisely the behavior we would

expect and aligns with the intuition we outlined earlier.

2.5.3 INUMERICAL SIMULATIONS

We now numerically investigate the performance of our novel distributed linear filter. We
again consider an undirected line graph with N = 3 nodes. We choose the same simulation
parameters as in Figure (2.3) and again choose as our performance metric 213.:1 var(x;(4(3)).
For each pertinent combination of 7 and 7, values we use the optimal £ and {'in the algorithm
as determined in Section 2.5.2. The summed error variance metric versus the number of
consensus rounds 2 for our novel estimation algorithm is shown in Figure (2.5) for various

values of the communication noise standard deviation o,.
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Figure 2.5: Influence of communication noise in consensus dynamics on error variance across 200,000 Monte Carlo runs
for our novel distributed filtering algorithm with N = 3, » = 25, and q = 1 for an undirected line graph. Even as o,
increases the error variance no longer diverges as more consensus rounds are performed. Repeated from Figure (8.3).

Note that there is aslight difference in scale between the vertical axes in Figures (2.3) and (2.5).
We see that with our novel algorithm the error variance does not increase in an unbounded
way as more consensus rounds are performed, which contrasts with what we observed in Fig-
ure (2.3). Instead, we observe that the trend in error variance versus consensus rounds is closer
to the monotonically decreasing ideal that one would expect from a distributed filter with-
out communication noise. This holds true even for the larger values of ¢, that we simulated.
We see that our novel algorithm performs eftectively despite the inclusion of communication

noise in the dynamics.
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2.6 INDIVIDUAL NODE DIFFERENCES FOR NOVEL TwoO-STAGE DISTRIBUTED LINEAR
FIiLTER

We are also interested in how the asymptotic error variances of individual nodes within a
graph differ from one another as opposed to just looking at the trace of the asymptotic error

covariance matrix. Table 2.1 serves as a reminder of the relevant nomenclature.

Definition
Filter gain
Sensor noise variance
Process noise variance
Total number of nodes
Algorithm parameter used to form convex combination of estimators
Communication noise variance
Rounds of consensus dynamics
Eigenvalue of consensus matrix, F

Parameter ‘

Sl I || 2R x|

Table 2.1: Nomenclature relevant to our novel distributed estimation algorithm.

To determine individual node error variances for our novel distributed estimation algorithm

defined by (2.14), (2.15) and (2.16), we first let the diagonalization of F'be given by

F=UAU" (2.22)
where ) )
Ao 0 0
0 A4 0
A= (2.23)
0 0 AN—1
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and the column vectors of U are the right eigenvectors of F'where U* denotes the complex
conjugate transpose of the matrix U. Given that Fis a normal matrix, we have that Uis a
unitary matrix such that UU* = U*U = ZIy. Specifically, we choose the eigenvectors of F

such that U forms an orthonormal basis of C¥. Having done this, we let

U= [uo W uNl} (2.24)

where u, through ux_; are the appropriate eigenvectors described above. With this formu-

lation, the asymptotic error variance of node 7 is given by

I_Z 3 2 1_: 2 1_|2h|2m
(—m+1>1h+4 +(—m+1> af<—1_wz>} ,

Jus (7)]° {ﬁzr

N—1
Var, = Z
h=0 1—(1—4¢)*

(2.25)

where 2, = .7 2. Thus, the difference in asymptotic error variance between nodes is
determined by the respective elements of each eigenvector of the consensus matrix F. As an
example, consider an undirected line graph with N = 3 nodes. We denote nodes 1 and 3 as
the periphery nodes, respectively, and node 2 as the middle node. For a process noise variance
of ¢ = 1, sensor noise variance of » = 25, communication noise variance of > = 1, and
{ = 0.1, asymptotic error variances for each individual node in the line graph as a function

of ¢ are shown for m € {1, 2,3, 4} in Figure (2.6).
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Figure 2.6: Asymptotic error variances across individual nodes for our novel distributed filtering algorithm with N = 3,

Node Variance

Node Variance

r =25, q= 1, af =1, and [: 0.1 for an undirected line graph.

There are some things to highlight. First we see that the individual node error variances for
nodes 1 and 3 are identical, which is expected as these nodes are indistinguishable with regards
to the estimation problem. We also observe that the error variance for node 2, the middle
node, is the lowest across the ¢ and m values studied. This again aligns with our expectation
since this node has the most immediate access to information within the network due to
the way the information flows given the consensus mechanism at play. Furthermore, we see
that as the number of consensus rounds 7 increases the node variances for the periphery
nodes begin to converge to that for the middle node. This is a visualization of the consensus

dynamics at work. We now provide a brief examination of the convexity of the trace of the
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asymptotic error covariance matrix with respect to algorithm parameters.
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2.7 CONVEXITY OF TRACE OF ASYMPTOTIC ERROR COVARIANCE MATRIX

In Section 2.5.2 we described how we utilize fmincon in MATLAB to solve for the optimal
¢ and { which minimize the cost function J(¢,{) = tr( limy oo P(k|k — 1)) However, it
is important to be able to characterize the convexity of /(¢, {) with respect to £ and {. If the
cost function is not convex in these parameters then it is possible that fmincon would return
a local minimum and not a global minimum. While finding a local minimum would not
render our novel algorithm ineffective, it is obvious that we would like to select £ and {'such
that the cost function is as small as possible. We define L := [0,1] and Z := [0,1]. Let ¢ € L
and/ € Zandlet4 C L x Z. A well-known resultis that a given function J(¢, () : 4 — Ris
convex in £ and {on 4 if and only if its Hessian matrix of second partial derivatives is positive

semidefinite on 4°°. Thus, we require

&7 o

oe2 o0or | 0 (2.26)
o7 Lt

arol a2

on A. By observing (2.20) we note that the Hessian will be a relatively complicated function
of ¢ and . To expedite our analysis we use Mathematica to calculate the Hessian. For asimple
line graph with N' = 3 nodes and with process noise variance ¢ = 1, sensor noise variance
7 = 25, and communication noise variance ¢ = 1, Figures (2.7) - (2.11) plot the real parts
of any negative eigenvalues in the operating (¢, ) space for consensus rounds from 7 = 1 to

m =S.
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Figure 2.7: Negative eigenvalues of the cost function Hessian for our novel distributed filtering algorithm with N = 3,
r=2549=1, af = 1, and consensus rounds 72 = 1 for an undirected line graph.
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Figure 2.8: Negative eigenvalues of the cost function Hessian for our novel distributed filtering algorithm with N = 3,
r=254=1, af = 1, and consensus rounds 72 = 2 for an undirected line graph.
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Figure 2.9: Negative eigenvalues of the cost function Hessian for our novel distributed filtering algorithm with N = 3,
r=2549=1, af = 1, and consensus rounds 72 = 3 for an undirected line graph.
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Figure 2.10: Negative eigenvalues of the cost function Hessian for our novel distributed filtering algorithm with N = 3,
r=254=1, af = 1, and consensus rounds 7z = 4 for an undirected line graph.
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Figure 2.11: Negative eigenvalues of the cost function Hessian for our novel distributed filtering algorithm with N = 3,
r=254=1, of = 1, and consensus rounds 72 = S for an undirected line graph.

The existence of negative eigenvalues means that the Hessian is not positive semidefinite on
A and indicates that the trace of the asymptotic error covariance matrix is not convex with
respect to the parameters £ and {. However, we can further investigate if it may be biconvex
in the parameters of interest. The function /(¢,{) : 4 — R is a biconvex function if, when
fixing ¢, the function J;({) = J(¢, {) is convex over Z and similarly, when fixing {; the function
J:(l) = J(¢,) is convex over L. Figures (2.12) - (2.14) show how the second derivative ZITZ

varies over L for fixed values of {'and for m = 5 consensus rounds.
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Figure 2.12: Second derivative j_e{ for our novel distributed filtering algorithm with N = 3, » = 25, q = 1, af =1,
consensus rounds 72 = 5, and [: 0 for an undirected line graph.
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Figure 2.13: Second derivative 57{ for our novel distributed filtering algorithm with N = 3,7 = 25,4 = 1, af =1,
consensus rounds 7z = 5, and ¢ = 0.5 for an undirected line graph.
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Figure 2.14: Second derivative j—é for our novel distributed filtering algorithm with N = 3,7 = 25,4 = 1, a’f =1,

consensus rounds 7z = 5, and ¢ = 1 for an undirected line graph.

Similarly, Figures (2.15) - (2.17) show how the second derivative

values of £ and for m = S consensus rounds.
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Figure 2.15: Second derivative ;% for our novel distributed filtering algorithm with N' = 3,7 = 25,4 = ,af =1,

consensus rounds 7z = 5, and £ = 0.01 for an undirected line graph.
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Figure 2.16: Second derivative jl_g{ for our novel distributed filtering algorithm with N = 3, » = 25, q = 1, (7[2 =1,
consensus rounds 72 = S, and £ = 0.5 for an undirected line graph.
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Figure 2.17: Second derivative Zl—;{ for our novel distributed filtering algorithm with N' = 3, » = 25, q = af =1,

consensus rounds 72 = S, and £ = 1 for an undirected line graph.

We observe that for the tested cases, the cost function /(¢, {) appears to be biconvex in £ and {.
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We must stress that this is a very preliminary analysis of the biconvexity of the cost function
which only looks at a simple line graph with three nodes. Further analysis is needed to prove
biconvexity over a larger operating regime involving more general networks. Nevertheless,

assuming that biconvexity can be shown, there are methods to obtain the global minimum
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Distributed Control and Estimation of a

Linear Time-invariant System

We now investigate the problem of distributed estimation and control in a networked mul-
tiagent system of a multidimensional linear process. In this chapter we summarize results

presented in Part II: Chapter 9 which appears as Savas, Park, Poor, and Leonard **. In Sec-
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tion 3.1 we formulate our main problem and state conditions under which we are able to
design pertinent estimation and control parameters separately from one another. In Section
3.2 we propose key LMI formulations which solve our problem and also analyze how the fre-
quency of information exchange through linear consensus aftects the feasibility of the LMI.
In Section 3.3 we validate our main results through simulations of a multi-vehicle platooning
example.

In Section 3.4 we introduce new results, not published in** of Chapter 9, which provide a
cursory look at the role of the network structure on the performance of our algorithm. This
notion of how the network aftects our distributed control algorithm, along with how an ac-
tuator or sensor’s location in the network influences the performance of the network as a

whole, is explored more in depth in Chapters 4 and s.

3.1 PROBLEM DESCRIPTION

Consider a discrete-time LTT system given by

x(k + 1) =Ax(k) + SN, Bay(k), x(0) € R (3.12)

yl(k) = sz<k>7 S {17 e aN} (3.1b)

where x(£) € R” is the state, #;(k) € R? is the -th input, and y;(k) € R” is the i-th
output of the system. The network is comprised of N agents with each agent 7 having output
;(k) and control input #;(k). The agents can also communicate over a fixed directed graph
G = (V,E). Eachvertex7in V = {1,--- , N} represents agent 7 and each edge (7,7) € E

indicates that agent j can transmit information to agent 7. The neighborhood set N, = {j €
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V| (7,7) € E} specifies a subset of agents that can transmit information to agent 7.

We assume that G is strongly connected, meaning that there is an edge path from each
agent to every other agent. We further assume that (3.1) is jointly controllable and observ-
able, meaning that both pairs (4, B) and (C, 4) are controllable and observable, respectively,
where B=(By,- -+ ,By) and C= (CT,- -, CL)". To make clear what we mean by control-

lable and observable we leverage the following definitions.

Definition 1 (Controllable subspace,”’). Given two times ky > ko > 0, the controllable
subspace Clko, ki| consists of all states x, for which there exists an input u - ko, k1] — R that

transfers the state from x(ky) = xo to x(ky) = 0.

Definition 2 (Controllable system, ). Given two times ky > ko > 0, the pair (A, B) is

controllable on [ko, k1| if Clko, k1] = R”, i.e., if every state can be transferred to the origin.

Furthermore, there is a duality between controllability and observability. A pair (C, 4) is
observable if and only if the dual pair (47, C”) is controllable . In a more descriptive sense, a
system is observable if one can reconstruct an initial state x(ko ) given future input and output
data#(k) and y(k) for k € [ko, k1] for some ko and k;. However, we note that in our problem
setting individual agents do not necessarily have full controllability or observability of the
system. This means that for every 7 in V, pairs (4, B;) and (C;, 4) may not be controllable
and observable, respectively. Hence, without communication with others, each agent can

neither estimate the full state of the system nor stabilize it. Below we provide an example of

(3.1)and G.

Example 1. Consider a system of N vebicles moving on the plane where each vebicle bas control

over its own motion and can observe its own position. This is an example of a jointly controllable
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and jointly observable system. The state and parameters of the system’s model (3.1) are given as

X = 1T? UlTv e 7P}\}7 UJY\;'>T (3'2’3')
L, 0.5,
A=Iy® (3.2b)
0o 5L
0 T
Bi=¢;,® , Ci=e; @ ([2 ()) ,ie{l,--- N} (3.2¢)
I,

wherep;, v; € R* are, respectively, the position and velocity of the i-th vebicle and e; is a canonical
basis in RN whose elements are all zero except the i-th element, which is 1. In Section 3.3 we use
this example to illustrate our main results. In particular, we consider line and ring graphs and
observe how the graph structure affects key algorithm parameters. We then apply our framework

to a multi-vebicle formation control problem utilizing a nonlinear control law.

Parameter ‘ Definition
n the order of the linear time-invariant system
Qis7i the dimensions of the /-th input and output, respectively
N the number of agents in the network
m the number of rounds of linear consensus
¢; the canonical basis with 7-th entry equal to 1, rest equal to o
® the Kronecker product

Table 3.1: List of basic notation.

A summary of basic notation is provided in Table 3.1. Each agent 7 computes a state es-

timate &;(£), uses local communication to exchange and fuse the estimate with those of its

44



k), -, k t1(k), - an(k
(k) 4”\/( ) Distributed Estimation (#1(k) v (k)

Y

[ LTI System ] I —— [ Consensus ]
(@1 (k). a5 (k)

A

State Feedback
<u1<k>,---,uN<kz>>[ tate ¥ ]@f(m,---,w»

Figure 3.1: A diagram illustrating the closed loop consisting of the LTI system, distributed estimation, (linear) consensus,

—~

and state feedback. Repeated from Figure (9.1).

neighbors, and then uses the fused state estimate to compute a control input #;(k). The goal
is to design the network of agents such that the control actions stabilize the system. To achieve
this, we implement state feedback, distributed estimation, and linear consensus at each agent
(see Figure 3.1 for an illustration of the closed loop consisting of the three components and

the LTT system).

STATEFEEDBACK LetX;(k) be the state estimate of agent 7. The agent computes its control

input #,(k) according to

ui(k) = Ka;(k). (3:3)

In this framework, the agent needs to utilize only its own state estimate to compute #;().
We further assume that { K} ,cv satisfy that 4 + Ziev B;K, is Schur stable with eigenvalues

inside the unit circle in the complex plane.
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DISTRIBUTED ESTIMATION Agent 7 computes its state estimate x;(£) by recursively up-

dating it according to

x:(k+1) = Ax, (k) + L; (y:(k) — Cix,(k))

+ Y jew B (k) + X ey, Wiy (%(k) — (k) . (3.4)

where K is the control gain matrixin (3.3) and I; € R**”*, L; € R"*% are the parameters to
be designed. The formulation (3.4), which is motivated by the existing distributed estimation
approaches proposed, for instance, in’*7>7%", utilizes the partial output y;(k), the state esti-
mates {%;(k) } ;en, from the agent’s neighbors, and the estimate ZJEV B;K;%;(k) of the control
input applied to (3.1) in order to update an agent’s state estimate %;(k). Importantly, each
agent must estimate the control input applied to (3.1) using only locally available informa-
tion. According to (3.3), the control input applied to (3.1) is given by Zj@, B;K;x/(k) which
depends on every agent ;’s state estimate. However, an individual agent does not have access
to the estimates of the other agents in the network. Due to this, the agent uses only its own
state estimate in lieu of those of all other agents. With a well-designed algorithm, the estimate

errors will converge to zero, validating such a framework.

m-ROUND LINEAR CONSENsUS  This framework allows additional information exchange
between agents in the form of m-round linear consensus. The agents can utilize consensus
to exchange and fuse their state estimates with neighbors. Letting {%;(£) };ev be the state

estimates of the agents at the beginning of the linear consensus, the output & (k) at each

46



agent 7 is determined as follows:

i (k) = 2 ey Py k). (3-5)

Pis astochastic matrix that conforms with G = (V, E). In other words, if an edge (7, 7) ¢ E,
then P; = 0. We then define P = P € RVN where m is a non-negative integer. Note
that the parameter P; > 0 for each 7,j € V. We see that & (k) is thus agent /’s updated state
estimate after applying the m consensus rounds with consensus matrix P. Each agent’s state
estimate is then updated as &;(k) = & (k) and subsequently fed into (3.3) and (3.4). This is
illustrated in Figure 3.1.

As previously mentioned, in order for this algorithm to be well-designed we require the
state estimates ¥;(k) to converge to the true state x(k) for each agent 7in V. In the absence of
state feedback, the work of "> presents technical conditions on the system (3.1) and the
graph G under which there are parameters { W}, jev, {L;}:cv that ensure the convergence
of that state estimates of each agent to the true state. When also considering state feedback,
more recent work in”” describes how to jointly compute { K} e, { VVZJ»},- jev,and {L;}ievto
stabilize (3.1) using (3.3) and (3.4).

Similarly to the problem studied in"”, we investigate how to design the state feedback and
distributed estimation to achieve system stabilization. However, our work is distinct from
We specifically consider the case in which the gain matrices {K;},cv are designed indepen-
dently of the parameters {VV,-J-},» jev and {L;}iev. We provide technical conditions under
which the network of agents stabilizes (3.1) and utilize a framework of two decoupled numer-
ical methods to compute {K;};ev and { W} jev, {L;}iev which achieves this stabilization.

Being able to separately design the system parameters is a nontrivial result. This allows for
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more freedom in design such that updating a parameter in the control scheme, for instance,
does not require one to then redesign the estimation scheme. This is very important due to
the nature of the numerical methods utilized. As we describe in Section 3.3.1, finding the
parameters for (3.4) involves finding a solution to a large-size linear matrix inequality, which
can be computationally expensive. For this reason, whenever possible, it is preferred not to
re-compute the parameters of (3.4) when the state feedback is revised. Our results can also
be applied to scenarios in which nonlinear state feedback is adopted, as discussed in Section
3.2.3. In such cases, analysis such as in”” cannot be directly applied.

We also highlight that our framework considers communication between agents at discrete-
times, with further information exchange allowed through utilization of #-round linear con-
sensus. Our methodology and main results can thus be applied to varied engineering prob-
lems in which agents might only be able to exchange information a limited number of times
over finite time intervals. This makes our problem setting distinct from that investigated
in°»

We formalize our main problem as follows.

Problem 1. For fixed m > 0, compute the parameters {Vsz}iJEV, {L;}iev and identify the
set of state feedback gains {K;}cv for which the control inputs determined by (3.3) and (3.4)

stabilize the system (3.1).

3.2 PARAMETER DESIGN FOR STATE FEEDBACK AND DISTRIBUTED ESTIMATION

As mentioned previously, our goal is to compute the parameters of (3.4) that result in the
stability of (3.1). We begin by considering the case with no linear consensus (7 = 0), and

provide analysis regarding the general case, with 72 > 0, in Section 3.2.2.
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We define the estimation error for each agent as &;(k) = x(k) — x,(k). Using (3.1), (3.3)-

(3.5), the state equation for the error x;(k) can be derived as follows:

Gk +1) = (A= L,C) x:(k) + 3 oy BiK; (%:(k) —%;(k))

+ Der, Wi (55(k) — 5:(k)) . (3.6)

We seek to provide a framework in which we can design pertinent control and estimation
parameters independently. As a means to achieve this, we cast (3.6) as a feedback intercon-
nection of two components — the control component (3.7) and the estimation component (3.8)
which are defined below. We then find sufficient conditions for the feedback interconnection
of the two components to attain the convergence limy_, . ||%;(£)||, = 0 foreachagents € V.
This ensures that each agent’s estimation error converges to zero. We then use this result to
address Problem 1 and, given a set of state feedback gains, find the parameters { VVij}l- jevand
{L;};ev which stabilize (3.1).

We first split up the parameters 17; into two parts, one of which will be utilized in the

control component and the other which will be utilized by the estimation component. Let

Wy = W;i + Wg and define

bik) = 32 ey BiK;(%:(k) — X;(k)) — 20 ,cn, Wi (Rilk) — %(K)) (3.7)
Gk +1) = (4 — LiC) x(k) — D ien, WilEu(k) — %(k)) + 0:(k). (3.8)

The first thing to note is that the feedback interconnection of (3.7) and (3.8) is equivalent to

(3.6). We have just used (k) as a means to contain all pertinent parameters related to the con-
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trol aspect of our problem. Let us first consider (3.7). The first term ZJEV BK;(%;(k) —x;(k))
is an indication of the error in agent s estimate of the control action applied to the system.
We then use ), Wg(fcl(k) — X;(k)) as a means to counteract this error. At first glance it
might seem ideal to select Wf]: = B;K;. However, such choice of Wg turns out to not be
optimal in our formulation. We explore what we mean by this more in Section 3.4. In Sec-
tion 3.3, we use a linear matrix inequality (LMI) to construct an appropriate optimization
problem and solve for the most advantageous Wg Now considering (3.8), we see that it is
equivalent to (3.6) except that we are now representing the control input estimation error
term by v;(k) and instead adopt { Wi}, Jev in place of { Wy} jev.

The key to being able to separately design the control and estimation parameters is through

the use of the small-gain theorem [, Chapter 5.4] to specify conditions on the parameter

selection that ensure the convergence in (3.6). To achieve this, we represent the estimation

component (3.8) as an LTT system with state x(k) = (x;(k), - - - , *n(k)) € R"" and input
o(k) = (01(k), -+, on(k)) € R™ as follows:
k +1) = Ax(k) + (k) (3.9)

where A € R*™N*N is defined as

A = diag(d — L,Cy, - -+, A — LyCy) + WE (3.10)
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and 7" is a block matrix whose 7, j-th block element is

/

Wg. if; € N\{7}
[WE]l] =3 - ZZEN,\{:’} WZEZ ifj =1 (3.11)
0, otherwise.

Also, we rewrite the control component (3.7) as
o(k) = Di(k), (3.12)

where D is a block matrix whose 7, j-th block element is

(

B+ W ifjEN\ {7}

D=4 ey BKI— e WS ifj=1

—BK; otherwise.

3.2.1 LMIFORMULATION FOR PARAMETER DESIGN

Let G be the (input-to-state) transfer function matrix of (3.9). Asan application of the small-
gain theorem [, Chapter 5.4], the feedback interconnection of the estimation component
(3.9) and the control component (3.12) is L,-stable if it holds that || G| g || D||2 < 1.

Let us consider a more general condition ||G||,, < y for some positive real y. It is well-

known that the bounded real lemma for discrete-time LTT systems " can be used to estab-
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lish the following equivalence:

-X X4 In Oun

~ AX X On X
1G]l <y <0 (3.13)

[nN OnN _7[711\[ O;'LN

where yis a positive real numberand X € R s a symmetric and positive-definite matrix.

In the following lemma, we provide a sufficient condition under which a solution X, y exists

for (3.13).

Lemma 1 (**). Suppose that there are { Wi} AL }iev for which A given in (3.10) is Schur
ijev

stable. Then, a solution X = X" = 0,y > 0 exists for (3.13).
Remark 1. In Lemma 1 we operate under the assumption that parameters { Wg} ALYiev
ijev

exist for which A is Schur stable. However, this assumption, given the specifications of our prob-
lem, is justified. The results of > from the distributed estimation literature address the
existence of the parameters { Wg}zzjev’ {L;}iev for which A is Schur stable when the system
(3.1) 25 jointly observable and the graph G is strongly connected. The result of > is based on
state augmentation and that of  leverages the system model structure (3.1) and connectivity of

the underlying graph. With these results, Lemma 1 implies that the joint observability of (3.1)

and. the strong connectivity of G are sufficient for the LMI (3.13) to have a solution.

We now use Lemma 1 as a basis to address our main problem of finding estimation and
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control parameters to stabilize the system (3.1). First, given y, > 0, we define

K, = {{K}iev|d + ),y BiK;isSchur stable, min ey,

72 JEV HDHZ < 72}

The set K, refers to the control gains {K;},cv for which |D> < 7,, where the design pa-
rameters { Wg }4jev are selected to minimize the norm. In addition, these control gains must
also satisty 4+ ZZ'EV B;K, being Schur stable. Given this definition, we have the following

Theorem.

Theorem 2 (**). Suppose given parameters {Wg}gev, {L;}iev of the estimation component
G satisfy ||Gllu.. < % ego (3.13) bas a solution with the same y. Assuming that K, is
nonempty, for any state feedback gains {K;} ;v belonging to K, there is { Wg} 1 jev such that

the control inputs determined by (3.3) and (3.4) stabilize the system (3.1).

Note that it is possible that K1 is an empty set if y in the statement of Theorem 2 is too
large. In other words, when the H.-norm of the estimation component is too large, there is

no control gain that stabilizes (3.1) while satistying the inequality min sy, |D||, < y!

JEV
for the small-gain theorem to hold. This is where utilizing 72-round linear consensus becomes
critical. In Section 3.2.2, we show that with more frequent information exchange the set K1
becomes larger. In other words, the agents have more options to select state feedback gains

that stabilize (3.1) and satisfy the inequality condition for the small-gain theorem to hold. In

effect, linear consensus is used to extend the operating regime of our algorithm.
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3.2.2 EFFECT OF LINEAR CONSENSUS ON STABILITY

We now consider the case in which agents can utilize a consensus matrix P to fuse their state
estimates with estimates of the neighbors using 7-round linear consensus (3.5). Without
loss of generality, we assume that 2 is an even number, G is undirected, and P is symmetric.
We define # (k) = Q™/?%(k) and 7/ (k) = Q"/*5(k), where Q = P ® I,. Note that we can
handle the case of odd 7 by setting & (k) = Q1"*/21%(k) and #' (k) = Q"/2)5(k) where the floor
function |- | isgiven by x| = max{y € Z |y < x}. By using (3.1), (3.3)-(3.5) and following
similar steps to obtain (3.9) and (3.12) in Section 3.2, we can derive the state equations for

the control and estimation components as follows:

V'(k) = Q"*DQ"*# (k) (3.14)

H(k+1) = Q"2AQ" % (k) + ¥ (k) (3.15)

We can now refine the definition of K?’z under the paradigm of linear consensus. Given

;/2>O,

Ky m = {H{K:}iev | 4+) oy BiK; is Schur stable, min{Wg}l-,/ev HQ’”/ZEQWZHZ <9,}
Similarly, we can extend Theorem 2 to the case where agents are able to employ 7-rounds
of linear consensus.

Theorem 3 (*'). For any giveny, > 0, there is m* > 0 for which X, ,, is non-empty for
m > m”*. For sufficiently large m, we can design parameters { W}, ;ev, {L;}iev for which the

LTI system (3.1) is stable with any {K;} ey belonging ro K,y-1,, where y is the Hoo-norm of
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(3.15).

This is a powerful result regarding the applicability of our algorithm. If a sufficiently large
number of consensus rounds 7z are able to be performed, Theorem 3 implies that K1 ,,, will
be nonempty and we can always find gains { K} ;cv to stabilize the system. This also implies
that by increasing 72 we can design the parameters { VVZj}i JEVs {L;};ev to allow the agents to
adopt arbitrarily large state feedback gains {K; }ev.

We now detail how our algorithm can be extended to employ nonlinear control.

3.2.3 EXTENSION

Suppose that (3.3) consists of linear and nonlinear parts:
k) = Kool k) + g, is(h)). (3.16)

This type of a control law could be utilized to maneuver multiple vehicles as in Example 1.
The linear part K,x;(k) can be used for vehicle formation control. The nonlinear partg (%;(k))
can then be used for obstacle avoidance as the nonlinearities allow for a more reactive action.

With the nonlinear feedback, we can represent (3.4) by the following two components:

vi(k) = Doy Bile(%(k) — (%)) = ey, Bilp(2:lk)) — p(%(k))) (3.17)
where we assume that there is a constant y,. for which ||3(k) ||, < 7. ||%(£)]|> holds and

%i(k+1) = (A —L:C;) (k) + 3 ey BiEK(%i(k) —5:(k)) = 3 ey, Wi(%s(k) —%;(k)) +0:(k).
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There are important distinctions with this formulation and that discussed in Section 3.2.
Here, we substitute I7;;(%;(k)—;(k)) in (3.4) with the following nonlinear function: W;(%;(k), x;(k)) =
W?(ﬁcj(k) —x;(k)) + Bj(‘uj.(a%,'(/e))—{uj(fcj(/e))). This means that there are no longer design pa-

rameters W<

7> so there is no optimization being performed for the 7;(k) component. Also,

the design of the parameters {Wg}Z > 1L:}iev for the estimation component will depend
on the linear part {K;},cy of (3.16). In this case, the small-gain theorem can be used to es-
tablish the stability results as in Theorems 2 and 3 if it holds that | G|y, < 7', where Gis

the transfer function of (3.18).

3.3 SIMULATIONS

We now consider the LTT system from Example 1 over line and ring graphs along with a multi-

vehicle formation control problem to validate our analytical results.

3.3.1 PARAMETER DESIGN

Recall that the control gains {K;}, .y are assumed to be given. As such, the key design pa-

rameters in our framework are P, { ij } , { 144 ZJ»C} ,and {L;},.y. We select Ptobea
ijev ijev

Y

stochastic matrix with smallest second eigenvalue which conforms with G. This allows the
agents to fuse the estimates with those of their neighbors as fast as possible. In addition, we
can simplify our analysis by choosing Wg = P;A as motivated by the approach of 7*.

We are then left with the design parameters {Z;},cv and {Wg}, Jjev. Since we want to
afford ourselves the largest safety factor when satisfying the small-gain theorem, we seek to
compute {L;},ev and { Wg}l Jjev that minimize the H,-norm of (3.15) and the 2-norm of

(3.14), respectively. Utilizing the bounded-real lemma condition for the estimation compo-
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nent, we can minimize the H.-norm of (3.15) as

minimize, x {1,},.,Y (3.19)
—X X(Q*?4Q"?) Ly Ow
(Qn2aQm?)' x —X O X
subject to =<0
OnN X OnN _7[nN

wherey > 0, X = X” > 0,and Q = P ® I,. Note that (3.19) is a non-convex op-
timization. Similarly, when minimizing the norm of the control component we have that
Q"2 DQ"?||; = inae[ Q> DQ™/?] where 7, [M)] is the maximum singular value of ma-

trix M. The constraint ,,,.,[Q"/ ZDQ’”/ ?] < 9/ for positive and real y/ can be written as the

convex LMI
}/[nN Qm/ZDQm/Z
. . > 0. (3.20)
(Q"*DQ""?) Y I
Thus, we can minimize the 2-norm of (3.14) as
minimize 5/ (3.21)
7/7{ Wg}z',jEV

subject to (3.20).

3.3.2  SIMULATION RESULTS

Consider Example 1 with /N = 4 agents. In particular, we consider undirected line and ring

graphs as possible underlying communication structures. For each graph, we compute the
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Figure 3.2: Plots of the optimal value of (a) y for the estimation component design (3.19), (b) }/ for the control com-
ponent design (3.21), and (c) the product Y * ;/ where the critical value of 1 is drawn as a dotted line. Repeated from
Figure (9.2).

parameters of (3.4) by solving (3.19) and (3.21) for m = 0, 2, 4, 6, where the state feedback

gain, motivated by the centralized LQR controller, is given by

—0.192 0 —0.284 0
Ki=¢/® (3.22)
0 —0.192 0 —0.284
Here the vector ¢; is a canonical basis of dimension 4.

Figure 3.2 depicts the minimal costs y and 3 obtained in the optimizations (3.19) and
(3.21) as the number of consensus rounds 7 increases over both line and ring graphs. Note
that both the estimation and control component norms decrease with increasing consensus
rounds. This illustrates how linear consensus can be used to extend the operating regime of
our algorithm. If agents are able to communicate more frequently, then a larger safety factor
can be established within which the small-gain theorem is satisfied. This affords advantages

in parameter design. Given an estimation strategy, with more rounds of consensus 7z agents
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have greater flexibility to select state feedback gains which achieve system stabilization. We
also note that for a given value of 2, the norm values y and 5 are smaller for the ring graph
than for the line graph. Intuitively this makes sense as the ring graph has one additional edge
compared to the line graph. This additional edge increases information flow for estimate
sharing between agents and results in a faster rate of consensus. Another observation is that
the small-gain theorem is not satisfied for all simulated values of 7. Recall that we require
yxy < 1for the small-gain theorem to be satisfied. Figure 3.2(c) shows that 7 > 2 consensus
rounds are needed to meet this criterion for the control gain we select in (3.22). Given these
control gains, we see that linear consensus is zecessary for our algorithm to be stabilizing.

To illustrate the performance of our algorithm using the nonlinear control scheme out-
lined in Section 3.2.3, we consider a formation control problem. Again, we employ the LTT
system from Example 1 with N = 4 vehicles. The goal is for the vehicles to move along
the x-axis direction at a speed of 0.2 72 /s while maintaining a line formation with an inter-
vehicle spacing of 2 7. We further assume that vehicle 1 is the leader in that it will control
for its speed as well as maneuver for obstacle avoidance while the rest of the vehicles control
to remain in formation. The linear part of the control law keeps all of the vehicles in the
desired formation, while the nonlinear control is only employed by the leader whenever it de-

tects an obstacle. To formalize this, we adopt (3.16) to with a different notation. We define
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ui(k) = wp (k) + p, (k) with e (k) = (" (k), 2" (k)) as

(k) = = 3y Uy (5 (k) — (k) + dy) + k(55 (k) — (k) + ko (5(k) — 0.2))
7 () = — 3y Uk (B (k) — B (R)) + o (8] (k) — 5] (R))) + ko (8] (R)))

W) = — 3y (kp (B3 (k) — pi(k) + dy) + k(55 (k) — 55(k)))

4 )=~ Ty (10 ~F(0) A48 (4) ~ 5 (8)

for7 € {2,3,4}, whered; = 2(7 — j). Weselect k4, = 0.16 and k4, = 0.3. This setup
was motivated by the approach in ™" to achieve the desired formation control. Note that such
a control scheme will drive the leaders x-velocity to 0.2 /s and y-velocity to 0 7 /5. Ad-
ditionally, the inter-vehicle distances in the x-direction will be driven to 2 m, whereas the
inter-vehicle distances in the y-direction will be driven to 0 7. The velocities of the vehi-
cles in both the x-direction and y-direction will also be driven to be identical. Thus, we see
that the linear part of the control law is responsible for the formation control aspect of the
problem.

To avoid an obstacle, the leader uses the nonlinear control z, = (47, «;) defined below.

¢ ((k)) =0, s
i if [y (k) —po (k)| <1

A= —gr2f ifL< |- d)] <2 (3.23b)
0 otherwise

where £ = py(k) — pi(k) and p,(x(k)) = (0,0), 7 € {2,3,4}. Note that we assume that
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Figure 3.3: Formation control with 72 = 4 rounds of linear consensus showing (a) trajectories in the xy-plane, (b) U;C, and
(@ v:.' of all 4 vehicles as they maintain a line formation while avoiding a stationary obstacle at (10, 0). Repeated from
Figure (9.3).

the vehicles can measure the location p, = (¥, po) of the obstacle. Each vehicle estimates
the state of the system based on (3.18), which includes the linear part of the state feedback in
computing its parameters.

Figure 3.3 illustrates the simulation results on the formation control. Figure 3.3(a) illus-
trates the vehicle trajectories in the xy-plane across the simulation. An obstacle is located at
(x,7) = (10,0). We see the vehicles move from their initial positions down to the x-axis, at
which point they enter into the desired line formation. When the leader nears the vicinity of
the obstacle, it employs the nonlinear part of the control law (3.23) and successfully avoids
the obstacle. The remaining vehicles move in formation with the leader, and the formation
then continues traveling along the x-direction. We see in Figure 3.3(b) that after initial tran-
sients the vehicles maintain the desired velocity of 0.2 72/s along the x-axis. Furthermore,
we see in Figure 3.3(c) that after initial transients the vehicles begin to maintain the desired

velocity of 0 72/s in the y-direction. However, once the leader detects that is is near the ob-
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stacle and employs the nonlinear control, we see the y-velocities of the vehicles spike during
the avoidance maneuver before once again settling down to 0 72 /s as desired.
We now provide a brief analysis of the role of the network structure on the performance

of our algorithm.

3.4 ROLEOFNETWORKSTRUCTURE ON PERFORMANCE OF DISTRIBUTED ALGORITHM

Our algorithm formulation allows us to investigate the role of the network structure on the
norms of the estimation and control components. We can also get a sense of how the distri-
bution of control authority and the distribution of sensing across the agents each affects these
norms. We use as a comparison metric the quantity £ = y* 5. A smaller £ can be thought of
as requiring less or even no consensus to satisfy the small-gain theorem. So, we can compare
different graph structures and different distributions of control and sensing authority using
£

We present simulation results where we consider a state x(k) € IR® with state transition
matrix 4 = I3 and actuation and sensing being performed by N = 4 agents. Each case is
jointly controllable and jointly observable. We consider three graph classes: line graphs, ring
graphs, and star graphs. For each graph class we consider unique distributions of control and
sensing authority among the agents.

Recall that each agent 7 actuates ¢, states and senses 7; states. For the actuation, we consider
all unique distributions of only one agent controlling all three states, one agent controlling
two states and one agent controlling the remaining one state, and three agents controlling
one unique state each. Similarly for sensing, we consider all possible distributions of only one

agent sensing all three states, one agent sensing two states and one agent sensing the remaining
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one state, and three agents sensing one unique state each.

For simplicity, we consider identical actuation effort among actuator agents, meaning that
if we denote column j of the matrix B,K; as [b;k;]; forj € {1,2,3}, then [bk,]; = —0.1¢; if
agent 7 controls state j where ¢; is the j-th basis vector for R?, and [b:#,]; = o otherwise where
o is the 3 x 1 vector of zeros. Further, the rows of the matrix C; equal ejT if agent 7 senses
state j (note that each C; has 7; rows, so we simply ensure that each row contains a unique
ejT for each sensed state 7). Furthermore, we consider cases with no additional consensus, i.e.,
m = 0.

Recall that we use the bounded real lemma for discrete-time LTT systems to assert that the
condition |G|z, < y holds given that the LMI (3.13) holds. However, we noted that the
optimization minimizing ¥ is not convex. In order to simplify the following analysis we can
perform a change of variables to transform the problem into a convex one. Let Q = XL
and R = XW* where L = —diag(Ly, ..., Ly). Defining C= diag(Cy, ..., Cy), we have
|G|, < 7 holds given that there exists a symmetric and diagonal X € R*¥*"N where

X > 0 such that

X XA+QC+R In 0,
<0 (3.24)
* * _7[;1N 0,
* * * —vI,N

where repeated blocks within the symmetric matrix have been omitted for brevity. Note that
we have restricted X to be diagonal. While the conditions for the bounded real lemma are

still satisfied, we have restricted the dimensionality of the problem and may now only be able
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to find suboptimal solutions. However, such a restriction along with the change in variables

turns the problem into a convex one, greatly simplifying the computation.

3.4.1 LINE GRAPHS

Consider the unique ways to distribute actuation or sensing across four agents in a line graph:

A-l A-ll

10:03
OO0

®_
000 00

. = controls\senses three states

B-IV _@
_@

= controls\senses two states

= controls\senses one state

Figure 3.4: Distributions of actuation or sensing across a line graph with N = 4 agents. Class A includes one agent
controlling all three states, class B includes one agent controlling two states and one agent controlling the remaining one
state, and class C includes three agents controlling one unique state each. The class definitions are the same for sensing.

There are ten unique distributions shown in Figure 3.4. Thus, we can consider the 100
unique combinations of actuation and sensing which are possible for line graphs of N = 4
agents. We find that for actuation distributions A-I and B-V, when no peripheral agents have
any control authority, we get the smallest gain / = 0.1, whereas for the other eight distribu-
tions we get ¥/ = 0.1414. Similarly, sensing distributions A-II and B-V, when no peripheral

agents do any sensing, yield the smallest gain y = 3.054, whereas the other distributions all
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yield y = 4.036. Thus, there are only four combinations of actuation and sensing which
produce distinct values of £, and all are stabilizing without using consensus.
3.4.2 RiING GRAPHS

The unique ways to distribute actuation or sensing across four agents in a ring graph are

shown in Figure 3.s.

B-I o’o B-II

Figure 3.5: Distributions of actuation or sensing across a ring graph with N = 4 agents. The class definitions and color
scheme are as in Figure 3.4.

While there are 16 unique combinations of actuation and sensing which are possible for
ring graphs of N = 4 agents, all combinations yield the same value of £, with y = 2.332 and

¥ = 0.071, and thus all are stabilizing without using consensus.
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3.4.3 STAR GRAPHS

The unique ways to distribute actuation or sensing across four agents in a star graph are

*g°

B- B-II

\/@ ~

shown in Figure 3.6.

C-1 C-ll

\l/@

Figure 3.6: Distributions of actuation or sensing across a star graph with N = 4 agents. The class definitions and color
scheme are as in Figure 3.4.

There are 49 unique combinations of actuation and sensing distribution for star graphs of
N = 4 agents. For actuation distribution A-II, where the center agent does all the control,
we get ¥/ = 0, whereas for the other six cases we get / = 0.1414. Similarly, for sensing
distribution A-II, where the center agent does all the sensing, we find y = 1, whereas we have
y = 4.036 for the other six distributions. The star alone is best for the stability margin, but

all combinations are stabilizing without consensus.
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Figure 3.7: Unique values of ffor line, ring, and star graphs with N = 4 agents.

A comparison of unique values of £ for the three graph classes is shown in Figure 3.7. The
best-performing star graph combination outperforms the best-performing ring graph combi-
nation, which in turn outperforms the best-performing line graph combination. We classify
the best-performing combinations as those which provide the largest stability margin with
regard to satisfying the small-gain theorem. It is easy to observe from Figure 3.7 that all of
the combinations considered here stabilize the LTT system (3.1) without needing consensus
as the small-gain theorem is satisfied for 7 = 0.

We also point out a result related to the optimal values of Wl(j: Take actuation distribution
B-II for the star graph in Figure 3.6. Solving for the Wg parameters which minimize /, we
find that W3C2 = BiK; + B,K,. In other words, agent 3 is weighting its communication with
neighbor agent 2 is such a way as to diminish the influence on the norm of the control com-

ponent from both agent 1, which is not a neighbor of agent 3, and agent 2. Itis thus optimal
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in certain scenarios to weight communication with a neighbor to cancel out the influence of

n-hop neighbors where 7 > 1.

3.5 CONCLUSIONS

We investigated the design of a network of agents for the estimation and control of LTT sys-
tems. Since the separation principle does not hold, the estimation and control strategies need
to be jointly designed, which involves finding a solution to a large-scale optimization. This
could be a disadvantage if the agents need to change their control strategies without re-solving
the optimization. We have presented LMI formulations to characterize the conditions under
which the design of estimation and control can be decoupled, and shown how the frequency
of information exchange between agents affects the establishment of the conditions. Our
simulation results illustrate an application of our framework to multi-vehicle platooning.
We also briefly investigated the influence of the network structure on algorithm performance

across various actuation and sensing distributions.

68



Actuator and Sensor Allocation for

Distributed Control and Estimation

We now explore a methodology for allocating actuators and sensors across a given network of
nodes, focusing heavily on the actuation side of the problem. We consider the distributed es-

timation and control framework summarized in Chapter 3 and described in detail in Chapter
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9 and use as a comparison metric the quantity £ = y||D||, where D is a block matrix whose

7, j-th block satisfies
B+ it/ € NA()
—BiK; otherwise.

Here y isan upper bound on the norm of the transfer function of the estimation component,
which is related to the graph structure through an associated LMI. Thus, we can take £to rep-
resent the worst case product of the norms. A smaller £ can be thought of as requiring less or
even no consensus to satisfy the small-gain theorem constraint. Thus, we seek to minimize
the metric £ Note that for this analysis we have assumed that there are no consensus rounds
performed in the algorithm (72 = 0).

In Section 4.1 we introduce our methodology for actuator selection and formulate the
main problem. In Section 4.2 we build intuition using simple graphs. Sections 4.3-4.11 de-
scribe the simulation study as well as the statistical techniques used to answer our main ques-
tion. We also review pertinent centrality measures and specify how we will compare different
measures against one another as heuristics for actuator selection. Sections 4.12-4.15 illustrate
our statistical results across our test suite. In Section 4.16 we consider the analogous sensor

selection problem. Finally, we summarize key results and conclude in Section 4.17.

4.1 ACTUATOR ALLOCATION

We would like to identify "important” nodes to select as actuators. This concept is illus-

trated by scenarios in which we have a fundamental limit on how much actuation capacity
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we can sustain. For instance, if we have a limited amount of battery power, we would like
to distributed our available actuation effort to those agents that can contributed the most to
minimizing £ and, thereby, providing us with a larger stability margin. To get at this ques-
tion, we consider convexly weighting actuators to minimize | D||,. For ease of discussion,
consider a scalar process x with state transition matrix 4 = 1. Let B; = 1 with actuator

weights K; = —0.1a; foreach7 € [1,..., N] with

Z a; =1 (4.2)

This scheme allows us to control if an actuator is active or inactive through the allocation of

the a; terms. If #; = 0 then node 7 is inactive in an actuation sense. Note that a requirement
: . . . N .

of our algorithm is that we design K such that the quantity 4 + ) 7._| B;K, is Schur stable.

With 4 = 1 our convex weighting scheme yields

N N
A+ BK =1+ (1)(—0.1z)
=1 =1

N
=1-01) &
2; (4.3)

=1-0.1(1)

=09

which is Schur stable. Given a predefined set of B; values, we can use a semidefinite program

to find feasible /7§ and &, for 7,/ € [1,..., N] which minimize | D||,. Recall that ||D||, is
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just the maximum singular value of D. The constraint

Tmax[D] < Z (4-4)
for ~ € R can be written as the convex LMI*°

ST D
5 = 0. (4-5)
DT ST,

Thus, a semidefinite program can be formulated to find feasible Wg and «; which satisfy
(4.5) while minimizing X while also satisfying the convexity constraint (4.2). We first analyze

some simple graphs to get intuition.

4.2 BuiLDING INTUITION

We first look at a line graph with N = 5 nodes. Minimizing ||D||, yields the optimal distri-

bution of actuation weights seen in Figure (4.1).

a, = 0.1333 a, =0.2 as = 03333 a, =02 as = 0.1333

Figure 4.1: Distribution of optimal actuation weights across a line graph with N = 5 nodes.

The optimal selection of active actuators giving the most weight to node 7 = 3 naturally
leads us to wonder if node centrality could provide a guide. We note that the distribution of

actuation for this simple case trends with the distribution of betweenness centrality (BC) as
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seen in Figure (4.2).

BC =20 BC=3 BC =4 BC =3 BC=0

Figure 4.2: Distribution of betweenness centrality (BC) across a line graph with N = 5 nodes.

4.2.1 BETWEENNESS CENTRALITY

Betweenness centrality is a measure of how many shortest paths between pairs of nodes a
particular node lies on’’. For a graph G := (V, E) the betweenness centrality of a node

¢/ € Vis given by

sc = Y 2 (+6)

o".

jtitkey T
where 7, represents the total number of shortest paths between a given node ; to another
node & and oj(7) is the total number of shortest paths between these nodes which also pass

through node 7.

4.2.2  IMPACT OF MULTIPLE ACTUATORS

We next investigate a simple graph with N = 5 nodes. We see in Figure (4.3) the distribution
of actuation weights which minimizes || D||,, where the betweenness centrality has also been

included for ease of comparison.
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as = 0.0637
BC=0

a; = 0.2772 a, = 0.2772
BC=15 BC=15
a, = 0.191 a; = 0.191
BC =05 BC =05

Figure 4.3: Distribution of optimal actuation weights and betweenness centrality (BC) across a graph with N = 5
nodes.

Again we see that the trend observed between optimal actuation weighting and betweenness
centrality holds for this simple case. We also note that allowing for multiple actuators im-
proves upon the case with only a single actuation node. In the multiple actuation case shown
in Figure (4.3) we achieve || D||, = 0.0427; however, if we restrict ourselves to only allowing
for one agent to actuate, i.e., #; = 1 for some node 7, we obtain the optimal results shown in

Figure (4.4).
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Case 1 e Case 2 5
1 ‘
(D))
D], = 0.1155

B.K. = —0.1 ifiisanactuator
s 0  otherwise

. = actuator

Figure 4.4: Distribution of norms for unique selections of individual actuation agents across a graph with N = S nodes.

Note that the smallest we can make || D||, is 0.115 5 assuming a single actuating node 7 with
B;K; = —0.1, which was readily improved upon by allowing for heterogeneous actuation
and multiple actuators in the optimization.

We can also look at more irregular graph structures. Results from repeating the analysis for a

different graph with N = 5 nodes are shown in Figure (4.5).
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a; = 0.1893 a; = 0.1214

BC=1 BC=0

a, = 0.3736 a3 = 0.1893
BC=3 BC=1

as = 0.1264
BC=0

Figure 4.5: Distribution of optimal actuation weights and betweenness centrality (BC) across an irregular graph with
N = 5 nodes.

We once again see the trend between optimal heterogeneous actuation weights and between-
ness centrality. Similar to the graphs analyzed in Figures (4.3)-(4.4), we also see an improve-
ment by allowing for multiple heterogeneous actuators compared to the cases with only a
single actuaror. In the heterogeneous case shown in Figure (4.5) we achieve || D||, = 0.0645.
If we only allow for a single active actuator the optimal norms for each unique single actuator

placement are shown in Figure (4.6).
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Case 1 ; ‘e Case 2 o‘z
0\0
(8)
D], =0.1581
Case 4

|ID]|, =o0.1936

Figure 4.6: Distribution of norms for unique selections of individual actuators across a graph with N = 5 nodes.

We see that allowing for multiple heterogeneous actuators improves upon the minimum
norm of o.1155 in the single actuation cases. While it would be ideal to determine an an-
alytical expression which can be used to ascertain which qualities of a node’s centrality in
the graph might influence its optimality in an actuation sense, we nevertheless can resort to
statistical simulation techniques to determine probabilities of certain centrality measures be-
ing better indicators of actuation node selection than others. This will be the topic of the

following section.

4.3 SIMULATION STUDY

One method to inform if certain centrality measures are good indicators of which nodes to

use as actuators is to conduct a statistical simulation analysis. There is precedent for obtaining
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statistics from simulations in the graph theory literature ***>*°. Specifically, we will make
use of null hypothesis testing to further understand how different centrality measures could
aid in actuator selection. We can consider selecting the heterogeneous actuation weights as
functions of respective centrality measures. This implies that the actuation effort of an agent
would be selected proportional to its centrality measure, with more central agents exerting
larger actuation magnitudes. Before describing the logistics of the simulation study we will

first introduce some important concepts from statistical hypothesis testing.

4.4 StATISTICAL HYPOTHESIS TESTING

Statistical hypothesis testing involves comparing a null hypothesis, H,, with an alternative
hypothesis, H; *". The comparison of these two hypotheses is considered to be statistically
significant if, according to some threshold probability, the observed data would be unlikely
to occur given the truth of the null hypothesis. If this predetermined condition is met, one
chooses to reject the null hypothesis in favor of the alternative hypothesis. Note that speci-
tying this threshold probability is a means to control for the risk of incorrectly rejecting the

null hypothesis when it is in fact true

4.5 TWO-SAMPLE TESTING

The idea of two-sample testing is where we observe two independent random samples z =
(21,22, .. .,2,)andy = (31,92, - . . , ¥ ) which are drawn from possibly different probability
distributions. After observing these samples, we wish to test the validity of our null hypoth-

esis which can be stated as
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Hj: There is no difference between the means z of zand y of y.

The hypothesis test begins with determining a test statistic & which measures the effect we
are looking for. For example, if we expect thatz > 7, then we can choose as an alternative

hypothesis

H,;: The mean z of z is greater than the mean y of y.

To put this into perspective, z could represent the test scores of students who studied and
y could represent the test scores of students who didn’t study. Our alternative hypothesis
would then be a sensible one, stating that the test scores of studious students should on aver-
age be higher than those who do not study. In this case, we could choose as our test statistic
6=7z— ¥, which we would expect to be positive if studying works. In regards to the hy-
pothesis testing, if we cannot decisively reject the truth of H| then we cannot demonstrate
the superiority of studying over not studying in relation to test scores. The hypothesis test is
just a formal way to determine whether or not we should reject Hj.

Going back to the test-taking example, if the null hypothesis Hj is not true then we would
expect the test statistic fto be larger than if Hj is true. One nice thing about hypothesis test-
ing is we do not need to quantify what we mean here by ”larger”, only that larger values of

¢ imply more evidence to reject H. The next important concept is the achieved significance

level (ASL) of the test. The ASL is defined to be the probability of observing at least as large
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of a value of the test statistic § when the null hypothesis Hj is true. Mathematically we have
ASL = Proby, {6 > 6} (4.7)

A smaller ASL implies stronger evidence against Hy. Note that g isa hypothetical random
variable with the H| distribution. In other words, it is the distribution of 6 if H, is true.
The hypothesis test would then be to compute the 45 and make a decision on whether or
not to reject A, according to a conventional threshold. One thing to immediately note is
that the computation of the ASL requires knowledge of the underlying distribution of Hj,.
However, there need not be one single distribution to describe H. Thankfully, there are sim-
ulation techniques which we can use to get estimates of the statistics for our null hypothesis

of interest.

4.6 CENTRALITY MEASURES OF INTEREST

To apply the machinery of hypothesis testing as just described to our framework, we need a
way to determine relevant statistics for the null hypothesis. Before getting into the method-
ology for achieving that, we will first describe the various centrality measures, in addition to
betweenness centrality, which will be considered as possible heuristics for actuator selection.

For all definitions we assume a graph G := (V, E) with node set /" and edge set E.

4.6.1 CLOSENESS CENTRALITY

The closeness centrality (CC) of a node is classically defined as the inverse of the sum of the

distances between that node and all other nodes in the graph **. The closeness centrality of a
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nodez € Vis

1
CCi) = =——— (4.8)
Zjé )
where d(7, ;) is the distance between nodes 7 and ;.
4.6.2 DEGREE CENTRALITY
The degree centrality (DC) of a node is defined simply as
DC(7) = deg (i) (4-9)

where deg(7) represents the total number of edges incident to node 7. Note that for directed
graphs we have two notions of degree centrality, zn-degree and out-degree. In-degree is a count
of how many edges direct toward an agent (signalling that the agent can transmit information
to others) and out-degree is a count of how many edges direct away from an agent (signalling
that the agent can receive information from others). In the cases which follow we consider

graphs in which the in-degree and out-degree are equal and just consider the degree.

4.6.3 EIGENVECTOR CENTRALITY

Eigenvector centrality (EC) assigns relative scores to nodes in a graph under the assumption
that connections to high-scoring nodes are weighted more heavily in a node’s score than con-
nections to low-scoring nodes. Given the adjacency matrix A of the graph we can define the

relative score of a node 7 as

1
Y= Z Ajixs (4.10)
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which in vector notation is the eigenvalue equation Ax = Ax . The eigenvector centrality
EC(7) of a node 7 is then the 7-th component of the eigenvector associated with the unique

largest eigenvalue for this given eigenvalue equation.

4.6.4 INFORMATION CENTRALITY

Information centrality (IC) is related to how much information is contained in a path be-
tween any two nodes*>*'. The information in a path between two nodes 7 and ; is defined
as the inverse of the path length between these two nodes. The total information between

nodeszandj, I

i s the sum of the information contained in every path which connects nodes

and j and is given by
ot _ (7T i Ty—1
];» = (L, + ij — ZLZ-]-) (4.11)
where L is the graph Laplacian. We can then define the information centrality of node 7 as

~1
IC(7) = ]T[Zﬁ (4.12)

JjEV y
which is just the harmonic average of the total information between node 7and all other nodes

in the graph.

4.7 MONTE CARLO SIMULATIONS

To show how we can incorporate our problem statement within the framework of hypothe-

sis testing, consider the following null and alternative hypotheses.
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Hy: Selecting actuators by weighting as a function of betweenness centrality provides no

benefit over selecting actuators by weighting as a function of degree centrality.

H,: Selecting actuators by weighting as a function of betweenness centrality is better than

selecting actuators by weighting as a function of degree centrality.

Weighting an actuator 7 as a function of a specific centrality measure is accomplished by se-

lecting
Lo MG (4.13)
L e CM()

where CM(-) is the centrality measure of interest. For exposition purposes let’s consider

comparing H, and H,.

4.7.1  ERDOS-RENYI GRAPHS

To generate the samples of interest we employ Erdos-Renyi random graphs****. Such graphs
allow us to easily explore the actuator selection problem as a function of network density.
The version of the model we use constructs a graph by connecting pairs of nodes according
to a given connection probability. Let G(N, p) be an Erdos-Renyi graph with N nodes and
connection probability p, meaning that each edge between a pair of nodes is included in the
graph with probability p independently of every other edge. Thus, p is a parameter which we
can tune to generate graphs with varying edge densities. Example graphs for G(10, 0.3) and

G(10, 0.7) are shown in Figures (4.7) and (4.8), respectively.
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Figure 4.7: Erdos-Renyi graph with N = 10 nodes and connection probability o = 0.3.

4

T

Figure 4.8: Erdos-Renyi graph with N = 10 nodes and connection probability p = 0.7.

Note that for our analysis we only consider connected graphs.
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4.8 GENERATION OF SAMPLES

To compare the hypotheses H, and H; we generate M C Erdos-Renyi random graphs where
MC is the number of Monte Carlo rounds. The first actuation weighting scheme generates

weights as
DC(7) (4.14)
0= =<~ 4.14
2er DC()

where DC(7) is the degree centrality of node 7. This will give us the samples DC = (dcy, dey, . .
wherede; = [|D||,]; for7 € [1,. .., MC]. In other words, the samples are the values of || D),
for each simulated case where an associated LMI is solved to find feasible Wg terms to mini-
mize the norm given the « actuation weights calculated using (4.14). Similarly, for the same
MC Erdos-Renyi random graphs the second actuation weighting scheme assigns actuation

weights as
BC(7)
= (4.15)
5 o BCG)

where BC(7) is the betweenness centrality of node 7. This will give samples BC = (bcy, b, . . .
where be; = [||D||2); fori € [1, ..., MC] where the norm is again minimized by solving a

new LMI which selects appropriate Wg terms.

4.9 HyroTHEsIS TESTING

Given the samples DC and BC, we also calculate the sample mean and sample variance of

each as DC, 0% and BC, o5, respectively. We now define the test statistic as

3 DC — BC (4.16)
— I
oo/ MC + a5/ MC 4

8s

.y dCMc)

; bec)



Note that if we expect the norms on average to be smaller when weighting actuators as a func-
tion of betweenness centrality (H, is not true), then we would expect larger values of g than if
H, was true. Going back to the previous methodology, the next step in the hypothesis testing
would be to calculate the ASL; however, we don’t necessarily have access to the distribution

statistics of the H| case. To solve this we can make use of bootstrapping methods.

4.10 BOOTSTRAPPING

Bootstrapping methods allow us to estimate the statistics of the null hypothesis under con-
sideration’”. We will constructa sampling distribution that the test statistic would have if the
perceived effects of weighting according to betweenness centrality rather than degree central-
ity were not present in the population. Then, we can locate the test statistic on this new
distribution which we have created and compare with our observed test statistic to construct
the ASL. To construct a sampling distribution under the assumption of the null hypothesis
H, which says that weighting according to betweenness centrality is no better than weight-
ing according to degree centrality, we can construct two new data sets with the appropriate

null hypothesis underlying them. Let
dd, =dc, — DC + z (4.17)

and

b, = b, — BC+a (4.18)

for7 € [1,..., MC] wherea is the mean of the combined sample DC +BC. These new sam-

ples now operate under the pretense of the null hypothesis. We are now ready to implement
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bootstrapping. We draw a random sample (dc}) of size MC with replacement from dc. as well
as another random sample b¢; of size MC with replacement trom bc).. We then calculate a new

test statistic

7 DC" — BC"

V5e/MC + aje/MC

We then repeat this bootstrapping B times for some large value of B (we use B = 10000).
We now have B values of the test statistic § . We can estimate the ASL, or the p-value, of the

hypothesis test as

(4.20)

DY VP
? B

where 7 is the indicator function equaling 1 if its argument is true and o otherwise. We now
have a statistical approach to compare our hypotheses against one another. If the calculated
p-value is below a determined threshold we choose to reject the null hypothesis in favor of
the alternative hypothesis. While this discussion compared H,, with A, we can see how the

machinery can be extended to comparing other hypotheses against one another.
4.11  TEST CASES

We consider the following hypotheses:

Hoy: Selecting actuators by weighting as a function of betweenness centrality provides no

benefit over selecting actuators by weighting as a function of closeness centrality.

H,: Selecting actuators by weighting as a function of betweenness centrality is better than

selecting actuators by weighting as a function of closeness centrality.
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Hp: Selecting actuators by weighting as a function of betweenness centrality provides no

benefit over selecting actuators by weighting as a function of degree centrality.

H,: Selecting actuators by weighting as a function of betweenness centrality is better than

selecting actuators by weighting as a function of degree centrality.

Hps: Selecting actuators by weighting as a function of betweenness centrality provides no

benefit over selecting actuators by weighting as a function of eigenvector centrality.

Hj: Selecting actuators by weighting as a function of betweenness centrality is better than

selecting actuators by weighting as a function of eigenvector centrality.

Hy,: Selecting actuators by weighting as a function of betweenness centrality provides no

benefit over selecting actuators by weighting as a function of information centrality.

H,: Selecting actuators by weighting as a function of betweenness centrality is better than

selecting actuators by weighting as a function of information centrality.

We perform hypothesis testing to compare each pair of hypotheses {Hoi, Hi }, {Hoz, H, },
{Hos, Hs}, and {Hoys, H;} and generate appropriate p-values given by (4.20). Our test suite
consists of Erdos-Renyi graphs G(N, p) with N € [6,7,8,9,10,11,12,13] and

P €1[0.3,0.35,0.4,0.45,0.5,0.55, 0.6, 0.65, 0.7]. This allows us to investigate graphs with
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disparate numbers of nodes and varying edge densities.

4.12 COMPARING BETWEENNESS CENTRALITY WITH CLOSENESS CENTRALITY

Comparing the pair of hypotheses { Hyy, A, } allows us to investigate if weighting actuators as
a function of betweenness centrality provides any tangible benefits (in the sense of minimiz-
ing || D||,) over weighting actuators as a function of closeness centrality. A plot of appropriate
p-values vs. p is shown in Figure (4.9).

P-Value vs. p for Hypothesis of Betweenness > Closeness
2000 Monte Carlo Runs
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Figure 4.9: Comparison of hypotheses {HOI,Hl} across Erdos-Renyi graphs. Each data point is calculated using 2000
Monte Carlo runs.

An accepted practice is for p-values < 0.05 we can claim that the results provide statistically
significant evidence for accepting hypothesis A over Hy,;. Table 4.1 highlights the statistically

signiﬁcant cases in green.
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0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7
6 0.7617 | 0.5196 0.047 0.0164 0 0 0 0 0
7 1 1 0.9999 | 0.9693 | 0.7826 | 0.0744 0 0 0
8 1 1 1 1 0.987 0.8111 | 0.0283 0 0
N 9 1 1 1 1 0.9999 | 0.9296 | 0.1304 0 0
10 1 1 1 1 1 0.9707 | 0.3042 0 0
11 1 1 1 1 0.9995 | 0.9127 | 0.1136 0 0
12 1 1 1 1 0.9995 | 0.9071 | 0.0887 0 0
13 1 1 1 1 0.9997 | 0.8537 | 0.0189 0 0

Table 4.1: Comparison of hypotheses {HOI,HI} across Erdos-Renyi graphs. Each data point is calculated using 3000
Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We see that for many cases with p > 0.6 (excluding those for 9 < N < 12) the hypothesis
testing informs us that there is significant evidence that weighting actuators as a function of
betweenness centrality provides a marked benefit over weighting actuators as a function of
closeness centrality. Note that for larger values of p the generated Erdos-Renyi graphs have
proportionally higher average edge densities where the edge density for an undirected graph
G := (V,E) is defined as

EdgeDensity = nl—E| (4.21)

(n—1)/2
where |E| is the cardinality of the edge set and #(%z — 1)/2 is the total number of possible

edges. Note that in the limit as the number of generated Erdos-Renyi graphs goes to oo the

average edge density goes to p.

4.12.1 ImrAcCT OF FUuLLY CONNECTED NODES

A major driving factor behind the finding that p-values tend to become statistically significant
as p increases is the emergence of fully connected nodes. We have the following definition of

a fully connected node:
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Definition: A fully connected node for an undirected graph G := (V,E) isanode: € V
such that } ., A(7,j) = N — 1 where A s the adjacency matrix of graph Gand [ /] = N.

Recall that to minimize || D[, we use a semidefinite program to find feasible 77 and «; for

7,7 € V' which satisty the relevant LMI while minimizing the maximum singular value of D.

Conjecture: Let M be the set of all fully connected nodes in V' with M C V. It is opti-

mal in the norm-minimizing sense to select 2; = ﬁ forall; € Manda; = O forallj ¢ M.

In other words, the optimal distribution of actuation for a graph with fully connected nodes
is to proportionally weight those nodes and not weight any other nodes, meaning that only
the fully connected nodes end up actively actuating. Weighting in this way yields || D||, = 0.
This has been observed in all numerical simulations considered. In order to develop this
idea further, we now consider the optimal weighting scheme along with weighting using the
centrality measures as heuristics. An example Erdos-Renyi graph G(6,0.7) with two fully
connected nodes is shown in Figure (4.10), and the distribution of normalized «; values as a
function of node 7 for various weighting schemes along with the optimal weighting scheme

on this graph is shown in Figure (4.11).
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Figure 4.10: Erdos-Renyi graph with N' = 6 and edge connection probability p = 0.7. Nodes 1 and 6 are fully
connected.

Normalized o Weightings for Erdos-Renyi Graph with N = 6, p = 0.7
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Figure 4.11: Normalized « weightings for an Erdos-Renyi graph with N = 6 and edge connection probability p = 0.7.
Nodes 1 and 6 are fully connected.
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Immediately note how actuation weighting as a function of betweenness centrality yields a
minimum norm which is closest to the optimal case that is achieved by only weighting fully
connected nodes 1 and 6. In all cases, each weighting scheme puts the most weight on the
fully connected nodes, with the optimal scheme weighting no other nodes and betweenness
centrality placing relatively little actuation effort on nodes 3 and 5. In contrast, the other cen-
trality measures all put nonzero weights on the remaining nodes, resulting in higher overall
norms. Looking at the distribution of graphs which comprise the data in Figure (4.9) and
Table 4.1 we see that for a given /N as p increases there is a larger proportion of graphs which
have atleast one fully connected node. Graph distributions for N = 6 and N = 13 are shown

in Figure (4.12) and Figure (4.13), respectively, to illustrate this point.

Graph Distribution for N = 6 (2000 Monte Carlo Runs)
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Figure 4.12: Distribution of graph types used for comparison of hypotheses {Hm, Hl} for Erdos-Renyi graphs with
N = 6 nodes.

93



Graph Distribution for N = 13 (2000 Monte Carlo Runs)
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Figure 4.13: Distribution of graph types used for comparison of hypotheses {HOI, Hl} for Erdos-Renyi graphs with
N = 13 nodes.

More evidence that the presence of fully connected nodes provides a situation in which weight-
ing as a function of betweenness centrality tends to outperform weighting as a function of
closeness centrality can be seen by looking at the difference in norm values under these two
weighting schemes as a function of distance from a complete graph. The assumption is that
as p increases and graphs get closer to a complete graph in the sense of the Frobenius norm,
the prevalence of graphs with at least one fully connected node will increase and yield lower
overall norms when weighting as a function of betweenness centrality compared to weighting
as a function of closeness centrality. Figure (4.14) and Figure (4.15) illustrate findings in this

regard for Erdos-Renyi graphs G(10, 0.4) and G(10, 0.7), respectively.
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Metric Performance for Erdos-Renyi Graphs with N = 10, p € [0.4, 0.4]
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Figure 4.14: Difference between norms with actuation weighting as a function of closeness centrality and betweenness
centrality vs. distance from a complete graph for Erdos-Renyi graphs with N = 10 andp = 0.4. 1000 data points
comprise this figure.

Metric Performance for Erdos-Renyi Graphs with N = 10, p € (0.7, 0.7]
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Figure 4.15: Difference between norms with actuation weighting as a function of closeness centrality and betweenness

centrality vs. distance from a complete graph for Erdos-Renyi graphs with N = 10 andp = 0.7. 1000 data points
comprise this figure.
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We can see that when there is a high proportion of graphs with at least one fully connected
node the average difference in norm values in more positive than the case when there are
mostly graphs with no fully connected nodes. This implies that on average || D||, will be
lower when weighting actuators as a function of betweenness centrality than it would when
weighting actuators as a function of closeness centrality when there are larger proportions of
graphs with at least one fully connected node.

Since there is evidence that the presence of fully connected nodes provides a situation in
which weighting as a function of betweenness centrality tends to outperform weighting as a
function of other centrality measures, it is illuminating to look at the statistics only consid-
ering those graphs which have no fully connected nodes. These tend to be the graph types
in which the benefits of weighting by betweenness centrality are not as statistically signifi-
cant. Hypothesis testing comparing the hypotheses {Hyy, A, } only considering the graphs
with no fully connected nodes is shown in Figure (4.16) and statistically significant cases are

highlighted in green in Table 4.2.
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P-Value vs. p for Hypothesis of Betweenness > Closeness
Graphs with No Fully Connected Nodes
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Figure 4.16: Comparison of hypotheses {H()l, Hl} across Erdos-Renyi graphs. The statistics are generated only using
graphs with no fully connected nodes.

p
0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7

6 1 1 1 1 1 1 0.9999 | 0.9999 | 0.9991
7 1 1 1 1 1 1 1 0.9985 | 0.9871
8 1 1 1 1 1 1 0.9993 0.9683 0.6576

N 9 1 1 1 1 1 1 0.9935 | 0.7236 | 0.1258
10 1 1 1 1 1 0.999 0.9281 0.1646 0.0004
11 1 1 1 1 0.9998 | 0.9771 | 0.5501 | 0.0043 0
12 1 1 1 1 1 0.9544 0.2795 0 0
13 1 1 1 1 0.9994 | 0.9008 | 0.0876 0 0

Table 4.2: Comparison of hypotheses {H()h Hl} across Erdos-Renyi graphs. The statistics are generated only using
graphs with no fully connected nodes and statistically significant cases (p < 0.05) are highlighted in green.

A significant result is that there are still statistically significant cases which provide evidence
in support of the hypothesis that weighting as a function of betweenness centrality provides
benefit over weighting as a function of closeness centrality even when only considering graphs

with no fully connected nodes. In particular, these statistically significant cases tend to be for
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larger N as well as larger p. This is an important results as it provides us with more evidence
toward a more systematic methodology to select actuators. We are secking a heuristic which
can be applied to general networks in which there may or may not be fully connected nodes.
For robustness reasons, if there is only one node which is fully connected it may not be desir-
able to put all of the actuation on that node (even if it is optimal in the sense of norm min-
imization). Furthermore, one link failure could change whether a node is fully connected,
motivating the desire to use a heuristic with more built-in redundancy. These statistical re-
sults imply that betweenness centrality would be a good heuristic to use that still allows us to

get close to optimal performance without sacrificing resilience.

4.13 COMPARING BETWEENNESS CENTRALITY WITH DEGREE CENTRALITY

We can similarly perform hypothesis testing for the other pertinent pairs of hypotheses we
laid out previously. Comparing the pair of hypotheses {Hy,, H,} allows us to investigate
if weighting actuators as a function of betweenness centrality provides any tangible benefits
over weighting actuators as a function of degree centrality. A plot of appropriate p-values vs.

p is shown in Figure (4.17) and statistically significant cases are highlighted in Table 4.3.
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P-Value vs. p for Hypothesis of Betweenness > Degree
2000 Monte Carlo Runs
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Figure 4.17: Comparison of hypotheses {Hoz, Hz} across Erdos-Renyi graphs.
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Each data point is calculated using 2000

P
0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7
6 0.734 0.4595 | 0.0208 | 0.0128 0 0 0 0 0
7 1 1 1 0.9772 | 0.4375 | 0.0435 | 0.0002 0 0
8 1 1 1 1 0.947 0.4662 | 0.0682 0 0
N 9 1 1 1 1 0.9997 | 0.8821 | 0.1131 0 0
10 1 1 1 1 0.9997 0.854 0.0842 0 0
11 1 1 1 1 0.999 0.8135 | 0.0865 0 0
12 1 1 1 1 0.998 0.7302 | 0.034°9 0 0
13 1 1 1 1 0.9887 | 0.7972 | 0.0116 0 0

Table 4.3: Comparison of hypotheses {HOZ, Hz} across Erdos-Renyi graphs. Each data point is calculated using 2000
Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We again provide data only considering graphs with no fully connected nodes in Figure (4.18)

and Table 4.4.
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P-Value vs. p for Hypothesis of Betweenness > Degree
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Figure 4.18: Comparison of hypotheses {Hoz, Hz} across Erdos-Renyi graphs. The statistics are generated only using

graphs with no fully connected nodes.

p
0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7

6 1 1 1 0.9999 | 0.9985 | 0.9905
7 1 1 1 1 1 1 0.9986 | 0.9867 | 0.8443
8 1 1 1 1 1 1 0.9966 0.8109 0.4807

N 9 1 1 1 1 1 0.9996 | 0.9571 | 0.4888 | 0.0543
10 1 1 1 1 1 0.9915 0.745 0.1183 0.0002
11 1 1 1 1 0.9998 | 0.9435 | 0.4124 | 0.0037 0
12 1 1 1 1 0.9986 0.83 0.1351 0 0
13 1 1 1 1 0.9917 | 0.8465 | 0.0477 0 0

Table 4.4: Comparison of hypotheses {Hoz, Hz} across Erdos-Renyi graphs. The statistics are generated only using

graphs with no fully connected nodes and statistically significant cases (p < 0.05) are highlighted in green.

There is again strong statistical evidence to support that for larger /N and larger p weighting

actuators as a function of betweenness centrality provides improvement over weighting ac-

tuators as a function of degree centrality.

I00



4.14 COMPARING BETWEENNESS CENTRALITY WITH EIGENVECTOR CENTRALITY

Comparing the pair of hypotheses { Hy3, A3} allows us to investigate if weighting actuators
as a function of betweenness centrality improves over weighting actuators as a function of
eigenvector centrality. A plot of appropriate p-values vs. p is shown in Figure (4.19) and
statistically significant cases are highlighted in Table 4.5.

P-Value vs. p for Hypothesis of Betweenness > Eigenvector
2000 Monte Carlo Runs
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Figure 4.19: Comparison of hypotheses {H03, H3} across Erdos-Renyi graphs. Each data point is calculated using 2000
Monte Carlo runs.
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[

0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7
6 0.0906 | 0.0116 | 0.0001 0 0 0 0 0 0
7 1 0.9985 | 0.8409 | 0.3729 0.008 0.0005 0 0 0
8 1 1 0.9999 | 0.9701 | 0.4379 | 0.0373 | 0.0001 0 0
N 9 1 1 1 0.999 0.9107 | 0.2476 0 0 0
10 1 1 1 0.9995 | 0.9362 | 0.2604 | 0.0006 0 0
11 1 1 1 0.9987 | 0.9678 | 0.2898 0 0 0
12 1 1 1 0.9989 | 0.8834 | 0.1959 0 0 0
13 1 1 1 0.9955 | 0.8443 | 0.0803 0 0 0

Table 4.5: Comparison of hypotheses {H03, H3} across Erdos-Renyi graphs. Each data point is calculated using 2000

Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We again provide data only considering graphs with no fully connected nodes in Figure (4.20)

and Table 4.6.
P-Value vs. p for Hypothesis of Betweenness > Eigenvector
Graphs with No Fully Connected Nodes
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Figure 4.20: Comparison of hypotheses {H03, H3} across Erdos-Renyi graphs. The statistics are generated only using

graphs with no fully connected nodes.
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P

0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7
6 1 1 1 1 0.9952 | 0.9863 | 0.9782 | 0.9323 | 0.8867
7 1 1 1 1 0.9995 | 0.9904 0.906 0.7672 | 0.4772
8 1 1 1 0.9999 | 0.9936 | 0.9648 | 0.8462 | 0.3965 | 0.0635
N 9 1 1 1 1 0.9938 | 0.8964 | 0.3657 | 0.0657 | 0.0003
10 1 1 1 0.9998 | 0.9856 | 0.7616 | 0.1335 [ 0.0005 0
11 1 1 1 0.9996 | 0.9857 | 0.5309 | 0.0084 0 0
12 1 1 0.9998 | 0.9991 | 0.9033 | 0.3071 | 0.0011 0 0
13 1 1 1 0.9963 | 0.8518 0.111 0.0001 0 0

Table 4.6: Comparison of hypotheses {H03, H3} across Erdos-Renyi graphs. The statistics are generated only using
graphs with no fully connected nodes and statistically significant cases (p < 0.05) are highlighted in green.

Once again networks with larger N and larger p exhibit strong statistical evidence that weight-
ing actuators as a function of betweenness centrality provides a benefit over weighting actua-
tors as a function of eigenvector centrality. Even when only considering graphs with no fully

connected nodes these trends remain.

4.15 COMPARING BETWEENNESS CENTRALITY WITH INFORMATION CENTRALITY

Finally we compare the pair of hypotheses {Hys, H}, allowing us to investigate whether
weighting actuators as a function of betweenness centrality provides any benefit over weight-
ing actuators as a function of information centrality. A plot of appropriate p-values vs. p is

shown in Figure (4.21) and statistically significant cases are highlighted in Table 4.7.
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P-Value vs. p for Hypothesis of Betweenness > Information
2000 Monte Carlo Runs

1 * *- * T T
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p

Figure 4.21: Comparison of hypotheses {[—[047 H4} across Erdos-Renyi graphs. Each data point is calculated using 2000
Monte Carlo runs.

p
0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7
6 0.6073 | 0.3041 | 0.0253 0.001 0 0 0 0 0
7 1 1 1 0.9473 0.453 0.0036 0 0 0
8 1 1 1 0.9999 0.986 0.4688 0.0057 0 0
N 9 1 1 1 1 0.9971 | 0.7453 | 0.0535 0 0
10 1 1 1 1 0.9978 0.8937 0.0995 0 0
11 1 1 1 1 0.998 0.8648 | 0.0323 0 0
12 1 1 1 1 0.9976 0.7692 0.0233 0 0
13 1 1 1 1 0.9923 | 0.5908 | 0.0026 0 0

Table 4.7: Comparison of hypotheses {H04, H4} across Erdos-Renyi graphs. Each data point is calculated using 2000
Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We again provide data only considering graphs with no fully connected nodes in Figure (4.22)

and Table 4.8.
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P-Value vs. p for Hypothesis of Betweenness > Information
Graphs with No Fully Connected Nodes
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Figure 4.22: Comparison of hypotheses {[—[047 H4} across Erdos-Renyi graphs. The statistics are generated only using
graphs with no fully connected nodes.

P
0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7
6 1 1 1 1 1 1 1 0.9991 | 0.9983
7 1 1 1 1 1 1 0.9999 | 0.9935 | 0.9374
8 1 1 1 1 1 1 0.9979 | 0.9309 | 0.5298
N 9 1 1 1 1 1 0.9981 0.956 0.5269 | 0.0658
10 1 1 1 1 1 0.9932 | 0.8208 0.078 0.0003
11 1 1 1 1 1 0.9692 0.238 0.0007 0
12 1 1 1 1 0.9974 | 0.9065 | 0.0933 0 0
13 1 1 1 1 0.992 0.6842 0.011 0 0

Table 4.8: Comparison of hypotheses {H04, H4} across Erdos-Renyi graphs. The statistics are generated only using
graphs with no fully connected nodes and statistically significant cases (p < 0.05) are highlighted in green.

We again see statistical evidence which shows that for larger /N and larger p betweenness cen-
trality may provide benefits over information centrality when weighting actuators. These

results also hold when only considering graphs with no fully connected nodes.
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4.16  SENSOR ALLOCATION

Up until this point we have focused on studying the actuator assignment problem. Now we
seek to gain insight into how similar techniques can be utilized to understand the analogous
sensor assignment problem. This necessitates investigating the estimation component of our
distributed control and estimation framework. Denoting the transfer function matrix of the
estimation component as G, recall that in Chapter 3 we considered the general condition
|G|, < yfory € Reg. We have encountered y in the metric £ = y * % which we seek
to minimize. We now set out to identify important nodes to select as sensors and consider
convexly weighting sensors to minimize . For ease of discussion we consider a scalar process

x with state transition matrix 4 = 1. Let C; = 1 with observer gains L; = a; for each

i€ 1,...,N]with
Z“" =1 (4.22)

This scheme allows us to control if a sensor is active or inactive through the allocation of the
a; terms. If 2; = 0 then node 7 is inactive in a sensing sense. The same reasons that apply
for using only a subset of available actuators extend to the sensing case. We are operating
under the assumptions of power limitations or a hierarchy of sensing tasks where we may
only allocate a subset of sensors to a specific task for a limited amount of time. Here the
relative magnitude of «; values correspond to the magnitude of observer gains used in the
estimation process. To compare across our centrality measures of interest, we weight a sensor
7 as a function of a specific centrality measure by selecting

e MG (4.23)
C X M)
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where CM(-) is the centrality measure of interest. Recall that in Section 3.4 of Chapter 3 we
used a convex version of the estimation component LMI given in (3.24) to greatly simplify
the analysis. We again employ this formulation for the following simulations. Recall that
the LMI (3.24) is a function of X, 4, L;, C;, and Wlfj forz,j € [1,...,N]. Thus, given a
predefined set of C; values and with observer weights given by (4.23 ), we can use a semidefinite
program to find feasible X > 0 and VVg for 7,7 € [1,..., N] which satisfy (3.24) while

minimizing y.

4.16.1  TEsT CASES

We consider the following hypotheses:

Hy;: Selecting sensors by weighting as a function of betweenness centrality provides no ben-

efit over selecting sensors by weighting as a function of closeness centrality.

H;: Selecting sensors by weighting as a function of betweenness centrality is better than se-

lecting sensors by weighting as a function of closeness centrality.

Hyy,: Selecting sensors by weighting as a function of betweenness centrality provides no ben-

efit over selecting sensors by weighting as a function of degree centrality.

H,: Selecting sensors by weighting as a function of betweenness centrality is better than se-

lecting sensors by weighting as a function of degree centrality.

107



Hj;: Selecting sensors by weighting as a function of betweenness centrality provides no ben-

efit over selecting sensors by weighting as a function of eigenvector centrality.

: Selecting sensors by weighting as a function of betweenness centrality is better than se-
H: Selecting by weighting as a function of bet trality is better th

lecting sensors by weighting as a function of eigenvector centrality.

Hy,: Selecting sensors by weighting as a function of betweenness centrality provides no ben-

efit over selecting sensors by weighting as a function of information centrality.

H,: Selecting sensors by weighting as a function of betweenness centrality is better than se-

lecting sensors by weighting as a function of information centrality.

We perform hypothesis testing to compare the pair of hypotheses {Hj,, i}, {Hy,, H,},
{Hy;, Hy}, and {H{,, H,} and generate appropriate p-values given by (4.20). Our test suite

consists of Erdos-Renyi graphs G(N, p) with N € [6,8,10,12,14]andp € [0.3,0.4,0.5,0.6,0.7].

4.16.2 COMPARING BETWEENNESS CENTRALITY WITH CLOSENESS CENTRALITY

Comparing the pair of hypotheses { Hy,, H; } allows us to investigate if weighting sensors as a
function of betweenness centrality provides any tangible benefits over weighting sensors as a
function of closeness centrality. A plot of appropriate p-values vs. pis shown in Figure (4.23)

and a table highlighting statistically significant cases is shown in Table 4.9.
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P-Value vs. p for Hypothesis of Betweenness > Closeness
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Figure 4.23: Comparison of hypotheses {H&, H{} across Erdos-Renyi graphs.

Monte Carlo runs.

T

0.4

500 Monte Carlo Runs
T

0.5

p

P
0.3 0.4 0.5 0.6 0.7
6 0 0 0 0 0
8 0 0 0 0 0
N 10 0 0 0 0 0
12 0 0 0.0004 0.0084 0.0736
14 0.0001 0.0006 0.0019 0.0094 0

Each data point is calculated using 500

Table 4.9: Comparison of hypotheses {an, H{} across Erdos-Renyi graphs. Each data point is calculated using 500

Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We see that for all simulated cases there is extremely strong statistical evidence that weighting
sensors as a function of betweenness centrality provides a benefit to weighting sensors as a
function of closeness centrality, save for the case with N = 12 and p = 0.7. This p-value,

while not below our defined threshold for statistical significance, is noted to still be relatively

small in magnitude.
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4.16.3 COMPARING BETWEENNESS CENTRALITY WITH DEGREE CENTRALITY

Comparing the pair of hypotheses { H,, H, } allows us to investigate if weighting sensors as
a function of betweenness centrality provides any tangible benefits over weighting sensors as
a function of degree centrality. A plot of appropriate p-values vs. p is shown in Figure (4.24)
and a table highlighting statistically significant cases is shown in Table 4.10.

P-Value vs. p for Hypothesis of Betweenness > Degree
500 Monte Carlo Runs
T

0.8

0.7 7

0.5 y

P-Value

0.3 7

0.2 7

Figure 4.24: Comparison of hypotheses {[-1627 [—1’2} across Erdos-Renyi graphs. Each data point is calculated using 500
Monte Carlo runs.



0.3 0.4 0.5 0.6 0.7
6 0 0 0 0 0
8 0 0 0 0 0
N 10 0 0 0 0 0
12 0 0.0001 0.0019 0.0263 0.0875
14 0.0005 0.0033 0.0019 0.0083 0

Table 4.10: Comparison of hypotheses {HBZ, H'z} across Erdos-Renyi graphs. Each data point is calculated using 500
Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We see that for all simulated cases there is extremely strong statistical evidence that weighting
sensors as a function of betweenness centrality provides a benefit to weighting sensors as a
function of degree centrality, save for the case with NV = 12 and p = 0.7. This p-value, while
not below our defined threshold for statistical significance, is noted to still be relatively small

in magnitude.

4.16.4 COMPARING BETWEENNESS CENTRALITY WITH EIGENVECTOR CENTRALITY

Comparing the pair of hypotheses { H(;, H} } allows us to investigate if weighting sensors as
a function of betweenness centrality provides any tangible benefits over weighting sensors as
a function of eigenvector centrality. A plot of appropriate p-values vs. p is shown in Figure

(4.25) and a table highlighting statistically significant cases is shown in Table 4.11.



P-Value vs. p for Hypothesis of Betweenness > Eigenvector
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Figure 4.25: Comparison of hypotheses {H63, Hg} across Erdos-Renyi graphs. Each data point is calculated using 500

Monte Carlo runs.

]
0.3 0.4 0.5 0.6 0.7
6 0 0 0 0 0
8 0 0 0 0 0
N 10 0 0 0 0 0
12 0 0 0.0022 0.0188 0.0887
14 0.0007 0.0044 0.0067 0.0006 0

Table 4.11: Comparison of hypotheses {H63, Hg} across Erdos-Renyi graphs. Each data point is calculated using 500

Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We see that for all simulated cases there is extremely strong statistical evidence that weighting

sensors as a function of betweenness centrality provides a benefit to weighting sensors as a

function of eigenvector centrality, save for the case with N = 12 and p = 0.7. This p-value,

while not below our defined threshold for statistical significance, is noted to still be relatively

small in magnitude.



4.16.5 COMPARING BETWEENNESS CENTRALITY WITH INFORMATION CENTRALITY

Comparing the pair of hypotheses { [, 1, } allows us to investigate if weighting sensors as
a function of betweenness centrality provides any tangible benefits over weighting sensors as
a function of information centrality. A plot of appropriate p-values vs. p is shown in Figure
(4.26) and a table highlighting statistically significant cases is shown in Table 4.12.

P-Value vs. p for Hypothesis of Betweenness > Information
500 Monte Carlo Runs
T

0.8

0.7 7

0.5 y

P-Value

0.3 7

0.2 7

Figure 4.26: Comparison of hypotheses {[-164, [—12} across Erdos-Renyi graphs. Each data point is calculated using 500
Monte Carlo runs.
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0.3 0.4 0.5 0.6 0.7
6 0 0 0 0 0
8 0 0 0 0 0
N 10 0 0 0 0 0
12 0 0 0.0008 0.0114 0.0769
14 0 0.0004 0.0011 0 0

Table 4.12: Comparison of hypotheses {H64, HZ} across Erdos-Renyi graphs. Each data point is calculated using 500
Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We see that for all simulated cases there is extremely strong statistical evidence that weighting
sensors as a function of betweenness centrality provides a benefit to weighting sensors as a
function of information centrality, save for the case with N = 12 and p = 0.7. This p-value,

while not below our defined threshold for statistical significance, is noted to still be relatively

small in magnitude.

4.16.6 TyricarL VALUES FOR UPPER BOUND ON EsTiMATION BLOCK NORM

For the Erdos-Renyi graph G(7, 0.5) shown in Figure (4.27), the minimum y* values achiev-

able when weighting sensors according to the centrality measures of interest as in (4.23) are

displayed in Figure (4.28).
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Figure 4.27: Erdos-Renyi graph with /N = 7 and connection probability o = 0.5.

Erdos-Renyi Graph with N = 7, p = 0.5
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Figure 4.28: Minimum }/* values when weighting sensors by the various centrality measures of interest for an Erdos-
Renyi graph with N = 7 and p = 0.5.
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We see that when weighting sensors using betweenness centrality, we achieve a minimum
y* = 6.233. Weighting sensors according to the other centrality measures of interest resultin
larger minimum achievable values of *, with the largest occurring when weighting sensors by
closeness centrality which yields y* = 6.975. This is but one example, but it gives a good idea

of typical values of »* which are achievable for the Erdos-Renyi graphs under consideration.

4.17 CONCLUSIONS

We have considered the problem of actuator and sensor allocation for the distributed esti-
mation and control framework detailed in Chapter 3. We considered a set of centrality mea-
sures as heuristics for actuator and sensor allocation. Specifically, we considered between-
ness, closeness, degree, and information centrality measures. We outlined a methodology to
use such centrality measures as weighting schemes for agent selection. With the goal of min-
imizing a key norm, we compared the results across of suite of Erdos-Renyi random graphs.
We showed that for a given connected graph, it is optimal to select fully-connected agents as
actuators. We further showed that among the centrality measures considered, in cases both
with and without the presence of fully connected agents, betweenness centrality statistically
has the most evidence suggesting that it is the best heuristic to use for actuator selection given
a sufficient edge density. We also showed that these results extend to the problem of sensor

selection, although in this case seemingly without the edge density restriction.
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Robustness and Scalability for Distributed

Control and Estimation

We are interested in assessing how our statistical conclusions regarding actuator selection ex-
tend from both a robustness and a scalability standpoint. The areas of robustness we will con-

sider include performance under graph generation methods other than Erdos-Renyi graphs,
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under irrecoverable node failure, and under sparsely available control authority.

In Section 5.1 we consider different graph generation methods in addition to Erdos-Renyi
graphs. Specifically, we look at Barabasi-Albert graphs as well as Watts-Strogatz graphs. In
Section 5.2 we consider the impact of irrecoverable actuator failures. We consider cases in
which one or two actuators fail, respectively. In Section 5.3 we analyze the impact of sparsely
available control authority on our statistical results. These are cases in which individual
agents do not have full controllability of the system. Rather, the network must rely on the
joint controllability amongst all of the agents. We show that this paradigm change does result
in different statistical conclusions being drawn; specifically, degree centrality shows strong
statistical evidence as being the best actuator selection heuristic in these cases rather than be-
tweenness centrality for networks with sufficient edge density. In Section 5.4 we consider
how our statistical results generalize to larger networks. Finally, in Section 5.5 we provide a

summary of key conclusions and takeaways.

5.1 ROBUSTNESS TO GRAPH GENERATION METHOD

We previously considered graphs generated using the Erdos-Renyi model. While this model
is extremely useful in facilitating general conclusions on graphs in a random way, it does have
certain limitations when comparing Erdos-Renyi-generated graphs to some graphs typically
encountered in design. We will highlight some of these limitations and discuss additional

graph generation methods which specifically address these concerns.
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5.1.1 BARABASI-ALBERT MODEL

One belief among researchers is that many real-world and technological networks approxi-
mately exhibit power-law degree distributions where the fraction P(k) of nodes in the net-

work having degree £ is given for large £ by

P(k) ~ k7 (5.1)

where typically 2 < y < 3*. Such networks are called scale-free and exhibit relatively few
hub nodes with high degrees of connectivity. Examples of studied networks with purported
power-law degree distributions include the movie actor collaboration network (where nodes
are actors and edges indicate that connected actors have worked in a movie together) as well as
phone call networks (where nodes are phone numbers and edges indicate a completed phone
call directed from the caller to the receiver) *°. Note that this contrasts with the Erdos-Renyi
model which produces networks with degree distributions that converge to a Poisson distri-
bution

Barabasi-Albert networks have also been shown to have applications to robotic networks,
with one example being drone swarms foraging in dynamic environments*°. Such scale-free
networks work to accelerate the collective response of the swarm to help cope with environ-
mental changes, but at the cost of a less coherent collective design. Since relatively few hubs
exert a large degree of influence on the network, collective decision-making can become fickle
in these types of networks.

The Barabasi-Albert model begins with an initial connected seed network consisting of 7,

nodes. New nodes are then sequentially added to the network, with each additional node
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connecting to # < 7, existing nodes with a probability that is proportional to the current
nodes’ existing degrees. The probability p; that this new node will connect with existing node

7is
=
i ZJ kj

where k; is the degree of node 7 and index j sums over all of the currently existing nodes.

(5-2)

It is clear that hub nodes which have high degrees will accumulate new nodes over time in a
mechanism known as preferential attachment, with new nodes “preferring” to attach to more
well-connected nodes over their less well-connected peers. Given a three node line graph as
the seed network, Figures (5.1) - (5.3) show networks with NV = 20 nodes generated using
the Barabasi-Albert model with » = 1, » = 2, and » = 3, respectively. Note that the z = 1
case corresponds to tree structures since each additional node connects to only one other
node and, correspondingly, there are no loops in these networks. As such, one can expect the
results for the #z = 1 cases to have pertinent differences to the = 2 and » = 3 cases due to

the inherent differences in graph structure.
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Figure 5.1: Barabasi-Albert graph with N = 20 nodes. This graph was seeded with a three node line graph and each
sequentially added node connected to # = 1 existing nodes.
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Figure 5.2: Barabasi-Albert graph with N = 20 nodes. This graph was seeded with a three node line graph and each
sequentially added node connected to 7z = 2 existing nodes.
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Figure 5.3: Barabasi-Albert graph with N = 20 nodes. This graph was seeded with a three node line graph and each
sequentially added node connected to # = 3 existing nodes.

5.1.1.1 TEST CASES

Asin Chapter 3, we perform hypothesis testing to compare each pair of hypotheses { Hy;, H; },
{Hoz, Hy}, {Hos, Hs}, and {Hos, H,} and generate appropriate p-values given by (4.20).
Our test suite consists of Barabasi-Albert graphs with N € [10,20,30] and » € [1,2,3]

where the seed networks are three node line graphs.

5.1.1.2 COMPARING BETWEENNESS CENTRALITY WITH CLOSENESS CENTRALITY

Comparing the pair of hypotheses { Hyy, A, } allows us to investigate if weighting actuators as
a function of betweenness centrality is an improvement over weighting actuators as a func-
tion of closeness centrality. A plot of p-values vs. 7 is shown in Figure (5.4) and a table

highlighting statistically significant cases is shown in Table s.1.
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P-Value vs. n for Hypothesis of Betweenness > Closeness
3000 Monte Carlo Runs
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Figure 5.4: Comparison of hypotheses {H()l, Hl} across Barabasi-Albert graphs. Each data point is calculated using
3000 Monte Carlo runs.

n
1 2 3
10 0.7859 0 0
N 20 0.9361 0.0002 0
30 0.9233 0.0025 0

Table 5.1: Comparison of hypotheses {Hm,Hl} across Barabasi-Albert graphs. Each data point is calculated using
3000 Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We again provide data only considering graphs with no fully connected nodes in Figure (s.5)

and Table 5.2.
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P-Value vs. n for Hypothesis of Betweenness > Closeness
Graphs with No Fully Connected Nodes
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Figure 5.5: Comparison of hypotheses {H()l, Hl} across Barabasi-Albert graphs. The statistics are generated only using
graphs with no fully connected nodes.

n
1 2 3
10 0.9171 0.0004 0
20 0.9319 0.0005 0
30 0.9232 0.0014 0

Table 5.2: Comparison of hypotheses {HOI, Hl} across Barabasi-Albert graphs. The statistics are generated only using
graphs with no fully connected nodes and statistically significant cases (p < 0.05) are highlighted in green.

There is statistical evidence that in all cases considered with » = 2 and » = 3 betweenness
centrality provides benefits over closeness centrality when weighting actuators. We see that
there is not strong statistical evidence for betweenness centrality in the cases with » = 1 and
tree graph structure. We note that the tree graphs are not very dense compared to the z = 2
and » = 3 cases for a given IN. As we have seen evidence that betweenness centrality works

well for denser graph structures, this result aligns with our intuition. These results also apply
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when only considering graphs with no fully connected nodes.

5.1.1.3 COMPARING BETWEENNESS CENTRALITY WITH DEGREE CENTRALITY

Comparing the pair of hypotheses {H,, H> } allows us to investigate if weighting actuators
as afunction of betweenness centrality is an improvement over weighting actuators as a func-
tion of degree centrality. A plot of p-values vs. # is shown in Figure (5.6) and a table high-
lighting statistically significant cases is shown in Table s.3.

P-Value vs. n for Hypothesis of Betweenness > Degree
1000 Monte Carlo Runs
T
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Figure 5.6: Comparison of hypotheses {Hoz, Hz} across Barabasi-Albert graphs. Each data point is calculated using
1000 Monte Carlo runs.
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1 2 3

10 0.6573 0.0069 0
N 20 0.807 0.2441 0.0801
30 0.7767 0.3792 0.1827

Table 5.3: Comparison of hypotheses {HOZ, Hz} across Barabasi-Albert graphs. Each data point is calculated using
1000 Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We again provide data only considering graphs with no fully connected nodes in Figure (5.7)

and Table 5.4.

P-Value vs. n for Hypothesis of Betweenness > Degree
Graphs with No Fully Connected Nodes
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Figure 5.7: Comparison of hypotheses {Hoz, Hz} across Barabasi-Albert graphs. The statistics are generated only
using graphs with no fully connected nodes.
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n
1 2 3
10 0.7522 0.1506 0.0222

N 20 0.81 0.2384 0.0823

30 0.7734 | 0.3822 0.1761

Table 5.4: Comparison of hypotheses {HOZ, Hz} across Barabasi-Albert graphs. The statistics are generated only using
graphs with no fully connected nodes and statistically significant cases (p < 0.05) are highlighted in green.

There is statistical evidence that for Barabasi-Albert graphs with N = 10 nodes and » =
2, 3 that weighting actuators as a function of betweenness centrality provides a benefit over
weighting as a function of degree centrality. When only considering graphs that have no fully
connected nodes, the statistically significant case is only for N' = 10 nodes and » = 3. We
see that betweenness centrality is not as clear-cut an improvement over degree centrality for
certain Barabasi-Albert graphs, but as 7 increases for the cases considered here there is more
and more evidence toward rejecting the null hypothesis Hy, in favor of betweenness centrality
providing an edge over degree centrality for actuator weighting. Note that for a given #, as
we increase N the overall density of the graph will decrease. Thus, we expect for each 7 that
the statistical evidence favoring betweenness centrality will decrease as /N increases, and this
trend is generally observed. Likewise, for a given N as we increase 7 the overall density of the
graph will increase. As expected, we observe that the statistical evidence favoring betweenness

centrality increases for a given N as n increases.

5.1.1.4 COMPARING BETWEENNESS CENTRALITY WITH EIGENVECTOR CENTRALITY

Comparing the pair of hypotheses { Hys, 3 } allows us to investigate if weighting actuators as

a function of betweenness centrality is an improvement over weighting actuators as a func-
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tion of eigenvector centrality. A plot of p-values vs. 7 is shown in Figure (5.8) and a table
highlighting statistically significant cases is shown in Table s.5.

P-Value vs. n for Hypothesis of Betweenness > Eigenvector
1000 Monte Carlo Runs
T
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Figure 5.8: Comparison of hypotheses {H03, H3} across Barabasi-Albert graphs. Each data point is calculated using
1000 Monte Carlo runs.

n
1 2 3
10 0.6147 0.0012 0
N 20 0.0426 0.2735 0.0298
30 0.001 0.2423 0.1028

Table 5.5: Comparison of hypotheses {H03, H3} across Barabasi-Albert graphs. Each data point is calculated using
1000 Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We again provide data only considering graphs with no fully connected nodes in Figure (5.9)

and Table 5.6.
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P-Value vs. n for Hypothesis of Betweenness > Eigenvector
Graphs with No Fully Connected Nodes
T
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Figure 5.9: Comparison of hypotheses {H03, H3} across Barabasi-Albert graphs. The statistics are generated only
using graphs with no fully connected nodes.

n
1 2 3
10 0.7478 0.0655 0.0005
N 20 0.0406 0.2676 | 0.0391
30 0.001 0.2362 0.1049

Table 5.6: Comparison of hypotheses {H03, H3} across Barabasi-Albert graphs. The statistics are generated only using
graphs with no fully connected nodes and statistically significant cases (p < 0.05) are highlighted in green.

We again see strong statistical evidence for scenarios where weighting actuators as a func-
tion of betweenness centrality would provide improvements over weighting as a function
of eigenvector centrality. Note the qualitatively different result here compared to previous
cases, however. Now we observe that even for tree graph structures with » = 1 that there is
strong statistical evidence for cases with N = 20 and /N = 30 favoring betweenness central-

ity. We conjecture that this is evidence that for our framework eigenvector centrality is not
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an appropriate centrality measure in acyclic graphs.

5.1.1.5 COMPARING BETWEENNESS CENTRALITY WITH INFORMATION CENTRALITY

Comparing the pair of hypotheses { Hy4, H,} allows us to investigate if weighting actuators
as a function of betweenness centrality is an improvement over weighting actuators asa func-
tion of information centrality. A plot of p-values vs. 7 is shown in Figure (5.10) and a table
highlighting statistically significant cases is shown in Table s5.7.

P-Value vs. n for Hypothesis of Betweenness > Information
1000 Monte Carlo Runs
T

—e-N =10
N =20

09r N = 30,

Figure 5.10: Comparison of hypotheses {H04, H4} across Barabasi-Albert graphs. Each data point is calculated using
1000 Monte Carlo runs.
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1 2 3

10 0.6322 0.0003 0

N 20 0.8163 0.0235 0
30 0.7941 0.0408 0

Table 5.7: Comparison of hypotheses {H04, H4} across Barabasi-Albert graphs. Each data point is calculated using
1000 Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We again provide data only considering graphs with no fully connected nodes in Figure (5.11)
and Table 5.8.

P-Value vs. n for Hypothesis of Betweenness > Information
Graphs with No Fully Connected Nodes
T

09+
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Figure 5.11: Comparison of hypotheses {[—[047 H4} across Barabasi-Albert graphs. The statistics are generated only
using graphs with no fully connected nodes.
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n
1 2 3
10 0.7712 0.019 0.0001

N 20 0.814 0.0219 0

30 0.7871 0.04 0

Table 5.8: Comparison of hypotheses {H04, H4} across Barabasi-Albert graphs. The statistics are generated only using
graphs with no fully connected nodes and statistically significant cases (p < 0.05) are highlighted in green.

For the Barabasi-Albert graphs studied we see for those with z = 2, 3 there is strong statistical
evidence that betweenness centrality would provide benefit over information centrality when
weighting actuators. We again see that there is not strong statistical evidence for betweenness
centrality in the cases with # = 1 and tree graph structure. Note that these results trend with
those seen when comparing to closeness centrality. In fact, information centrality reduces to
closeness centrality for tree graphs with 7z = 1, so the similarities in statistics compared to our

comparisons with closeness centrality is to be expected here.

5.1.1.6 SUMMARY OF RESULTS

Our statistical analysis over select Barabasi-Albert graphs reveals that there is strong statistical
evidence in favor of betweenness centrality being an appropriate heuristic for actuator selec-
tion, especially as the overall density of the graph increases. We note that for tree graphs struc-
tures with z = 1 that betweenness centrality does not perform well except when compared
to eigenvector centrality; however, this could very well be due to the fact that eigenvector

centrality is not a useful measure for our framework when the graphs are acyclic.
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5.1.2 WATTS-STROGATZ MODEL

Besides not accounting for the formation of hubs, another shortcoming of the Erdos-Renyi
model is it produces graphs with low clustering. Since the Erdos-Renyi model employs a con-
stant probability to connect nodes, we can intuitively see that local clustering or cliques of
nodes will not arise. The Watts-Strogatz model was developed as a simple way to randomly
generate graphs which naturally have high clustering, an attractive property since social net-
works as well as power grid networks have been shown to have clustering properties . An-
other property of Watts-Strogatz graphs is that they have short average path lengths similar to
Erdos-Renyi graphs, where the average path length is just the average number of hops along
the shortest paths between each pair of nodes in a graph. These two properties, a high degree
of clustering along with short average path lengths, give rise to what are known as small-world
networks.

Small-world networks logically have certain advantages for the design of large mobile robotic
teams where both local and global collaboration are required **. Specifically, the clustering
inherent to small-world networks is beneficial for local interactions, whereas the short aver-
age path lengths are conducive to global interactions.

The Watts-Strogatz model generates undirected graphs with N nodes and 2% edges where
Kis the mean degree (assumed to be an even integer). First a regular ring lattice is constructed
having N'nodes each connected to K total neighbors with £ neighbors on each side. For every
node 7, each edge connecting node 7 to its 13< rightmost neighbors is rewired with probability
0 < B < 1. Rewiring is done by replacing an edge with another edge selected uniformly
at random from the remaining possible edges after excluding self-loops and edge duplica-

tion. Figures (5.12) - (5.14) show Watts-Strogatz networks with NV = 10 nodes, mean degree
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K =4,and £ = 0,8 = 0.2,and 8 = 1, respectively.

¥
*3

X ®1

-
P

Figure 5.12: Watts-Strogatz graph with N = 10 nodes, mean degree K = 4, and rewiring probability/)’ =0.

&4 .1

Sa

Figure 5.13: Watts-Strogatz graph with N = 10 nodes, mean degree K = 4, and rewiring probabilityﬂ =0.2.
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Figure 5.14: Watts-Strogatz graph with N = 10 nodes, mean degree K = 4, and rewiring probability 8 = 1.

5.1.2.1 TEST CASES

Asin Chapter 3, we perform hypothesis testing to compare each pair of hypotheses { Hy;, H; },
{Hoz, Hy}, {Hos, H3}, and {Hos, H,} and generate appropriate p-values given by (4.20).
Our test suite consists of Watts-Strogatz graphs with N € [10,20,30] and K € [4, 6] for

B =0.2,aswellas N € [10,20,30] and 8 € [0.1,0.3, 0.5] for K = 4.

5.1.2.2 COMPARING BETWEENNESS CENTRALITY WITH CLOSENESS CENTRALITY

Comparing the pair of hypotheses { Hyy, H, } allows us to investigate whether weighting ac-
tuators as a function of betweenness centrality provides an improvement over weighting ac-
tuators as a function of closeness centrality. A plot of p-values vs. K for 8 = 0.2 is shown in

Figure (5.15) and a table highlighting statistically significant cases is shown in Table 5.9.
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P-Value vs. K for Hypothesis of Betweenness > Closeness
500 Monte Carlo Runs, 8 = 0.2

—e—N =10
—o—N =20
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Figure 5.15: Comparison of hypotheses {H()l, Hl} across Watts-Strogatz graphs. Each data point is calculated using
500 Monte Carlo runs.

K
4 6
10 0.3504 0
N 20 0.4876 | 0.3904
30 0.5105 0.4505

Table 5.9: Comparison of hypotheses {HOI, Hl} across Watts-Strogatz graphs With[@ = 0.2. Each data point is
calculated using 500 Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We see that there is strong statistical evidence that weighting actuators as a function of be-
tweenness centrality improves over weighting as a function of closeness centrality for the cases
with N = 10 nodes and mean degree K = 6. This corresponds to the densest selection of
graphs in the test suite. We will now compare the hypotheses as 8 varies. A plot of p-values
vs. Bfor K = 4is shown in Figure (5.16) and a table highlighting statistically significant cases

is shown in Table 5.10.



P-Value vs. 8 for Hypothesis of Betweenness > Closeness

1000 Monte Carlo Runs, K = 4
1 T

—e—N =10
—o—N =20

091 N = 30,

0.7 7

0.6 7

P-Value
o
3
|

041 y

0.3 *

0.2 7

01 .

Figure 5.16: Comparison of hypotheses {H()l, Hl} across Watts-Strogatz graphs. Each data point is calculated using
1000 Monte Carlo runs.

B
0.1 0.3 0.5

10 0.3401 | 0.3499 | 0.3582

N 20 0.4885 0.4522 0.4419
30 0.4936 0.508 0.4638

Table 5.10: Comparison of hypotheses { Ho;, F; } across Watts-Strogatz graphs with K’ = 4. Each data point is
calculated using 1000 Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We see in Figure (5.16) that the p-values do not appreciably change as £ is varied. Intuitively
this makes sense since the overall density of the graph will not be altered by changing 8. We
have seen that graph density is tied to the performance of betweenness centrality as a heuristic

to weight actuators, so this falls in line with our observations here.
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5.1.2.3 COMPARING BETWEENNESS CENTRALITY WITH DEGREE CENTRALITY

Comparing the pair of hypotheses { Hy,, H, } allows us to investigate whether weighting ac-
tuators as a function of betweenness centrality provides an improvement over weighting ac-
tuators as a function of degree centrality. A plot of p-values vs. K for 8 = 0.2 is shown in
Figure (5.17) and a table highlighting statistically significant cases is shown in Table 5.11.

P-Value vs. K for Hypothesis of Betweenness > Degree
500 Monte Carlo Runs, 8 = 0.2
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Figure 5.17: Comparison of hypotheses {Hoz, Hz} across Watts-Strogatz graphs. Each data point is calculated using
500 Monte Carlo runs.

K
4 6
10 0.3463 0
N 20 0.4573 0.3816
30 0.5048 0.4318

Table 5.11: Comparison of hypotheses {HOZ, Hz} across Watts-Strogatz graphs with[@ = 0.2. Each data point is
calculated using 500 Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.



We again see that there is strong statistical evidence that weighting actuators as a function
of betweenness centrality improves over weighting as a function of degree centrality for the
cases with NV = 10 nodes and mean degree K = 6. This corresponds to the densest selection
of graphs in the test suite. We will now compare the hypotheses as 8 varies. A plot of p-values
vs. Bfor K = 4is shown in Figure (5.18) and a table highlighting statistically significant cases
is shown in Table 5.12.

P-Value vs. [ for Hypothesis of Betweenness > Degree

1000 Monte Carlo Runs, K = 4
1 T

—o-N =10
N =20

09r N = 30,

0.1 0.3 0.5
3

Figure 5.18: Comparison of hypotheses {Hoz7 Hz} across Watts-Strogatz graphs. Each data point is calculated using
1000 Monte Carlo runs.

B
0.1 0.3 0.5
10 0.2825 0.3439 0.338
N 20 0.4735 0.4719 0.4644
30 0.4702 0.4845 0.4971

Table 5.12: Comparison of hypotheses {Hoz, Hz} across Watts-Strogatz graphs with K = 4. Each data point is
calculated using 1000 Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.
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We again see in Figure (5.18) that the p-values do not appreciably change as 3 is varied.

5.1.2.4 COMPARING BETWEENNESS CENTRALITY WITH EIGENVECTOR CENTRALITY

Comparing the pair of hypotheses { Hys, H3 } allows us to investigate whether weighting ac-
tuators as a function of betweenness centrality provides an improvement over weighting ac-
tuators as a function of eigenvector centrality. A plot of p-values vs. K for 8 = 0.2 is shown
in Figure (5.19) and a table highlighting statistically significant cases is shown in Table 5.13.

P-Value vs. K for Hypothesis of Betweenness > Eigenvector
500 Monte Carlo Runs, 8 = 0.2

—e-N =10
N =20

09+ N = 30,

Figure 5.19: Comparison of hypotheses {H03, H3} across Watts-Strogatz graphs. Each data point is calculated using
500 Monte Carlo runs.
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4 6

10 0.148 0
N 20 0.0614 0.1564
30 0.0645 0.1534

Table 5.13: Comparison of hypotheses {H03, H3} across Watts-Strogatz graphs with {3 = 0.2. Each data point is
calculated using 500 Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

There is strong statistical evidence that weighting actuators as a function of betweenness
centrality improves over weighting as a function of eigenvector centrality for the cases with
N = 10 nodes and mean degree K = 6. We do observe that the observed p-values are lower in
magnitude than comparable cases seen in previous hypotheses tests involving Watts-Strogatz
graphs. We will now compare the hypotheses as 8 varies. A plot of p-values vs. 4 for K = 4 is

shown in Figure (5.20) and a table highlighting statistically significant cases is shown in Table

5.14.
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P-Value vs. g for Hypothesis of Betweenness > Eigenvector

1000 Monte Carlo Runs, K = 4
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Figure 5.20: Comparison of hypotheses {H03, H3} across Watts-Strogatz graphs. Each data point is calculated using

1000 Monte Carlo runs.

B
0.1 0.3 0.5
10 0.065 0.1195 0.0944
20 0.0069 0.0582 0.0573
30 0.0019 0.0362 0.0593

Table 5.14: Comparison of hypotheses { Hy3, H3 } across Watts-Strogatz graphs with K = 4. Each data point is
calculated using 1000 Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

There s evidence to reject the null hypothesis H in favor of the hypothesis H that weighting

actuators as a function of betweenness centrality is beneficial to weighting them as a function

of eigenvector centrality for some of the tested cases as seen in Table 5.14.
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5.1.2.5 COMPARING BETWEENNESS CENTRALITY WITH INFORMATION CENTRALITY

Comparing the pair of hypotheses { Hys, H, } allows us to investigate whether weighting ac-
tuators as a function of betweenness centrality provides an improvement over weighting ac-
tuators as a function of information centrality. A plot of p-values vs. K for 8 = 0.2 is shown
in Figure (5.21) and a table highlighting statistically significant cases is shown in Table 5.15.

P-Value vs. K for Hypothesis of Betweenness > Information
500 Monte Carlo Runs, 8 = 0.2
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Figure 5.21: Comparison of hypotheses {H04, H4} across Watts-Strogatz graphs. Each data point is calculated using
500 Monte Carlo runs.

K
4 6
10 0.3525 0
N 20 0.4906 0.3782
30 0.5152 0.4403

Table 5.15: Comparison of hypotheses {[—1047 H4} across Watts-Strogatz graphs With[@ = 0.2. Each data point is
calculated using 500 Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.
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As in all the other tested cases for Watts-Strogatz graphs there is strong statistical evidence
that weighting actuators as a function of betweenness centrality improves over weighting as
a function of information centrality for graphs with NV = 10 nodes and mean degree K = 6.
We will now compare the hypotheses as 8 varies. A plot of p-values vs. 2 for K = 4 is shown

in Figure (5.22) and a table highlighting statistically significant cases is shown in Table 5.16.

P-Value vs. 8 for Hypothesis of Betweenness > Information

1000 Monte Carlo Runs, K = 4
1 T

1
0.1 0.3 0.5
15}

Figure 5.22: Comparison of hypotheses {H04, H4} across Watts-Strogatz graphs. Each data point is calculated using
1000 Monte Carlo runs.

B
0.1 0.3 0.5

10 0.3277 | 0.3386 0.3196

N 20 0.4842 0.4718 0.4693
30 0.5011 | 0.5185 0.4985

Table 5.16: Comparison of hypotheses {H04, H4} across Watts-Strogatz graphs with K = 4. Each data point is
calculated using 1000 Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

There are no strong statistical conclusions that can me made from these test cases. We again
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see that the statistics do not dramatically change for a given (N, K) as j varies.

5.1.2.6 SUMMARY OF RESULTS

Our statistical analysis over select Watts-Strogatz graphs shows the importance of graph den-
sity on the performance of betweenness centrality as a heuristic. As we vary £ for a select
value of K we see that the statistics do no appreciably change, which is expected as varying
£ will not change the overall graph density for a given N. Likewise, for a given value of 3
as we increase K the overall density of the graph will increase for a given /N. Indeed, we see
that in general the p-values decrease for a given /N as K increases, implying that there is more
and more statistical evidence favoring betweenness centrality. The only scenarios in which
we do not observe this trend are when comparing betweenness centrality with eigenvector
centrality for N = 20 and N = 30 nodes. The observed increases in p-values are relatively
small in magnitude, however. We also note that for the comparisons between betweenness
and eigenvector centralities that a relatively modest soo Monte Carlo runs were performed.

It is possible that a larger data set would provide more converged statistics.

5.2 ROBUSTNESS TO ACTUATOR FAILURE

We now investigate how the conclusions of our hypothesis testing may change under actuator
failure. We implement failure in a very simple way. If an actuator 7 fails we set ¢; = 0,
otherwise we weight the actuator 7 as a function of a specific centrality measure as before
<M where CM (-) is the centrality measure of interest. Note that
ey CM()

if an actuator fails it is unable to provide actuation effort for the entirety of the simulation

by selecting a; =

and has no hope of being recovered. A failed actuator is however still able to communicate
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information to its neighbors. It is important to note that in the case of actuator failure we no
. .. N . N .
longer satisfy the condition ) ;" @, = 1. We willhave 0.9 < 4 + >." | B.K; < 1, which is

still Schur stable.

5.2.1 ONE ACTUATOR FAILS

We first consider the case where one actuator fails. Within each simulation only a single actu-
ator loses its actuation capability, where the failed actuator is chosen at random within each

network.

5.2.1.1 TEST CASES

We again perform hypothesis testing to compare each pair of hypotheses { Hyy, H: }, { Hoo, Ha },
{Hos, Hs}, and {Hos, H;} and generate appropriate p-values given by (4.20). Our test suite

consists of Erdos-Renyi graphs with N € [6,7,8,9,10,11,12,13]andp € [0.3,0.4,0.5,0.6,0.7].

5.2.1.2 COMPARING BETWEENNESS CENTRALITY WITH CLOSENESS CENTRALITY

Comparing the pair of hypotheses { Hy;, H, } allows us to investigate if weighting actuators as
a function of betweenness centrality provides any tangible benefits over weighting actuators
as a function of closeness centrality. A plot of appropriate p-values vs. p is shown in Figure

(5.23) and a table highlighting statistically significant cases is shown in Table 5.17.



P-Value vs. p for Hypothesis of Betweenness > Closeness
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Figure 5.23: Comparison of hypotheses {H()l, Hl} across Erdos-Renyi graphs with one actuator failing. Each data point
is calculated using 1500 Monte Carlo runs.

P
0.3 0.4 0.5 0.6 0.7
6 0.6396 0.5625 0.0405 0 0
7 0.8769 0.7155 0.2827 0.0001 0
8 0.7938 0.629 0.3365 0 0
N 9 0.7893 0.7291 0.3274 0.0007 0
10 0.7549 0.7117 0.2214 0 0
11 0.7336 0.624 0.2102 0 0
12 0.7545 0.5905 0.2023 0 0
13 0.5941 0.5526 0.1623 0 0

Table 5.17: Comparison of hypotheses {Hm, Hl} across Erdos-Renyi graphs with one actuator failing. Each data point
is calculated using 1500 Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We see that for N € [6, ... ,13]and p € [0.6, 0.7] there is strong statistical evidence to accept

the hypothesis /; that weighting actuators as a function of betweenness centrality provides
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a marked benefit over weighting as a function of closeness centrality. If we compare this to

Figure (4.9) and Table 4.1 we see that there is indeed degraded performance compared to

when there were no node failures; however, these results suggest that if we are in the regime

0.6 < p < 0.7 that our statistical conclusions do not change even with a single node failure.

We again provide data only considering graphs with no fully connected nodes in Figure (5.24)

and Table 5.18.

P-Value vs. p for Hypothesis of Betweenness > Closeness
Graphs with No Fully Connected Nodes

e

Figure 5.24: Comparison of hypotheses {Hoh Hl} across Erdos-Renyi graphs with one actuator failing. The statistics

are generated only using graphs with no fully connected nodes.



P
0.3 0.4 0.5 0.6 0.7

6 0.9774 0.9849 | 0.9371 0.8773 0.5266
7 0.9221 0.8931 | 0.8284 0.5318 0.2553
8 0.8056 0.7213 0.7061 0.1445 0.0258
N 9 0.7912 0.7476 | 0.5227 0.0603 0
10 0.7516 0.727 0.2986 0.0029 0
11 0.7432 0.6349 | 0.2825 0.0001 0
12 0.7503 0.6033 0.2102 0 0
13 0.5%64 0.5467 | 0.1765 0 0

Table 5.18: Comparison of hypotheses {H01, Hl} across Erdos-Renyi graphs with one actuator failing. The statistics
are generated only using graphs with no fully connected nodes and statistically significant cases (p < 0.05) are high-
lighted in green.

Even when only considering networks with no fully connected nodes we still see cases in
which there is statistical evidence that weighting actuators as a function of betweenness cen-
trality provides benefits over weighting as a function of closeness centrality, particularly when
10 < N <13and 0.6 < p < 0.7. In other words, there is evidence that betweenness cen-
trality remains a good heuristic for denser graphs and, likewise, for graphs with more overall
nodes. If we contrast this with the analogous results with no actuation failures and networks
with no fully connected nodes in Figure (4.16) and Table 4.2 we see that indeed when there
is a single actuation failure there are fewer tested cases with strong evidence to reject Hy; in

tavor of H;. However, it must be noted that statistically significant cases still remain.

5.2.1.3 COMPARING BETWEENNESS CENTRALITY WITH DEGREE CENTRALITY

We can similarly perform hypothesis testing for the other pertinent pairs of hypotheses we

laid out previously. Comparing the pair of hypotheses {Hp,, A, } allows us to investigate
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if weighting actuators as a function of betweenness centrality provides any tangible benefits
over weighting actuators as a function of degree centrality. A plot of appropriate p-values vs.
p is shown in Figure (5.25) and a table highlighting statistically significant cases is shown in

Table 5.19.

P-Value vs. p for Hypothesis of Betweenness > Degree
1500 Monte Carlo Runs
T
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Figure 5.25: Comparison of hypotheses {H027 Hz} across Erdos-Renyi graphs with one actuator failing. Each data
point is calculated using 1500 Monte Carlo runs.
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P

0.3 0.4 0.5 0.6 0.7
6 0.5978 0.5041 | 0.0592 0 0
7 0.7922 0.683 0.2017 0.0003 0
8 0.8111 0.5986 | 0.3288 0.0009 0
N 9 0.7298 0.56 0.4637 0.0016 0
10 0.6955 0.5876 0.387 0.0007 0
11 0.5833 0.5673 0.1656 0 0
12 0.5094 0.5668 | 0.1565 0 0
13 0.542 0.5419 | 0.0711 0 0

Table 5.19: Comparison of hypotheses {Hoz, Hz} across Erdos-Renyi graphs with one actuator failing. Each data point
is calculated using 1500 Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We once more see that for simulated cases with 0.6 < p < 0.7 there is strong statistical
evidence to accept the hypothesis A, that weighting actuators as a function of betweenness
centrality is beneficial compared to weighting them as a function of degree centrality even
with a single actuator failure. We again provide data only considering graphs with no fully

connected nodes in Figure (5.26) and Table s.20.
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Figure 5.26: Comparison of hypotheses {Hoz, Hz} across Erdos-Renyi graphs with one actuator failing. The statistics
are generated only using graphs with no fully connected nodes.

P
0.3 0.4 0.5 0.6 0.7
6 0.9595 0.975 0.9344 0.8124 0.5491
7 0.8448 0.8836 0.6951 0.5518 0.3623
8 0.824 0.681 0.5781 0.2771 0.0081
N 9 0.7281 0.611 0.6532 0.0497 0.0001
10 0.6927 0.5982 0.474 0.0182 0
11 0.5872 0.5569 0.1946 0.0008 0
12 0.51 0.578 0.1717 0.0001 0
13 0.5392 0.5415 0.0838 0 0

Table 5.20: Comparison of hypotheses {HOZ, Hz} across Erdos-Renyi graphs with one actuator failing. The statistics
are generated only using graphs with no fully connected nodes and statistically significant cases (p < 0.05) are high-
lighted in green.

We observe that while certain simulated cases, particularly those with 6 < N < 8, no

longer yield statistically significant conclusions when compared with the simulations includ-
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ing networks with fully connected nodes, we still see that in general for 9 < N < 13 and
0.6 < p < 0.7 that we still see strong statistical evidence that weighting actuators as a
function of betweenness centrality provides benefit over weighting as a function of degree
centrality. Again, betweenness centrality shows itself to be a good heuristic for denser graphs

and for graphs with more overall nodes.

5.2.1.4 COMPARING BETWEENNESS CENTRALITY WITH EIGENVECTOR CENTRALITY

Comparing the pair of hypotheses { Hys, /3 } allows us to investigate if weighting actuators as
a function of betweenness centrality provides any tangible benefits over weighting actuators
as a function of eigenvector centrality. A plot of appropriate p-values vs. p is shown in Figure
(5.27) and a table highlighting statistically significant cases is shown in Table 5.21.

P-Value vs. p for Hypothesis of Betweenness > Eigenvector
1500 Monte Carlo Runs
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Figure 5.27: Comparison of hypotheses {H03, H3} across Erdos-Renyi graphs with one actuator failing. Each data
point is calculated using 1500 Monte Carlo runs.
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P

0.3 0.4 0.5 0.6 0.7

6 0.375 0.2434 0.0065 0 0

7 0.4126 0.3459 0.0548 0 0

8 0.3243 0.1433 0.0746 0 0

N 9 0.1969 0.2179 0.0623 0.0001 0
10 0.1965 0.224 0.0838 0 0

11 0.1585 0.3209 0.032 0 0

12 0.1383 0.2396 0.0148 0 0

13 0.1763 0.2024 0.0136 0 0

Table 5.21: Comparison of hypotheses {Hog, H3} across Erdos-Renyi graphs with one actuator failing. Each data point
is calculated using 1500 Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We see that once again for 0.6 < p < 0.7 there is strong statistical evidence in favor of
accepting the hypothesis /3 that actuation weighting by betweenness centrality is benefi-
cial to actuation weighting by eigenvector centrality. We also note that there are also cases
with p = 0.5, particularly with N = 6,11, 12,13, which provide strong statistical evidence
to accept . This suggests that there is evidence for betweenness centrality outperforming
eigenvector centrality over a larger range of graph densities than in the cases when compar-
ing with other centrality measures. This aligns with our previous results over Erdos-Renyi
graphs suggesting that eigenvector centrality is outperformed by betweenness centrality over
alarger range of simulated cases. We again provide data only considering graphs with no fully

connected nodes in Figure (5.28) and Table 5.22.
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P-Value vs. p for Hypothesis of Betweenness > Eigenvector
Graphs with No Fully Connected Nodes
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Figure 5.28: Comparison of hypotheses {H03, H3} across Erdos-Renyi graphs with one actuator failing. The statistics
are generated only using graphs with no fully connected nodes.

P
0.3 0.4 0.5 0.6 0.7

6 0.9042 0.8974 0.7975 0.5773 0.2855
7 0.5227 | 0.5849 0.4472 0.2405 0.0838
8 0.3591 | 0.2188 0.3059 0.0771 0.0009
N 9 0.1936 0.254 0.1341 0.0084 0
10 0.2033 0.2306 0.1206 0.0002 0
11 0.155 0.3297 0.0449 0 0
12 0.1374 | 0.2407 0.0189 0 0
13 0.1668 | 0.2066 0.0153 0 0

Table 5.22: Comparison of hypotheses {H03, H3} across Erdos-Renyi graphs with one actuator failing. The statistics
are generated only using graphs with no fully connected nodes and statistically significant cases (p < 0.05) are high-
lighted in green.

Again, even when considering graphs with no fully connected nodes we see cases with strong

statistical evidence to accept Hj, particularly for § < N <13and 0.5 < p < 0.7.
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5.2.1.5 COMPARING BETWEENNESS CENTRALITY WITH INFORMATION CENTRALITY

Finally we compare the pair of hypotheses {Hys, H;}, allowing us to investigate whether
weighting actuators as a function of betweenness centrality provides any benefit over weight-
ing actuators as a function of information centrality. A plot of appropriate p-values vs. p is
shown in Figure (5.29) and a table highlighting statistically significant cases is shown in Table

5.23.

P-Value vs. p for Hypothesis of Betweenness > Information
1500 Monte Carlo Runs
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Figure 5.29: Comparison of hypotheses {H04, H4} across Erdos-Renyi graphs with one actuator failing. Each data
point is calculated using 1500 Monte Carlo runs.



p

0.3 0.4 0.5 0.6 0.7
6 0.6028 0.4793 0.0202 0 0
7 0.8857 0.7309 0.134 0.0001 0
8 0.7817 0.6383 0.368 0.0001 0
N 9 0.6977 0.6516 0.2945 0.001 0
10 0.662 0.7245 0.3022 0 0
11 0.6065 0.6183 0.2001 0 0
12 0.6361 0.5597 0.0%43 0 0
13 0.5561 0.478 0.0808 0 0

Table 5.23: Comparison of hypotheses {H04, H4} across Erdos-Renyi graphs with one actuator failing. Each data point

is calculated using 1500 Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We again provide data only considering graphs with no fully connected nodes in Figure (5.30)

and Table 5.24.

P-Value vs. p for Hypothesis of Betweenness > Information
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Figure 5.30: Comparison of hypotheses {[—[047 H4} across Erdos-Renyi graphs with one actuator failing. The statistics

are generated only using graphs with no fully connected nodes.
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p
0.3 0.4 0.5 0.6 0.7

6 0.9756 0.9788 0.9257 | 0.8456 0.5579

7 0.9413 0.8985 0.6927 0.528 0.211

8 0.7958 0.7482 0.6754 | 0.1757 0.0004
N 9 0.6966 0.6732 0.5033 0.0876 0

10 0.6712 0.7334 0.3807 | 0.0034

11 0.6017 0.6271 0.2266 0

12 0.6452 0.5576 0.1094 | 0.0001

oOo|lo|o| o

13 0.5577 0.4781 0.083 0

Table 5.24: Comparison of hypotheses {HozH H4} across Erdos-Renyi graphs with one actuator failing. The statistics
are generated only using graphs with no fully connected nodes and statistically significant cases (p < 0.05) are high-
lighted in green.

For simulated cases with 0.6 < p < 0.7 we see strong statistical evidence to accept the
hypothesis H, that weighting actuators as a function of betweenness centrality provides ben-
efit to weighting actuators as a function of information centrality. This is true both when
considering the full set of Erdos-Renyi graphs as well as the subset with no fully connected
nodes. We do note that for graphs with no fully connected nodes only for 8 < N < 13 do
we see strong statistical evidence to accept H;. This again suggest that betweenness centrality

performs well for denser graphs as well as for graphs with more overall nodes.

5.2.1.6 SUMMARY OF RESULTS

For all simulated cases we again see strong statistical evidence favoring betweenness centrality
over the other centrality measures as the overall density of the graphs increase as well as for
graphs with more overall nodes. The results trend with our previous results over Erdos-Renyi

graphs with no actuator failures. We note that when one actuator fails, the overall graph den-

158



sity required for statistical significance in support of betweenness centrality increases. Intu-
itively, this suggests that the degradation in performance due to the actuator failure must be

offset by more density in the network.

5.2.2 Two ACTUATORS FAIL

We now consider the case where two actuators fail. Within each simulation the two failed

actuators are chosen at random within each network.

5.2.2.1 TEST CASES

We again perform hypothesis testing to compare each pair of hypotheses { Hy,, H; }, { Hoo, H },
{Hos, Hs}, and {Hos, H;} and generate appropriate p-values given by (4.20). Our test suite
consists of Erdos-Renyi graphs with N € [6,7,8,9,10,11,12,13]andp € [0.3,0.4,0.5,0.6,0.7].

Combined conclusions can be found after the presentation of the data.

5.2.2.2 COMPARING BETWEENNESS CENTRALITY WITH CLOSENESS CENTRALITY

Comparing the pair of hypotheses { Hy;, H, } allows us to investigate if weighting actuators as
a function of betweenness centrality provides any tangible benefits over weighting actuators
as a function of closeness centrality. A plot of appropriate p-values vs. p is shown in Figure

(5.31) and a table highlighting statistically significant cases is shown in Table 5.25.
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P-Value vs. p for Hypothesis of Betweenness > Closeness
1500 Monte Carlo Runs
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Figure 5.31: Comparison of hypotheses {H()l, Hl} across Erdos-Renyi graphs with two actuators failing. Each data
point is calculated using 1500 Monte Carlo runs.

P
0.3 0.4 0.5 0.6 0.7

6 0.9817 0.9134 0.3173 0 0

7 0.9951 0.9729 0.6828 0.0012 0

8 0.9803 0.8889 0.3534 0.0011 0

N 9 0.7021 0.7751 0.3989 0.0002 0

10 0.7305 0.766 0.403 0.0003 0

11 0.6894 0.6671 0.1493 0 0

12 0.5759 0.5573 0.1156 0 0

13 0.517 0.5993 0.0589 0 0

Table 5.25: Comparison of hypotheses {HOI, Hl} across Erdos-Renyi graphs with two actuators failing. Each data point
is calculated using 1500 Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We again provide data only considering graphs with no fully connected nodes in Figure (5.32)

and Table 5.26.

160



P-Value vs. p for Hypothesis of Betweenness > Closeness

Graphs with No Fully Connected Nodes
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Figure 5.32: Comparison of hypotheses {H()l, Hl} across Erdos-Renyi graphs with two actuators failing. The statistics
are generated only using graphs with no fully connected nodes.

P
0.3 0.4 0.5 0.6 0.7
6 1 0.9999 0.9993 0.9967 | 0.9409
7 0.9981 0.9965 0.9877 0.8993 0.6099
8 0.9797 0.937 0.6845 0.0991 | 0.0143
N 9 0.7025 0.7919 0.5612 0.0478 0
10 0.7294 0.7732 0.4944 0.0146 0
11 0.6957 0.6784 0.2036 0.0006 0
12 0.5807 0.5597 0.1586 0 0
13 0.5266 0.5874 0.0659 0 0

Table 5.26: Comparison of hypotheses {HOI, Hl} across Erdos-Renyi graphs with two actuators failing. The statistics
are generated only using graphs with no fully connected nodes and statistically significant cases (p < 0.05) are high-
lighted in green.
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5.2.2.3 COMPARING BETWEENNESS CENTRALITY WITH DEGREE CENTRALITY

Comparing the pair of hypotheses { Hy,, H, } allows us to investigate if weighting actuators as
a function of betweenness centrality provides any tangible benefits over weighting actuators
as a function of degree centrality. A plot of appropriate p-values vs. p is shown in Figure
(5.33) and a table highlighting statistically significant cases is shown in Table 5.27.

P-Value vs. p for Hypothesis of Betweenness > Degree
1500 Monte Carlo Runs
T

0.54

P-Value

0.4

0.3

0.2

0.1

0.7

Figure 5.33: Comparison of hypotheses {Hoz, Hz} across Erdos-Renyi graphs with two actuators failing. Each data
point is calculated using 1500 Monte Carlo runs.
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P

0.3 0.4 0.5 0.6 0.7
6 0.975 0.9563 0.3372 0.0003 0
7 0.9691 | 0.9285 0.7795 0.0091 0
8 0.8338 | 0.8511 0.5409 0.0163 0
N 9 0.6575 0.6934 0.3648 0.0002 0
10 0.6678 | 0.5776 0.2877 0.0002 0
11 0.5778 | 0.5924 0.2798 0.0001 0
12 0.5623 0.5749 0.1187 0 0
13 0.4926 | 0.5177 0.0507 0 0

Table 5.27: Comparison of hypotheses {Hoz, Hz} across Erdos-Renyi graphs with two actuators failing. Each data
point is calculated using 1500 Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We again provide data only considering graphs with no fully connected nodes in Figure (5.34)
and Table 5.28.

P-Value vs. p for Hypothesis of Betweenness > Degree
Graphs with No Fully Connected Nodes
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Figure 5.34: Comparison of hypotheses {[—[027 Hz} across Erdos-Renyi graphs with two actuators failing. The statistics
are generated only using graphs with no fully connected nodes.



P
0.3 0.4 0.5 0.6 0.7

6 0.9999 0.9999 | 0.9983 0.9933 0.9224
7 0.9831 0.9862 0.9844 0.8675 0.6114
8 0.8529 0.8983 0.8501 0.6496 0.0289
N 9 0.6731 0.7106 | 0.5121 0.0205 0
10 0.6749 0.585 0.3457 0.0086 0
11 0.5866 0.6084 | 0.3353 0.0003 0
12 0.5658 0.5892 0.1318 0 0
13 0.4852 0.5236 | 0.0601 0 0

Table 5.28: Comparison of hypotheses {Hoz, Hz} across Erdos-Renyi graphs with two actuators failing. The statistics
are generated only using graphs with no fully connected nodes and statistically significant cases (p < 0.05) are high-
lighted in green.

5.2.2.4 COMPARING BETWEENNESS CENTRALITY WITH EIGENVECTOR CENTRALITY

Comparing the pair of hypotheses { Hys, /3 } allows us to investigate if weighting actuators as
a function of betweenness centrality provides any tangible benefits over weighting actuators
as a function of eigenvector centrality. A plot of appropriate p-values vs. p is shown in Figure

(s5.35) and a table highlighting statistically significant cases is shown in Table 5.29.
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Figure 5.35: Comparison of hypotheses {H03, H3} across Erdos-Renyi graphs with two actuators failing. Each data
point is calculated using 1500 Monte Carlo runs.

p
0.3 0.4 0.5 0.6 0.7

6 0.961 0.8611 0.1505 0 0

7 0.9533 0.7644 0.2931 0.0009 0

8 0.7911 0.8281 0.4564 0.0001 0

N 9 0.1741 0.2065 0.1334 0.0003 0

10 0.1646 0.3003 0.0724 0 0

11 0.089 0.2594 0.0779 0 0

12 0.1416 0.2325 0.0314 0 0

13 0.1451 0.3283 0.0071 0 0

Table 5.29: Comparison of hypotheses {H03, H3} across Erdos-Renyi graphs with two actuators failing. Each data
point is calculated using 1500 Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We again provide data only considering graphs with no fully connected nodes in Figure (5.36)

and Table 5.30.
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Figure 5.36: Comparison of hypotheses {H03, H3} across Erdos-Renyi graphs with two actuators failing. The statistics
are generated only using graphs with no fully connected nodes.

p
0.3 0.4 0.5 0.6 0.7

6 0.9999 0.9992 0.9922 0.9718 0.7875
7 0.9778 0.9297 0.7942 0.7489 0.4464
8 0.8126 0.869 0.741 0.1368 0.0005
N 9 0.1754 0.2356 0.2576 | 0.0129 0
10 0.1614 0.3003 0.1088 | 0.0002 0
11 0.0955 0.2691 0.0858 0 0
12 0.1427 0.2332 0.037 0 0
13 0.1521 0.3229 0.0084 0 0

Table 5.30: Comparison of hypotheses {H03, H3} across Erdos-Renyi graphs with two actuators failing. The statistics
are generated only using graphs with no fully connected nodes and statistically significant cases (p < 0.05) are high-
lighted in green.
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5.2.2.5 (COMPARING BETWEENNESS CENTRALITY WITH INFORMATION CENTRALITY

Finally we compare the pair of hypotheses {Hys, H;}, allowing us to investigate whether
weighting actuators as a function of betweenness centrality provides any benefit over weight-
ing actuators as a function of information centrality. A plot of appropriate p-values vs. p is
shown in Figure (5.37) and a table highlighting statistically significant cases is shown in Table

5.31.

P-Value vs. p for Hypothesis of Betweenness > Information
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Figure 5.37: Comparison of hypotheses {H04, H4} across Erdos-Renyi graphs with two actuators failing. Each data
point is calculated using 1500 Monte Carlo runs.



P

0.3 0.4 0.5 0.6 0.7
6 0.9846 0.9338 0.3197 0 0
7 0.9936 0.9617 0.5406 0.0153 0
8 0.9709 0.8588 0.5377 0 0
N 9 0.6986 0.6611 0.4173 0.0003 0
10 0.7514 0.69 0.3597 0.0002 0
11 0.6907 0.6373 0.192 0 0
12 0.6242 0.6178 0.1311 0 0
13 0.5547 0.4841 0.0489 0 0

Table 5.31: Comparison of hypotheses {H04, H4} across Erdos-Renyi graphs with two actuators failing. Each data

point is calculated using 1500 Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We again provide data only considering graphs with no fully connected nodes in Figure (5.38)
and Table 5.32.

P-Value vs. p for Hypothesis of Betweenness > Information
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Figure 5.38: Comparison of hypotheses {H04, H4} across Erdos-Renyi graphs with two actuators failing. The statistics
are generated only using graphs with no fully connected nodes.
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P
0.3 0.4 0.5 0.6 0.7

6 0.9999 1 0.9991 | 0.9939 0.9601
7 0.9967 0.9%47 0.9621 | 0.9668 0.6043
8 0.9738 0.9085 0.8058 | 0.1083 0.0043
N 9 0.7032 0.7078 0.5545 0.0278 0
10 0.7554 0.7041 0.4037 | 0.0148 0
11 0.6927 0.6446 0.2304 0 0
12 0.6234 0.6104 0.1369 0 0
13 0.5468 0.4938 0.0565 0 0

Table 5.32: Comparison of hypotheses {H04, H4} across Erdos-Renyi graphs with two actuators failing. The statistics
are generated only using graphs with no fully connected nodes and statistically significant cases (p < 0.05) are high-
lighted in green.

5.2.2.6 COMBINED CONCLUSIONS

We see thatin comparing the sets of hypotheses { Ho, A1 }, { Hoz, Ha }, { Hos, H3 },and { Hos, Hy }
that in all cases there is strong statistical evidence to reject the null hypotheses for 0.6 <
p < 0.7. This means that even with two actuators failing for Erdos-Renyi graphs with
6 < N <13and 0.6 < p < 0.7 there is evidence that weighting actuators as a function
of betweenness centrality is beneficial to weighting actuators as functions of either closeness
centrality, degree centrality, eigenvector centrality, or information centrality. When consid-
ering only graphs with no fully connected nodes the statistically significant cases suggesting
to reject the null hypotheses remain in the regime 0.6 < p < 0.7; however, in these cases we
only have statistical significance if 8 < /N < 13. This again suggests that the degradation in
performance due to actuator failure must be oftset by increased density within the network

or by having more overall nodes present to aid in robustness.
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5.3 ROBUSTNESS TO SPARSELY AVAILABLE CONTROL AUTHORITY

One important property of all the cases studied up until this point is that every node has
full controllability of the system. This is trivially obvious since we have considered a one-
dimensional process x with state transition matrix 4 = 1 and matrices B, = 1 for each
i € [1,...,N]. However, we now consider the case where each node doesn’t individually
have full control of the system and it is only at the level of the entire network that we have

joint controllability.

5.3.1 MULTI-DIMENSIONAL PROCESS WITH JOINT CONTROLLABILITY

Consider a process x € R? with state transition matrix 4 = Z;. For ease of exposition con-

sider a network with N = 3 nodes. Each node has three actuation channels, i.e. u; € R?

1 0 0 0 0 0
fori € [1,2,3],andweletB;, = |0 0 0,8 = 1|0 1 0|,andB; =
0 0 0 0 0 0

0 0 0

0 0 0| . Note that each node individually is unable to control the process. This is

0 0 1

readily seen by constructing the controllability matrices for each matrix pair (4, By ), (4, B,),
and (4, B;) and checking their row ranks. Let the controllability matrices for each matrix
pair (4, B;) bedenoted C; = |B, 4B,  A42B,| fori € [1,2,3]. Itis well-known that
the system is controllable by an individual node 7 if the row rank of C; is equal to the dimen-
sion of the process x**, or 3 in this case. It is trivial to see that 7ank(C;) = 1 < 3 for each

i € 1,2, 3], showing the result that each node does not individually have full control of the
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process. Intuitively this is obvious from the structure of the B; matrices since we see that each
node 7 is only able to control a single dimension of the three-dimensional process x. How-
ever, from the standpoint of the network of nodes as a whole we can intuit that the process
is controllable at the network level. We can show this by constructing the joint controllabil-
ity matrix C,y;,, for the matrix pair (A, [ B, B 331 ) . We see that rank(Cim) = 3,

which shows that the process is indeed jointly controllable at the network level.

5.3.2 METHODOLOGY TO INVESTIGATE JOINT CONTROLLABILITY

We can expand on these ideas to easily investigate how our previous findings on the efficacy
of certain centrality measures for actuator selection extend to scenarios in which individual
nodes do not have full controllability of the process of interest but, rather, there is joint con-
trollability at the level of the network. Consider a network with N nodes actuating a process
x € R” with state transition matrix 4 = 7,,. We restrict 7 > 2 so that we are in a realm where
joint controllability without individual node controllability is possible. Let e; € R” be the
standard unit vector with a 1 as the /-th element and zeros elsewhere. We assign B, € R"*”

columnwise as

B e forj =1 (5.3)
7 :a] - 5-3
o.x1 forje [1,...,n]\{7}

for7 € [1,...,n] where o,y is the #z-dimensional column vector of zeros. We further assign
Biy(ty(n) € R**” as

Bz’—O—(/e)(n) = B; (54)

Vk € Z-q such that 7 + (k)(n) < N. This ensures that every node 7 is only actuating in

one dimension. To ensure that joint controllability is possible we further require N > 7,
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which plainly means that there are at least as many nodes as dimensions of the process x. We
can see that there will be 7 subsets of nodes where nodes within a subset all actuate the same
singular dimension of the process x. Given a node set V, we define these subsets S; C I for

i € [1,...,n] to contain all nodes which actuate the 7-th dimension of the process x.

5.3.2.1 ACTUATOR WEIGHTS FOR MULTI-DIMENSIONAL PROCESS

Previously we have only considered actuator weights «; for each node 7 since each node was
only actuating a scalar process x. However, we now have actuation in 7z dimensions, necessi-
tating the use of 7 actuation weights so that we can tune the actuation in each dimension sep-
arately. Let’s immediately specialize to a process x € R? with state transition matrix 4 = 7
for ease of exposition. Since # = 3 we will have 3 subsets of nodes: .S; which contains all
nodes that actuate the first dimension of process x; .S, which contains all nodes that actuate

the second dimension of process x; and S5 which contains all nodes that actuate the third di-

1 0 0
mension of process x. From our previous definition (5.3) we see that By = | 0 ol,
0 0 0

0 0 0 0 0 0

B,=10 1 o0|,andB; = |0 0 0f. Fornodes7withi € [4,...,N] we

0 0 0 0 0 1
appropriately assign B; matrices according to (5.4). We consider actuator gain matrices of
—0.1e; 0 0
the form K; = 0 —0.18, 0 for7 € [1,...,N]. This form for the gain
0 0 —0.1,

matrices is general in that it allows for each node to actuate all three dimensions of the pro-
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cess X, but it is important to note that because of the specialized assignment of B; matrices in
(5.3) and (5.4) any individual node only ends up actuating a single dimension of the process.
Thus, we can think of the & parameters as actuation weights along the first dimension, the 8
parameters as actuation weights along the second dimension, and the y parameters as actua-
tion weights along the third dimension. Recall that a requirement of our algorithm is that we

design K such that the quantity 4 + Zf\il B;K; is Schur stable. We impose the constraints

Z"‘z‘: Z/%:Z?’l:l (s-5)

i€S €S i€S3
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This restricts all , 4, and y weights to be convex within the subsets Sy, S5, and S, respectively.

We can easily see that the matrix sum becomes

N
A+ BK, =A+Y BK+Y BK -+ BK,
=1

€S €S JISAY
1 0 of|-0lx 0 0
=Z+> o o of| o —0.18, 0
€S
0 0 o] o 0 —0.1y,
0 0 0| |-01lg 0 0
+> 1o 1 o|] o —0.18, 0
€S
0 0 o] o 0 ~0.1y,
0 0 0||-0lz 0 0
+Y 1o 0o o|] o —018, 0
i€S3 .6
o o 1| o 0 —0ly, (5-6)
—0dz; 0 0 0 0 0
=L+ | o 0 o|l+>.l0 —018 0
l‘ES] Z'GSZ
0 0 0 0 0 0
0 0 0

_l’_
(]
(e}
o
o

(e
(=]
|
o
—
X

0 0 0.9

174



which is Schur stable. Weighting an actuator 7 as a function of a specific centrality measure

is accomplished by selecting

% fors € Sl
a; = 2yes; M) (5.7)
0 otherwise
\
(o
: fori €S,
‘81 _ 2ies, CM() (5.8)
0 otherwise
\
ZLE;)W(I) for 7 € S3
V= I (5-9)
0 otherwise

\

where CM(-) is the centrality measure of interest. It is important to highlight here that in
general there could be cases in which Zje 5 BC(j) = Oforsome: € [1,...,n] where 7 is the
dimension of the process x and BC()) is the betweenness centrality of node ;. In these cases
we set the actuator weights for nodes within the subset S; of interest to be equal to ﬁ where
|S;| is the cardinality of the subset S,. As in the one-dimensional cases analyzed previously,
given a predefined set of B,;K; and with actuator weights 2, 8, and y as defined in (5.7)-(5.9)
we can use a semidefinite program to find feasible Wg forz,j € [1,..., N] which satisfy the

LMI given in (4.5) while minimizing >.

5.3.3 TEST CASES

We perform hypothesis testing to compare each pair of hypotheses {Hoy, H; }, {Hoz, H, },
{Hos, Hs}, and {Hos, H;} and generate appropriate p-values given by (4.20). Our test suite

consists of Erdos-Renyi graphs G(IN, p) with N € [6,7,8,9,10,11,12,13]andp € [0.3,0.4,0.5,0.6,0.7].
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We note that here when we refer to centralities we are computing an individual node’s cen-
trality over the whole network, not within its given subset S;. We do this in an effort to keep

our procedure more systematic and robust to changes in node assignment between subsets.

5.3.4 COMPARING BETWEENNESS CENTRALITY WITH CLOSENESS CENTRALITY

Comparing the pair of hypotheses { Hy;, H, } allows us to investigate if weighting actuators as
a function of betweenness centrality provides any tangible benefits over weighting actuators
as a function of closeness centrality. A plot of appropriate p-values vs. p is shown in Figure
(5.39) and a table highlighting statistically significant cases is shown in Table 5.3 3.

P-Value vs. p for Hypothesis of Betweenness > Closeness
1000 Monte Carlo Runs

1 * * *

0.3 0.4 0.5 0.6 0.7

Figure 5.39: Comparison of hypotheses {H01, Hl} across Erdos-Renyi graphs where no individual node has full control
of the process. Each data point is calculated using 1000 Monte Carlo runs.



°

0.3 0.4 0.5 0.6 0.7

6 1 1 1 1 1

7 1 1 1 1 1

8 1 1 1 1 1
N 9 1 1 1 1 1

10 1 1 1 1 1

11 1 1 1 1 1

12 1 1 1 1 1

13 1 1 1 1 0.9999

Table 5.33: Comparison of hypotheses {HOI, Hl} across Erdos-Renyi graphs where no individual node has full control
of the process. Each data point is calculated using 1000 Monte Carlo runs and statistically significant cases (p < 0.05)
are highlighted in green.

We see that there is extremely strong evidence to accept the null hypothesis Hy; that weighting
actuators as a function of betweenness centrality provides no benefit over weighting them as
a function of closeness centrality. This is a marked change from our previous results when
all nodes individually had full control of the process. One reason for such a change in perfor-
mance could be that we are still considering a node’s centrality over the whole network when
weighting actuation. However, in our formulation each subset of nodes is independently
actuating a single dimension of the process. Thus, the betweenness centrality of a node in
relation to the network as a whole seems to no longer provide as much useful information on

its performance due to the partitioning of actuation arising from the problem setup.

5.3.5 COMPARING BETWEENNESS CENTRALITY WITH DEGREE CENTRALITY

We can similarly perform hypothesis testing for the other pertinent pairs of hypotheses we

laid out previously. Comparing the pair of hypotheses {Hp,, H,} allows us to investigate
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if weighting actuators as a function of betweenness centrality provides any tangible benefits
over weighting actuators as a function of degree centrality. A plot of appropriate p-values vs.
p is shown in Figure (5.40) and a table highlighting statistically significant cases is shown in
Table 5.34.

P-Value vs. p for Hypothesis of Betweenness > Degree
1000 Monte Carlo Runs

1 * * *
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0.6 *

P-Value
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o
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0.3 B

0.2 *

0.1 8

Figure 5.40: Comparison of hypotheses {Hoz7 Hz} across Erdos-Renyi graphs where no individual node has full control
of the process. Each data point is calculated using 1000 Monte Carlo runs.



°

0.3 0.4 0.5 0.6 0.7
6 1 1 1 1 1
7 1 1 1 1 1
8 1 1 1 1 1
N 9 1 1 1 1 1
10 1 1 1 1 1
11 1 1 1 1 1
12 1 1 1 1 1
13 1 1 1 1 1

Table 5.34: Comparison of hypotheses {Hoz, Hz} across Erdos-Renyi graphs where no individual node has full control
of the process. Each data point is calculated using 1000 Monte Carlo runs and statistically significant cases (p < 0.05)
are highlighted in green.

Again, we see strong evidence to accept the null hypothesis Hy, that weighting actuators as a
function of betweenness centrality provides no benefit over weighting them as a function of

degree centrality.

5.3.6 COMPARING BETWEENNESS CENTRALITY WITH EIGENVECTOR CENTRALITY

Comparing the pair of hypotheses { Hy3, H3 } allows us to investigate if weighting actuators as
a function of betweenness centrality provides any tangible benefits over weighting actuators
as a function of eigenvector centrality. A plot of appropriate p-values vs. p is shown in Figure

(5.41) and a table highlighting statistically significant cases is shown in Table 5.3.
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P-Value vs. p for Hypothesis of Betweenness > Eigenvector
1000 Monte Carlo Runs

1 * * *
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Figure 5.41: Comparison of hypotheses {H03, H3} across Erdos-Renyi graphs where no individual node has full control
of the process. Each data point is calculated using 1000 Monte Carlo runs.

P
0.3 0.4 0.5 0.6 0.7

6 1 1 1 1 1

7 1 1 1 1 1

8 1 1 1 1 1

N 9 1 1 1 1 1

10 1 1 1 1 1

11 1 1 1 1 1

12 1 1 1 1 1

13 1 1 1 1 1

Table 5.35: Comparison of hypotheses {H03, H3} across Erdos-Renyi graphs where no individual node has full control
of the process. Each data point is calculated using 1000 Monte Carlo runs and statistically significant cases (p < 0.05)
are highlighted in green.

We see strong evidence to accept the null hypothesis Hy; that weighting actuators as a func-

tion of betweenness centrality provides no benefit over weighting them as a function of eigen-
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vector centrality.

5.3.7 COMPARING BETWEENNESS CENTRALITY WITH INFORMATION CENTRALITY

Finally we compare the pair of hypotheses {Hys, H,}, allowing us to investigate whether
weighting actuators as a function of betweenness centrality provides any benefit over weight-
ing actuators as a function of information centrality. A plot of appropriate p-values vs. p is
shown in Figure (5.42) and a table highlighting statistically significant cases is shown in Table

5.36.

P-Value vs. p for Hypothesis of Betweenness > Information
1000 Monte Carlo Runs

1 * * *

091

0.7

0.5 -

P-Value

0.3 7

0.1 *

Figure 5.42: Comparison of hypotheses {H04, H4} across Erdos-Renyi graphs where no individual node has full control
of the process. Each data point is calculated using 1000 Monte Carlo runs.
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°

0.3 0.4 0.5 0.6 0.7
6 1 1 1 1 1
7 1 1 1 1 1
8 1 1 1 1 1
N 9 1 1 1 1 1
10 1 1 1 1 1
11 1 1 1 1 1
12 1 1 1 1 1
13 1 1 1 1 1

Table 5.36: Comparison of hypotheses {HozH H4} across Erdos-Renyi graphs where no individual node has full control
of the process. Each data point is calculated using 1000 Monte Carlo runs and statistically significant cases (p < 0.05)
are highlighted in green.

Finally, we see strong evidence to accept the null hypothesis Hj, that weighting actuators as
a function of betweenness centrality provides no benefit over weighting them as a function
of information centrality. These results prompt us to consider additional hypothesis tests to
help identify which centrality measure, if any, provides a marked benefit over the others as a

weighting heuristic for actuation.

5.3.8 ADDITIONAL TEST CASES

Since there is extremely strong evidence that betweenness centrality is no longer the right cen-
trality measure to leverage for cases in which no node individually has full control over the
process, we will shift our attention to degree centrality and compare it against closeness cen-
trality, eigenvector centrality, and information centrality. We formalize this as the following

additional hypotheses:
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Hys: Selecting actuators by weighting as a function of degree centrality provides no bene-

fit over selecting actuators by weighting as a function of closeness centrality.

Hs: Selecting actuators by weighting as a function of degree centrality is better than selecting

actuators by weighting as a function of closeness centrality.

Hoe: Selecting actuators by weighting as a function of degree centrality provides no bene-

fit over selecting actuators by weighting as a function of eigenvector centrality.

Hg: Selecting actuators by weighting as a function of degree centrality is better than selecting

actuators by weighting as a function of eigenvector centrality.

Hy7: Selecting actuators by weighting as a function of degree centrality provides no bene-

fit over selecting actuators by weighting as a function of information centrality.

H3: Selecting actuators by weighting as a function of degree centrality is better than selecting

actuators by weighting as a function of information centrality.

We perform hypothesis testing to compare each pair of hypotheses {Hos, Hs }, {Hos, He }»
and {Hy;, H} and generate appropriate p-values given by (4.20). Our test suite will again

consist of Erdos-Renyi graphs G(N, p) with N € [6,7,8,9,10,11,12,13]andp € [0.3,0.4,0.5,0.6,0.7].



5.3.9 COMPARING DEGREE CENTRALITY WITH CLOSENESS CENTRALITY

Comparing the pair of hypotheses { Hys, Hs } allows us to investigate if weighting actuators
as a function of degree centrality provides any tangible benefits over weighting actuators as a
function of closeness centrality. A plot of appropriate p-values vs. pis shown in Figure (5.43)
and a table highlighting statistically significant cases is shown in Table 5.37.

P-Value vs. p for Hypothesis of Degree > Closeness
1000 Monte Carlo Runs
T

0.9

0.7

0.5 y

P-Value

045 .

0.5 0.6 0.7

Figure 5.43: Comparison of hypotheses {Hos, H;} across Erdos-Renyi graphs where no individual node has full control
of the process. Each data point is calculated using 1000 Monte Carlo runs.



0.3 0.4 0.5 0.6 0.7
6 0.1591 0.0393 0.0071 | 0.0006 0
7 0.2537 0.0488 0.0026 0 0
8 0.281 0.0231 0.0009 0 0
N 9 0.383 0.0261 0.0001 0 0
10 0.1295 0.0126 0 0 0
11 0.0848 0.0004 0 0 0
12 0.0971 0.0002 0 0 0
13 0.0268 0 0 0 0

Table 5.37: Comparison of hypotheses {Hos, H;} across Erdos-Renyi graphs where no individual node has full control
of the process. Each data point is calculated using 1000 Monte Carlo runs and statistically significant cases (p < 0.05)
are highlighted in green.

We see strong evidence to reject the null hypothesis Hys and accept the alternative hypothesis
Hs that weighting actuators as a function of degree centrality provides a benefit over weight-
ing actuators as a function of closeness centrality. The statistically significant cases are in the
regime 0.4 < p < 0.7and 6 < N < 13, and we also see statistical significance if p = 0.3

and N = 13.

5.3.10 COMPARING DEGREE CENTRALITY WITH EIGENVECTOR CENTRALITY

Comparing the pair of hypotheses { Hos, Hs } allows us to investigate if weighting actuators
as a function of degree centrality provides any tangible benefits over weighting actuators as
a function of eigenvector centrality. A plot of appropriate p-values vs. p is shown in Figure

(5.44) and a table highlighting statistically significant cases is shown in Table 5.38.
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P-Value vs. p for Hypothesis of Degree > Eigenvector
1000 Monte Carlo Runs
T

T
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Figure 5.44: Comparison of hypotheses {H%, H6} across Erdos-Renyi graphs where no individual node has full control

of the process. Each data point is calculated using 1000 Monte Carlo runs.

P
0.3 0.4 0.5 0.6 0.7
6 0.5065 0.3728 0.344 0.2545 0.2414
7 0.4609 0.2969 0.2795 0.2497 0.1832
8 0.4364 0.4153 0.3425 0.1751 0.163
N 9 0.5483 0.564 0.378 0.3684 0.1693
10 0.448 0.4663 0.3804 | 0.2375 0.1246
11 0.4283 0.415 0.3409 | 0.2445 0.1246
12 0.4081 0.3866 0.2929 | 0.1878 0.1158
13 0.3683 0.375 0.2138 | 0.1837 0.0858

Table 5.38: Comparison of hypotheses {Hog, HG} across Erdos-Renyi graphs where no individual node has full control
of the process. Each data point is calculated using 1000 Monte Carlo runs and statistically significant cases (p < 0.05)

are highlighted in green.

We see that none of the simulated cases yield strong statistical significance to reject Hog in

tavor of H. This implies that there is not strong evidence that weighting actuators as a func-
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tion of degree centrality provides benefits over weighting actuators as a function of eigenvec-
tor centrality. We do, however, see that as Nand p increase respectively that the magnitude of
the calculated p-values decrease toward the threshold of statistical significance. This suggests
that if we were to simulate cases with N > 13 and/or p > 0.7 it is likely that we would begin

to see cases emerge with statistical significance in favor of rejecting the null hypothesis Hoq.

5.3.11 COMPARING DEGREE CENTRALITY WITH INFORMATION CENTRALITY

Comparing the pair of hypotheses {Hy7, H-} allows us to investigate if weighting actuators
as a function of degree centrality provides any tangible benefits over weighting actuators as
a function of information centrality. A plot of appropriate p-values vs. p is shown in Figure
(5.45) and a table highlighting statistically significant cases is shown in Table 5.39.

P-Value vs. p for Hypothesis of Degree > Information
1000 Monte Carlo Runs
T

0.8

0.7

0.6

P-Value

Figure 5.45: Comparison of hypotheses {H07, H7} across Erdos-Renyi graphs where no individual node has full control
of the process. Each data point is calculated using 1000 Monte Carlo runs.



p
0.3 0.4 0.5 0.6 0.7

0.47 0.3378 0.249 0.1125 0.0246

0.6109 0.4782 0.1878 0.0431 | 0.0015

6
7
8 0.6421 0.502 0.1451 0.0144 | 0.0012
9 0.6366 0.3925 0.2664 0.0236 | 0.0002

10 0.6157 0.2985 0.0993 0.0075 0

11 0.5224 0.3221 0.0445 0.0004

0
12 0.5253 0.3107 0.0172 0.0005 0
13 0.4571 0.1674 0.01 0.0002 0

Table 5.39: Comparison of hypotheses {H07, H7} across Erdos-Renyi graphs where no individual node has full control
of the process. Each data point is calculated using 1000 Monte Carlo runs and statistically significant cases (p < 0.05)
are highlighted in green.

We see that for 0.6 < p < 0.7 the simulated cases show strong statistical evidence that
weighting actuators as a function of degree centrality is beneficial to weighting actuators as
a function of information centrality. In addition, we also see statistically significant evidence

for accepting the hypothesis /£ for p = 0.5 and 11 < N < 13.

5.3.12 SUMMARY OF RESULTS

In cases in which no individual node has full control of the process, we find that betweenness
centrality over the whole network is no longer a useful heuristic for actuator selection. In
situations in which subsets of nodes actuate given dimensions of a process, there is statistical
evidence that degree centrality is the most appropriate heuristic out of the centrality mea-
sures considered. This implies that the number of connections a node has to other nodes is
an important metric in this case. Intuitively, if nodes within a certain actuation subset S; are

separated within the network, having more connections provides a node with more informa-
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tion pathways through which to get its information out to other nodes within its subset. It is
akin to sending out an email with many people carbon copied and hoping that one of those
people has a clear line of communication with the desired recipients in your given subset.
We conjecture that this is why eigenvector centrality performs well in this case, as we see that
there is the least amount of statistical evidence in favor of degree centrality when comparing
with eigenvector centrality. This makes sense according to the previous line of reasoning as
eigenevctor centrality gives more weight to a node if it is in turn connected with high ranking
nodes. However, we must note that for the cases considered, while no statistical conclusion
can be drawn when comparing degree and eigenvector centrality, we do see the p-values de-
creasing with increasing p, implying that as the networks become more dense there is growing
statistical evidence in favor of degree centrality being a more appropriate heuristic than eigen-
vector centrality. We note that in all cases when we compute centrality measures we compute

them over the whole network, not just within a node’s designated subset.

5.4 ROBUSTNESS TO SCALE

We will now investigate how our statistical conclusions extend to larger networks. For our
purposes we will consider an Erdos-Renyi network with /N = 50 nodes to be “large” asitis a

roughly 4x increase over the largest network previously considered at N = 13.

5.4.1 TEST CASES

We perform hypothesis testing to compare each pair of hypotheses {Hoi, H; }, {Hoz, Ha },
{Hos, Hs}, and {Hoys, H;} and generate appropriate p-values given by (4.20). Our test suite

consists of Erdos-Renyi graphs G(N, p) with N = 50 and p € [0.3, 0.4, 0.5]. We note that
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due to excessive computational intensity and simulation times we only simulate 100 Monte

Carlo runs for all of our test cases.

5.4.2 COMPARING BETWEENNESS CENTRALITY WITH CLOSENESS CENTRALITY

Comparing the pair of hypotheses { Hyy, A, } allows us to investigate if weighting actuators as
a function of betweenness centrality provides any tangible benefits over weighting actuators
as a function of closeness centrality. A plot of appropriate p-values vs. p is shown in Figure
(5.46) and a table highlighting statistically significant cases is shown in Table 5.40.

P-Value vs. p for Hypothesis of Betweenness > Closeness
100 Monte Carlo Runs
T

0.8 7

0.6 g

051 y

P-Value

0.3 7

p

Figure 5.46: Comparison of hypotheses {H(n, Hl} across Erdos-Renyi graphs with N = S0 nodes. Each data point is
calculated using 100 Monte Carlo runs.
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P
0.3 0.4 0.5

N 50 0.4455 0.222 0.0143

Table 5.40: Comparison of hypotheses {H()l, Hl} across Erdos-Renyi graphs with N = 50 nodes. Each data point is
calculated using 100 Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We see that for N = 50 nodes and p = 0.5 that there is strong statistical evidence that
weighting actuators as a function of betweenness centrality provides a benefit to weighting
actuators as a function of closeness centrality. This suggests that for Erdos-Renyi graphs our

results from simulating cases with 6 < /N < 13 seem to be scale-independent.

5.4.3 COMPARING BETWEENNESS CENTRALITY WITH DEGREE CENTRALITY

Comparing the pair of hypotheses { Hy,, H, } allows us to investigate if weighting actuators as
a function of betweenness centrality provides any tangible benefits over weighting actuators
as a function of degree centrality. A plot of appropriate p-values vs. p is shown in Figure

(5.47) and a table highlighting statistically significant cases is shown in Table 5.41.
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P-Value vs. p for Hypothesis of Betweenness > Degree
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Figure 5.47: Comparison of hypotheses {Hoz, Hz} across Erdos-Renyi graphs with N = 50 nodes. Each data point is

calculated using 100 Monte Carlo runs.

P
0.3 0.4 0.5
N 50 0.4869 | 0.349 | 0.0872

Table 5.41: Comparison of hypotheses {Hoz, Hz} across Erdos-Renyi graphs with N = 50 nodes. Each data point is
calculated using 100 Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We see that none of the simulated cases show statistically significant evidence to reject the null
hypothesis Hy, in favor of the alternative hypothesis /, that weighting actuators as a function
of betweenness centrality provides a marked benefit over weighting actuators as a function
of degree centrality. However, we note that for N = 50 and p = 0.5 that the calculated
p-value is 0.0872. While we set the threshold for statistical significance at a p-value of 0.0s,

the p-values are observed to be decreasing in magnitude as p increases in Figure (5.47). This
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suggests that if we were to simulate Erdos-Renyi graphs with N = 50 and p > 0.5 we might

find cases that yield statistically significant evidence to reject Hy,.

5.4.4 COMPARING BETWEENNESS CENTRALITY WITH EIGENVECTOR CENTRALITY

Comparing the pair of hypotheses { Hys, /3 } allows us to investigate if weighting actuators as
a function of betweenness centrality provides any tangible benefits over weighting actuators
as a function of eigenvector centrality. A plot of appropriate p-values vs. p is shown in Figure
(5.48) and a table highlighting statistically significant cases is shown in Table 5.42.

P-Value vs. p for Hypothesis of Betweenness > Eigenvector
100 Monte Carlo Runs
T

0.8 7

0.6 g

051 y

P-Value
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0.1F T o

p

Figure 5.48: Comparison of hypotheses {H03, H3} across Erdos-Renyi graphs with N = 50 nodes. Each data point is
calculated using 100 Monte Carlo runs.
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p
0.3 0.4 0.5

N 50 0.4548 0.2884 | 0.0464

Table 5.42: Comparison of hypotheses {H03, H3} across Erdos-Renyi graphs with N = 50 nodes. Each data point is
calculated using 100 Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

We see that for Erdos-Renyi graphs with N' = 50 and p = 0.5 that there is strong statisti-
cal evidence that weighting actuators as a function of betweenness centrality is beneficial to

weighting actuators as a function of eigenvector centrality.

5.4.5 COMPARING BETWEENNESS CENTRALITY WITH INFORMATION CENTRALITY

Finally, we compare the pair of hypotheses {H4, H,} allowing us to investigate whether
weighting actuators as a function of betweenness centrality provides any benefit over weight-
ing actuators as a function of information centrality. A plot of appropriate p-values vs. p is

shown in Figure (5.49) and a table highlighting statistically significant cases is shown in Table

5-43.
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P-Value vs. p for Hypothesis of Betweenness > Information
100 Monte Carlo Runs
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Figure 5.49: Comparison of hypotheses {[—[047 H4} across Erdos-Renyi graphs with N = 50 nodes. Each data point is
calculated using 100 Monte Carlo runs.

p
0.3 0.4 0.5
N 50 0.4738 | 0.2742 | 0.0291

Table 5.43: Comparison of hypotheses {H04, H4} across Erdos-Renyi graphs with N = 50 nodes. Each data point is
calculated using 100 Monte Carlo runs and statistically significant cases (p < 0.05) are highlighted in green.

Again, we see that for N = 50 and p = 0.5 there is strong statistical evidence that weighting
actuators as a function of betweenness centrality provides a benefit over weighting actuators

as a function of information centrality.

5.4.6 SUMMARY OF RESULTS

We see the repeated trend that as the density of the network increases, there is statistical ev-

idence that betweenness centrality is a good heuristic for actuator selection when compared
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with closeness, degree, and eigenvector centrality. This implies that our previous results for
6 < N < 13 are robust to network size. We note that as the number of nodes increases,
the computational complexity of the associated LMI becomes greater. For this reason, statis-
tics in this section are generated using only 100 Monte Carlo runs. Although the test suite

consists of less data, the statistical trends are still evident.

5.5 CONCLUSIONS

We have analyzed how our initial statistical results over Erdos-Renyi graphs extend to other
graph generation methods, to scenarios in which there are actuator failures, to cases with
sparse control authority, as well as to larger networks. We saw that for Barabasi-Albert and
Watts-Strogatz graphs, respectively, there continues to be strong statistical evidence that be-
tweenness centrality is a good heuristic to use for actuator selection. We see that graph density
remains a strong predictor of the efficacy of betweenness centrality as a selection heuristic.
These results also held for instances in which one or two actuators irrecoverably fail dur-
ing operation and for larger networks on the order of so agents. However, in scenarios in
which we only have joint controllability at the network level but no agent individually has
full controllability of the process, betweenness centrality no longer seems to be an appropri-
ate heuristic. In this case, there is statistical evidence that, among the centrality measures we

considered, degree centrality is a good heuristic to inform actuator selection.



Final Remarks

In this dissertation, we developed and analyzed algorithms for distributed control and esti-
mation of networked multiagent systems. In Chapter 2 we considered the problem of dis-
tributed filtering of a scalar linear stochastic process where communication between agents is
corrupted by Gaussian noise. We considered a two-stage consensus filter from the literature

and showed how the introduction of communication noise results in destabilization. We
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noted that this is not unexpected as consensus dynamics are inherently not robust to noise
and, in fact, act as integrators on such noise. We proposed a novel two-stage distributed fil-
tering algorithm that is robust to communication noise and achieves a bounded asymptotic
error covariance. We analyzed how to optimize two tunable parameters in our algorithm to
minimize the asymptotic error covariance of the estimator. We showed how the asymptotic
error variances of individual agents within a graph are determined by the respective elements
of each eigenvector of the consensus matrix. We provided a preliminary analysis into the con-
vexity of the trace of the asymptotic error covariance matrix.

In Chapter 3 we considered a framework for distributed control of linear time-invariant
systems. We used the small-gain theorem to characterize linear matrix inequality conditions
under which a weaker notion of the separation principle holds in the estimator and controller
design. We showed how linear consensus dynamics can be applied to extend the regime of
applicability of our algorithm. This is important as there could be situations in which, given
a set of designed estimator parameters, there is no control gain that can stabilize the system
while simultaneously satisfying the small-gain theorem. In these scenarios, multiple rounds
of linear consensus can be utilized to allow agents more options in choosing state feedback
gains which meet the desired criteria. We further showed how our framework can handle
nonlinear control laws, which may be useful for applications such as collision avoidance.

In Chapter 4 we proposed a statistical hypothesis testing framework to aid in the problem
of sensor and actuator selection for our distributed control methodology, focusing on the ac-
tuator selection part of the problem. We considered a set of centrality measures as heuristics
for actuator selection with the goal being to minimize a key matrix norm related to the actu-

ation. We considered Erdos-Renyi random graphs and showed that there is strong statistical
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evidence that betweenness centrality is the best performing heuristic for actuator selection
given sufficient edge density.

In Chapter 5 we examined how our previous statistical conclusions extend to additional
scenarios of interest. In particular, we extended our statistical analysis to additional graph
generation methods, actuator failures, lack of controllability at an individual agent, as well
as larger network scale. We founds strong statistical evidence that, given sufficient edge den-
sity, betweenness centrality remained the best heuristic for actuator selection in each of these
domains except when considering sparser control authority. When each individual agent no
longer had full controllability of the process and instead had to rely on joint controllability
at the level of the network, we found strong statistical evidence that degree centrality became

the best heuristic for actuator selection.

6.1 Future Work

We see many exciting future directions for this work. We mentioned in Chapter 3 that solv-
ing for the appropriate estimation and control parameters through optimizations (3.19) and
(3.21) can be computationally expensive, especially when the networks under consideration
grow in size. This is a main motivating factor behind developing a framework in which we
can separately design these parameters so that if, for whatever reason, we need to update one
set it doesn’t necessitate a reoptimization to determine the other set. However, this does
not change the fact that these optimizations may need a lot of computing resources in the
first place. Thus, one exciting area of research we believe could be applicable to this class of
problems is graph neural networks. Indeed, graph neural networks are being applied to the

problem of distributed control””*. The neural networks learn maps from the sensor inputs
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to the control outputs and can be trained using imitation learning of a set of chosen con-
trollers. It is a possible area of exploration to use the estimator and controller designs from
the optimizations (3.19) and (3.21) in Chapter 3 as training data for a graph neural network.
This would allow for interpolation between difterent networks or being able to handle time-
varying networks by using the controllers and estimators from Chapter 3 as a guide.
Another area of future work is analytically analyzing the influence of the network struc-
ture on the distributed control algorithm in Chapter 3. We resorted to statistical methods
in Chapters 4 and 5 to begin exploring the role of the network structure, and in particular
how an agent’s location in the network influences its performance on actuation and sens-
ing. However, given the scope of the problem we were only able to look at a chosen set of
centrality measures as heuristics. If analytical results could be obtained which exploit the net-
work structure within the relevant LMIs, it could then inform further statistical analyses and

perhaps introduce more applicable centrality measures of interest.
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Part I1

Published Work



Outline and Contributions

Part II of this dissertation contains one chapter covering work that has been published in a
peer-reviewed conference and a second chapter covering work that has been submitted for

publication.
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7.1 OUTLINE

In Chapter 8 we present a novel algorithm for distributed filtering of a scalar linear stochastic
process which shows mitigated degradation in performance when communication between
agents is noisy ''. We show that a two-stage distributed filter proposed in’" consisting of a
measurement and prediction stage followed by a consensus stage suffers in performance when
allowing for communication between agents to be corrupted by Gaussian noise. In partic-
ular, we show that under certain communication noise conditions the trace of the error co-
variance matrix actually increases as more rounds of consensus between agents are performed,
which is clearly not a desirable property of a distributed filter which utilizes consensus. We
note that such behavior is not totally unexpected as consensus dynamics are inherently non-
robust to noise and act as an integrator on the noise. After highlighting how such distributed
filters fail in the presence of communication noise, we propose and rigorously analyze an in-
novative filtering algorithm which retains stabilizing properties even when exposed to com-
munication noise.

In Chapter 9 we investigate a weaker notion of the separation principle for distributed
control of LTT systems**. We use the small-gain theorem along with the bounded real lemma
for discrete time LTT systems to characterize linear matrix inequality conditions under which
agents in the network are able to change their control inputs without needing to change their
estimation strategies and still achieve a stabilizing design. We additionally utilize linear con-
sensus dynamics and show how we can extend the operating regime of our algorithm by tun-

ing the frequency of information exchange between agents during consensus.
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7.2 CONTRIBUTIONS

In Chapter 8, Vaibhav Srivastava and I framed the main questions. I developed the algo-
rithm along with Vaibhav Srivastava. I performed all analysis and wrote all of the simula-
tions. Naomi Leonard and Vaibhav Srivastava revised and edited the manuscript. Chapter 8
appeared in the Proceedings of the 2017 American Control Conference ', where I presented
the work.

In Chapter 9, Shinkyu Park and I framed the main questions with guidance from Naomi
Leonard and H. Vincent Poor. I developed the framework along with Shinkyu Park. Shinkyu
Park and I collaboratively performed the analysis and wrote the simulations. Naomi Leonard,
H. Vincent Poor, and Shinkyu Park revised and edited the manuscript. Chapter 9 has been

submitted for publication.
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On Distributed Linear Filtering with Noisy

Communication

* We consider distributed filtering of a scalar linear stochastic process under communication

corrupted by Gaussian noise. We investigate how communication noise degrades the per-

*This chapter was published as Savas, Srivastava, and Leonard in the American Control Conference on May
24,2017"".
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formance of an existing distributed algorithm and develop a novel algorithm that mitigates
these problems. We rigorously investigate the properties of the new distributed estimator
and discuss optimal tuning of (fixed) gains that minimize the asymptotic error covariance.

We demonstrate the effectiveness of our algorithm through numerical simulations.

8.1 INTRODUCTION

Distributed estimation is a problem of fundamental interest in a variety of problems ranging
from robotic networks, transportation networks, power networks, and synthetic biological
networks. With increasing deployment of networked multiagent systems the algorithms for
distributed estimation are of increasing importance. Some of the desired features of these
algorithms include scalability, adaptability, and resilience.

In this paper, we investigate the problem of distributed filtering in a networked multia-
gent system of a scalar linear stochastic process under communication corrupted by Gaus-
sian noise. There is a significant and growing literature on distributed filtering in networked
systems’ 0000005758 Typically, however, these works assume no communication noise.
We design algorithms that are robust to the communication noise in such networks.

Distributed filtering in a networked multiagent system is designed to allow each individ-
ual agent to improve its estimate of the state of a dynamical system by sharing measurements
or estimates through a communication network. In consensus-based distributed filtering,
agents update their estimates with measurements or estimates communicated from others
using linear consensus dynamics’>"°. Olfati-Saber’* considered distributed linear filtering

with two consensus dynamics: one for weighted measurements and one for precision matri-
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ces, see”' for related work. Distributed linear filtering in continuous time was examined in
Spanos et al.“* investigated the distributed least-squares estimation problem using consensus
dynamics. Speranzon ez al.” studied distributed linear filtering of a noisy time-varying signal
using adaptive time-varying consensus.

In the context of robotic networks, cooperative Kalman filtering techniques have been
used to explore noisy scalar fields in the plane’". Lynch ez 4/.** studied the problem of infor-
mation maximization in a scalar uncertain field using optimal filtering and consensus tech-
niques.

We investigate the problem of consensus-based distributed filtering under noisy communi-
cation. The robustness of consensus dynamics under noisy communication has been studied
in°”"” and in the context of decision-making "

The consensus algorithm has its root in the sociology literature and is the same as the fa-
mous DeGroot model”’. The modification to the consensus protocols that we propose to
mitigate effects of communication noise has similarities with the DeGroot-Friedkin model
in sociology . The analysis in this paper suggests that the DeGroot-Friedkin model may have
superior robustness properties under noisy communication.

To address the problem of distributed filtering of a scalar linear stochastic process under
noisy communication, we build upon the algorithm proposed by Carli ez 4/. in*°. They pro-
pose an algorithm comprising discrete-time sampling of the noisy process and a fixed number
of consensus rounds between sampling instances. We develop a new algorithm that mitigates
the effect of communication noise on the performance of the distributed filter. The major
challenge consensus-based strategies face under noisy communication is the presence of in-

tegrator dynamics in consensus protocols which aggregate noise over time leading to large
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variances and poor estimation performance. Here, we design novel consensus dynamics that
alleviate this problem.

The major contributions of this paper are threefold. First, we examine the algorithm pro-
posed in** for distributed filtering of a scalar linear stochastic process and show how the per-
formance of this algorithm degrades under noisy communication. Second, we build upon
to develop a novel algorithm that mitigates the effects of noisy communication. Third, we
rigorously analyze the new algorithm and discuss methods to tune its parameters to optimize
performance.

The remainder of the paper is organized as follows. In §8.2, we formally pose the dis-
tributed linear filtering problem. In §8.3, we recall the distributed filtering algorithm from
and study its performance under noisy communication. In §8.4, we develop a novel algo-
rithm to provide robustness to communication noise. We analyze this algorithm and illus-

trate in §8.5, and we conclude in §8.6.

8.2 PrROBLEM SETUP

Consider the following scalar linear stochastic process

x(k+1) = ax(k) + w(k), x(0) =X, (8.1)

foreach k € Z>o, where a € R is a constant, {w(k) }rez., is a sequence of i.i.d. zero-mean
Gaussian noise with variance ¢ € R, and X is a Gaussian random variable with mean

%o and variance o. Suppose a sensor samples this process at each time £ to obtain a noisy
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measurement

y(k) = x(k) + n(k), foreachk € Z,, (8.2)

where {7(k) }xcz., is a sequence of i.i.d. zero-mean Gaussian noise with variance » € R.
The estimation of state x(£) in (8.1) using measurements y(£) in (8.2) is the standard scalar
Kalman filtering problem

We consider the problem of distributed estimation of the state x(£) using multiple com-
municating agents. For simplicity, we assume 2 = 1 but our analysis is generalizable to the

case 2 # 1. Specifically, we consider the estimation of the white noise process

x(k+1) =x(k) +w(k), x(0)=X,. (8.3)

We consider a multiagent network in which agents can communicate over a fixed graph
G = {V,&}, where V = {1,..., N} is the vertex set, £ € V X V is the edge set, and N
is the total number of agents. We assume that the graph is undirected and connected in the
sense that there exists a path from each node to every other node. We assume that each agent

i € {1,..., N} samples the process (8.3) at times 4 and collects a noisy measurement y; (k)

of the process x(k) defined by

y;(k) = x(k) + n;(k), foreachzie {1,... N}, (8.4)

where {7,(k) }1cz., are i.i.d. zero-mean Gaussian noises with variance 7. We further assume

the noise sequences 7;(k) are independent for different 7 € {1,..., N}. We can write (8.4)
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in vector form as

y(k) = x(k)1n + n(k), (8.5)

where y(k) and 7(k) are the N-column vectors of y;(k)’s and 7;(k)’s, respectively, and 1, is
the N-column vector of all ones.

We focus on consensus-based dynamics for distributed estimation’”*>"*. However, in
contrast to standard approaches to this problem we assume that the communication among
agents is noisy. We recall that in consensus dynamics each agent at each (discrete) time av-
erages its state with its neighbors in the communication graph®»“""*. Here we assume that
each agent receives a noisy estimate of the state of each of its neighbors and it uses these noisy
estimates in the consensus dynamics. Let Q be the consensus matrix, i.e., the matrix of the
(convex) weights an agent 7 assigns to its neighbor 7. Then the consensus dynamics with noisy

communication are

2(l4+1) = Qz(!) + qu(l), (8.6)

where z(/) is the vector of states of agents at times / € Z, o7 is the variance of the communi-
cation noise, and {#(/) },cz., is the sequence of i.i.d. N-variate zero-mean Gaussian random
vectors with covariance Zy, where Zyy is the identity matrix of order N. Here for simplicity,
we have assumed that the communication noise for each agent has the same variance o2.
It is well-known that the matrix Q is row stochastic and for a connected undirected graph
is irreducible, i.e., the matrix Q has only one simple eigenvalue at unity and every other eigen-
value is inside the unit disk*>>"""*. Moreover, the eigenvalue at unity corresponds to the
eigenvector %\]1 ~- Weassume that Qis doubly stochastic and denote its eigenvalues as { Ao, ..., An—1 }

with /1() =1



8.3 A STATE-OF-THE-ART DISTRIBUTED LINEAR FILTER

The estimation problem posed in §8.2 was studied by Carli ez 2/.°* and they proposed a two-
stage algorithm that we summarize in this section. We then apply their algorithm to the set-
ting of noisy communication and observe that it is no longer stabilizing. This is to be ex-
pected since consensus dynamics have one eigenvalue at unity and consequently integrate
noise. The integrated noise has asymptotically infinite variance. So any strategy that is de-

signed for noise-free communication doesn’t immediately extend to noisy communication.

8.3.1 A TWO-STAGE DISTRIBUTED LINEAR FILTER UNDER NOISE-FREE COMMUNICA-

TION

In this section we recall the two-stage distributed linear filter proposed in*“. During the first
stage, at time £ each agent 7 computes the estimate of process x(£) given measurements until
time k, i.c., x;(k|k), by computing a convex combination of the predictive estimate of the
current state using observations until time £ — 1, i.e., X;(k|# — 1) and the current observation

9;(k). Formally, the first stage updates the state as

x(klk) = (1 — O)x(klk — 1) + Ly(k), (8.7)

where X(k|k) and x(k|k — 1) are vectors of x;(k|k) and x,(k|k — 1), respectively, and ¢ €
[0,1] is the gain. Note that, unlike the optimal Kalman filter, here the gain ¢ is assumed
constant. This means that the resulting filter is not necessarily optimal. However, as shown
in’°° this leads to a bounded variance of estimation error and, hence, the choice of constant ¢

is stabilizing.



The second stage comprises 7 rounds of the consensus dynamics (8.6) between two con-
secutive time instances # and & + 1 using local estimates &;(k|£). The consensus dynamics
ensure that the local estimate x,;(k + 1|£) of each agent converges towards the average of the

group + ZJJL %;(k|k). Formally, the second stage is
(e PIN ey P
x(/e—i—zlk) —Qx</e+7‘k>, be{l,... m) (8.8)

Here, a timescale separation between process dynamics and consensus dynamics is assumed,
i.e., the communication and consensus dynamics are much faster than the process dynamics.
Note that at the end of the consensus rounds, update (8.8) yields x(£ + 1|k) that can be used
with update (8.7) to compute X(£ + 1|k + 1). The distributed linear filtering algorithm is
initialized with £(0| — 1) = xo1,y and the estimates at future times are computed recursively
using (8.7) and (8.8).

Carliet al.>® computed the covariance of the estimation error for the above algorithm and
used it to find the optimal ¢ that minimizes the trace of the asymptotic error covariance ma-
trix.

The above algorithm is easy to implement and under noise-free communication is stabi-
lizing, i.e., always leads to bounded error covariance. In the next section, we investigate the

performance of this algorithm under noisy communication.

8.3.2 PERFORMANCE UNDER NOISY COMMUNICATION

We now consider the two-stage distributed linear filtering algorithm in §8.3.1 with noisy com-
munication in the consensus dynamics. The first stage of the algorithm remains identical to

update (8.7). In the second stage the update (8.8) is replaced by noisy consensus dynamics



;e(/e + %‘k) _ ch(kJr M‘k) + o (k n %) (8.9)

m

where #(k + h/m) is the N-variate zero-mean Gaussian noise with covariance Zy;, for each
k€ Zsoandh € {1,...,m}, u(k + b/m) are independent, and ¢ is the communication

noise variance. The estimation error at time £ is defined by
x(klk —1) = x(k)1y — x(k|k —1). (8.10)

We numerically investigate the performance of the two-stage algorithm described in §8.3.1
under noisy communication. Consider a set of three agents {1, 2, 3} communicating over an
undirected line graph. Let Q = 75 — ¢L, where Z; is the identity matrix and ¢ = 0.4 isa
constant.

We examine ten time instances of the process (8.3), i.e., # € {0, ..., 9}, and between each
consecutive pair of time instances we apply 7 consensus rounds. We illustrate performance
for values of 7 from 0 to 5. We assume the process noise variance is ¢ = 1 and the measure-
ment noise variance is » = 25.

We employ the distributed filtering algorithm (8.7) and (8.9) with convexity parameter
¢ = 0.25. We performed 200, 000 Monte-Carlo simulations to estimate the trace of the
error covariance matrix. Fig. 8.1 shows the trace of the error covariance matrix for £ = 4,
which can be represented as S>_| var(%;(4|3)), as a function of the number of consensus
rounds 7 for a range of values of ¢,. It can be seen that for large enough values of 7, the trace
of the error covariance actually increases as more consensus rounds are performed, suggesting

that the two-stage estimation algorithm in §8.3.1 is not stabilizing, i.e., the trace of the error
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covariance diverges as the number of consensus rounds are increased.
This is not totally unexpected because the consensus dynamics are inherently non-robust
due to the presence of an eigenvalue of unity. This eigenvalue at unity acts as an integrator and

integrates noise. As we integrate more and more noise the covariance of the system diverges.
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Figure 8.1: Influence of communication noise in consensus dynamics on error variance across 200,000 Monte Carlo runs
for distributed filtering algorithm (8.7) and (8.9) with N' = 3, » = 25, and ¢ = 1 for an undirected line graph. We see
that the error variance diverges with the number of consensus rounds.

8.4 A NOVEL TWO-STAGE DISTRIBUTED LINEAR FILTER

As discussed in the previous section, the filter in §8.3.1 suffers under noisy communication.
In this section, we modify the algorithm of Carli ez 4/. > to mitigate the effects of noisy com-

munication.
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We keep the update in the first stage of the algorithm the same as in (8.7), i.e.,

w(k[E) = (1 — Ox(klk — 1) + Cy(k), (8.11)

Wlth?AC(O| — 1) = xolp.
We modify the second stage, i.c., the consensus dynamics, in the following way. We define
z(klk) = x(k|k) for each k € Z>,. We update z through 7 consensus rounds between

consecutive time instances £ and £ -+ 1 as follows:

(it 20y = e+ U DNe) vonlk+ 2) vae. (saa)

m

In (8.12), eachagent7 € {1,..., N} remembers its estimate x,(k| k) at time £ and re-injects it
at each consensus round. Loosely speaking, the intuition for such an update is that starting
from a deterministic initial condition z(k|k) = x(k|k) and after 7 rounds of consensus the
dominating component of the variance of z(k + 1|k) is ma> (see Fig. 8.1). By re-injecting
x(k|k) at each step, we ensure that the dominating component of the expected value of z;(k+
1|k) is =t = N j(/e|/e) foreachs € {1,..., N}. Finally, if we divide z(k+1) by (m+1), the
resulting mean is - j L %;(k|k) and variance is ma? / (m 1) which goes to 0 as m — +00.

Thus, for large 7 we recover the performance of the noise-free algorithm. However, if 2 is

small noise still degrades performance, so we set the update X(£ + 1|£) as the convex sum of

x(k|k) and z(k + 1|k) as below

z(k+1|k)

ik +1k) = GelklE) + (1= )=

: (8.13)
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where { € [0,1] is a constant. { trades off the variance of the two estimators x(k|£) and
z(k+1|k). Thus, for large m we can choose {'close to 0 and for small 7 we can choose {'close
to 1.

In contrast to the distributed filtering algorithm in°° which has only one tunable param-
eter £, our algorithm has two tunable parameters £ and £. Similar to’", these parameters can
be chosen to minimize asymptotic error covariance of the estimator. Towards this end, we

analyze the error covariance of the new algorithm in the next section.

8.5 ANALYSIS OF THE NOVEL TWO-STAGE DISTRIBUTED LINEAR FILTER

In this section we analyze the properties of the novel distributed linear filter proposed in
§8.4. We first derive an expression for the asymptotic error covariance and then analyze its

properties. Our analysis follows similarly to

8.5.1 ERROR COVARIANCE OF THE ESTIMATOR

We define the predictive and posterior errors as

Xk +1|k) = x(k + 1)1y — X(k + 1|k),
(8.14)
and x(k+1lk+1) =x(k+ 1)1y — x(k + 1|+ 1),

respectively. Let

Pk +1)k) = E[x(k + 1|k)%(k + 1|k) "]

and Plk+1k+1) =Ex(k+ 1k + Dk + 1k +1)"]
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be predictive and posterior error covariance matrices. We are now ready to state the main

result of this section.

Theorem 4 (Asymptotic Error Covariance). For the scalar linear stochastic dynamics (8.3)
and the distributed linear filtering algorithm with noisy communication defined by (8.11), (8.12) and (8.13),

the following statements hold:

1. the asymptotic error covariance is

lim P(klk — 1)
_ 52}”;(1 B g)ZiQT(i-&-l)(QT(Z'*‘l))T + ﬁh\ﬂ;\}
! (%) 7 (1= 02 Q") (@), (8.15)
=0 J=0

where Q' = ¢+ (155) £, @5
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2. the trace of the asymptotic covariance matrix is

fzr—i-qN—i-%
()=
1-¢) - >
h= 2 1_; 3 2
11—(1-19) <m——|—1>2h+4

(1 . ‘/‘lh|2(ml)>
o 2 N—1 1— }1 2
+<1 ;) 0}22 |19| - (816)
(K L1 (1 0)? LR
m 1 ’
where dy, = > " AL,
Proof. From (8.14) and (8.11) it follows that
x(klk) = (1 — O)x(klk —1) — (n(k). (8.17)
Then
P(klk) = (1 — £)*P(k|k — 1) + (*+Ly. (8.18)
Further note that (8.12) can be solved explicitly to obtain
m 5 m o ;
2(k + 1Jk) —;Q‘x(ﬂle)—i—a[;Q u(/e—i-%). (8.19)
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Substituting z(£ + 1|£) in (8.13) and using (8.14), we obtain

ik + 1k) = Q'x(klk) + w(k + iy — (m n 1) ZQ’” ‘o (/e + ) (8.20)
where Qf = (T + <m+1> Yo, Q. I follows that

P 1) = QAN+ gtk + (5 ) ZQ (5.21)

Since Q is row-stochastic with Q15 = 1y, it can be shown that QTI N = 1y, i€, QJr is also

row-stochastic. Using row-stochasticity of QT, (8.18) and (8.21) we obtain

Pk +1[k) = (1= £)*Q"P(klk — 1)(Q") " + 2Q"(QN)"
+ glnly + (1;5) 7 mi: Q). (8.22)

m+1 p
We can solve (8.22) with initial condition P(0| — 1) to obtain:
P(klk —1) = (1= 0)*Q"P(0] —1)(Q"™)"
k—1
—i—fzi’Z( )2zQT (1) QT z+1 T +qz 2111\11;

=0

2 k— m—1

() 2 00 S oo @) e
=0 =0

Taking the limit # — +o00 and using the geometric series summation formula, we establish

(i).
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The second statement follows using model decomposition of Q and the result that

( ) Ay + 4 . (8.24)

]

N-1

« (@™ (¢™))

h=0

Note that the steady-state error covariance (8.16) is bounded and hence our distributed
estimation algorithm is stabilizing in the mean squared sense. Our algorithm is not necessarily
optimal since it assumes convex weights £ and {'to be constant. However, given our algorithm,

we can choose optimal parameters £ and {’as we discuss in the next section.

8.5.2 TUNING PARAMETERS { AND ¢

The algorithm defined in §8.4 requires two parameters £ and {'to be tuned. For a given graph
structure (fixed Q and NN), given process, measurement and communication variance (fixed
7, ¢, and 7;), and a given number of consensus rounds (fixed 72), we choose these param-
eters to minimize the asymptotic error covariance (8.16). In the following, let /(¢,{) =
tr( limg_ o0 P(K|k — 1)).

When determining the optimal (¢, {) which minimize /, we note a special case for m =
0. In this case of no consensus the modified algorithm will only involve (8.11) and (8.13).
Inspecting (8.13) we see that the only appropriate formulation would have = 1. With
{ = land m = 0 we see that (8.16) simplifies to J|,,—o = % . We then minimize
Jlm=o using fmincon in MATLAB to solve for the optimal . Likewise, for 7 > 0 we can use

fmincon to solve for the optimal ¢ and {'which minimize .

The trends of optimal £ and {"as a function of number of consensus rounds 7 and o, are
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Figure 8.2: Optimal £ and {"as a function of consensus rounds 72 and o, with N = 3,7 = 25,andg = 1foran
undirected line graph.

shown in Fig. 8.2. Note that optimal £ increases with 72, while {does not follow a monotonic
trend. The initial trend of {is attributed to the transient consensus dynamics. As the number

of consensus rounds increases, the value {'goes to zero as discussed in §8.4.

8.5.3 NUMERICAL SIMULATIONS

We numerically investigate the performance of the modified estimation algorithm developed
in §8.4. We consider an undirected line graph with N = 3 nodes. We choose the same
parameters as in Fig. 8.1 and again choose as our performance metric Z?Zl var(x;(4/3)). For
each value of 7 and o, we use the optimal £ and {'in the algorithm as determined in §8.5-
B. Fig. 8.3 shows for the modified estimation algorithm the summed error variance metric
versus the number of consensus rounds 7z, with the color of the lines designating the value

of 7, in (8.12). Comparing with Fig. 8.1, we see that the error variance no longer increases
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Figure 8.3: Influence of communication noise in consensus dynamics on error variance across 200,000 Monte Carlo runs
for the distributed filtering algorithm defined in §8.4 with N = 3, » = 25, and g = 1 for an undirected line graph. Even
as o, increases the error variance no longer diverges as more consensus rounds are performed.

in an unbounded way as more consensus rounds are performed. Rather, the trend in error
variance versus consensus rounds is much closer to the monotonically decreasing trend one
expects in a distributed filter without communication noise. Even for larger values of 7, we
see the error variance decreases with additional consensus rounds, which is how an effective
estimation algorithm should perform. Note the slight difference in scale between the vertical

axes in Figs. 8.1 and 8.3.

8.6 CONCLUSIONS

In this paper we studied consensus-based distributed linear filtering under noisy communica-
tion. We investigated how noisy communication affects the performance of the distributed

filtering algorithm proposed in°°. We showed that under noisy communication the error co-
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variance of the estimator obtained using this algorithm diverges. We modified the algorithm
from** to develop a novel distributed filtering algorithm that achieves a bounded asymptotic
error covariance under noisy communication. We discussed how the parameters of this new
algorithm can be tuned.

Future directions include examining the convexity of the asymptotic error covariance with
respect to algorithm parameters, extending to vector-valued dynamical processes, and explor-

ing the influence of the network graph on the performance.
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A Separation Principle in the Design of

Distributed Control for LTT Systems

" The separation principle in a (centralized) estimation and control problem gives us the flex-

ibility to design a feedback controller independent of the state estimator. However, the same

*This chapter is in preparation for submission and appears as Savas, Park, Poor, and Leonard **.
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principle does not hold when the estimation and control are distributed over a network. In
this case, the estimator needs to be redesigned whenever the control strategy is revised, which
can be computationally expensive. We investigate a weaker notion of the separation princi-
ple in the distributed control of linear time-invariant (LTT) systems. As a main contribution,
we characterize the notion using linear matrix inequalities (LMIs) under which agents in the
network can change their feedback control without redesigning the estimator. We also an-
alyze how the frequency of information exchange between neighboring agents can extend
the regime in which the separation principle holds. We validate our analytical results using a

multi-vehicle platooning example through simulations.

9.1 INTRODUCTION

Consider the problem of designing a network of agents for estimation and control of discrete-
time linear time-invariant (LTT) systems. Each agent in the network assesses a partial output
of an LTT system, communicates with its neighbors to estimate the system’s state, and applies
control input to stabilize the system based on available local information — the partial system
output and its neighbors’ state estimates. Such design problems arise in a wide range of con-
trol engineering domains including formation control of networked robots, efficient power
transfer in large-scale power systems, and traffic flow control in transportation networks.
An interesting aspect of the problem is that each agent computes control input based on
its own set of information which is different from that of other agents. Hence, such a prob-
lem setting imposes a non-classical information structure under which changing the control

strategy of an agent to improve the system performance would negatively affect the network’s
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estimation performance and require redesigning the estimation strategy, which is computa-
tionally expensive.

In a centralized counterpart, where a single agent estimates and controls the system’s state,
the separation principle gives the agent the freedom to adopt any stabilizing feedback con-
troller independent of the estimator design”*. However, because of the non-classical infor-
mation structure, the same separation principle does not hold in our problem unless every
agent is broadcasting its locally available information across the network. Hence, the estima-
tion and control strategies across the network would need to be jointly designed.

There is a large literature, including’ ">, that presents computational methods and per-
formance analysis for design of networks to estimate the state of LTT systems, where consensus-
type algorithms are adopted to exchange and fuse state estimates among neighboring agents.
More recent work”” proposes a control framework based on distributed estimation to de-
sign a network of agents to stabilize LTT systems and discusses performance of the proposed
framework. LMI-based approaches for joint design of distributed observer and controller are
discussed in”"

Also, " discusses a decentralized approach for designing a distributed controller for continuous-
time LTT systems in which the agents are required to share their local information with neigh-
bors at every time instance over the continuous-time domain. The authors of "' propose
a consensus-based distributed observer over a rate-limited communication network to de-
sign linear state feedback systems. The work of** investigates a distributed approach to the
design of a distributed observer and controller for spatially interconnected systems in the
continuous-time domain.

As a complement to the existing literature, we address the following question: “Under
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what conditions can the agents change their feedback control without revising their estimation
strategies?” Our main contribution is to provide LMI formulations that characterize a weaker
notion of the separation principle under which the agents can revise their state feedback strat-
egy without updating parameters of their distributed estimation strategy. In addition, we
investigate how the frequency of information exchange through consensus impacts the es-
tablishment of the separation principle. Unlike the continuous-time domain problems as
in">"°, the problem of designing distributed control in the discrete-time domain has its own
unique technical challenges.

The paper is organized as follows. In §9.2, we present our framework and explain the main
problem on the distributed estimation and control design. In §9.3, we propose and prove
LMI formulations as a solution to the main problem, and we provide analysis on how the
frequency of information exchange affects the feasibility of the LMI. In §9.4, using simula-

tions, we illustrate our main results in a multi-vehicle platooning example. We conclude the

paper in §9.5.

9.2 PROBLEM DESCRIPTION

Consider a discrete-time LTT system given by

x(k + 1) =Ax(k) + SN, Bay(k), x(0) € R (9.12)

yi(k) = Cx(k), 1 € {1,--- , N} (9.1b)

where x(k) € R” is the state, #,(k) € R? is the 7-th input, and y,(k) € R” is the 7-th output

of the system. We design a network of /N agents where each agent 7 assesses its associated

227



system output y;(k), communicates over a fixed directed graph G = (V,E), and assigns
controlinput#;(k). Eachvertex7inV = {1,--- | N} represents agent7and eachedge (7, 7) €
[E indicates that agent 7 can transmit information to agent 7. We define the neighborhood set
N, = {j € V|(j,7) € E} to specify a subset of agents that can transmit information to
agent 1.

We assume that G is strongly connected and (9.1) is jointly controllable and observable:
both pairs (4, B) and (C, 4) are controllable and observable, respectively, where B=(By, - - - , By)
and C=(CI,- -+, CL)". However, individual agents do not necessarily have full controlla-
bility or observability of the system: For every 7 in V, pairs (4, B;) and (C;, 4) may not be
controllable and observable, respectively. Hence, without communication with others, each
agent can neither estimate the full state of the system nor stabilize it. Below we provide an

example of (9.1) and G.

Example 2. Consider a system of N vebicles moving on the plane where each vebicle can apply
a_force to control its own motion and can observe its own position. The system is thus jointly
controllable and jointly observable. The state and parameters of the system’s model (9.1) are

given as

X = 1T7 UIT7 T 71017\;7 UJY\;)T (9.2a)
I, 0.1,
A=Iy® (9.2b)
I
0 T
Bi=¢® ) Q:€l ® <]2 0) ’ Z.G{la 7N} (9'2'C)
yg)
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Figure 9.1: A diagram illustrating the closed loop consisting of the LTI system, distributed estimation, (linear) consensus,
and state feedback.

—~

wherep;, v; € R? are, respectively, the position and velocity of the i-th vebicle and e, is a canonical
basis in RN whose elements are all zero except the i-th element, which is 1. In §9.4, using this
example, we illustrate the main results of our work over line and ring graphs, and apply our

framework to a multi-vebicle formation control problem.

Our main goal is to design the network of agents in which each agent 7 computes a state
estimate x;(k), exchanges and fuses the estimate with those of its neighbors, and uses the
fused state estimate to compute control input #,(k) for system stabilization. To design the
network, we implement state feedback, distributed estimation, and linear consensus at each
agent (see Fig. 9.1 for an illustration of the closed loop consisting of the three components

and the LTT system):

STATE FEEDBACK Let %;(k) be the state estimate of agent 7. The agent computes #;(k)

according to

wi(k) = K (k). (9-3)
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Note that the agent uses only its own state estimate to compute #;(k). Throughout the paper,
we assume that { K} ,cv satisfy that 4 + Zz’GV B;K, is Schur stable having eigenvalues inside

the unit circle in the complex plane.

DISTRIBUTED ESTIMATION Agent 7 computes %;(k) by recursively updating it according

to

Gk +1) = A% (k) + L, (k) — Ciulk))

+ Y ey BiKi(k) + X en, Wiy (%(k) — %:(k)) . (9.4)

where K is the control gain matrix in (9.3) and W; € R"*", L, € R**"" are the parameters
that need to be determined. (9.4), which is motivated by the existing distributed estimation
approaches proposed, for instance, in’ """, updates x;(k) using the partial output y,(£),
the information {%;(k) }cn, from the agent’s neighbors, and the estimate } .y, B;Kjx; (k) of

the control input applied to (9.1)."

m-ROUND LINEAR CONSENsUs When additional information exchange is allowed, the
agents exchange their state estimates and fuse the exchanged information using 7-round lin-
ear consensus. Letting {¥;(k) },cv be the state estimates of the agents at the beginning of the

linear consensus, the output & (k) at each agent 7 is determined as follows:

&7 (k) = 2 ey P (k). (9:5)

T According to (9.3), the control input applied to (9.1) is given by Zj, cv BiK;x;(k) which depends on every
agent’s state estimate.
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The parameter 1_3,]» > 0 is the 7, j-th element of a matrix defined as P = P* € R™, where
m is a non-negative integer and P is a stochastic matrix that conforms with G = (V,E), i.e.,
(7,7) ¢ E <= P; = 0. Hence, &, (k) denotes agent i’s updated state estimate after apply-
ing the 7 rounds of linear consensus with matrix 2. We refer to 7 and P as the total number

of consensus rounds and the consensus matrix, respectively. The outcome ;" (k) is then fed

into (9.3) and (9.4) to update each agent’s state estimate, x;(k) = &, (k), as illustrated in
Fig. 9.1.
The work of 77" presents technical conditions on the system (9.1) and the graph G under

which there are parameters { W} jev, {L:}ev that ensure convergence of ¥;(k) to x(k) for
every 7 in V, when there is no state feedback, i.e., K; = 0, Vi € V. More recent work in
describes how to jointly compute {K;}cv, { Wii}ijev, {Li}iev to stabilize (9.1) using (9.3)
and (9.4).

In our work, similar to””, we investigate the problem of designing the state feedback and
distributed estimation for system stabilization. However, our work is distinct from " in that
we consider the case where the gain matrices {K;},cv are designed independently of the pa-
rameters { Wy}, ;ev, {L:}ev. In particular, our main result establishes technical conditions
that ensure the stability of (9.1) when {K; },ev and { VV,-J-}Z- eV {L;};ev are computed using
two decoupled numerical methods. As discussed in §9.3.3 in detail, our result can be applied
to scenarios where each agent needs to update its control gain without re-computing the pa-
rameters of the distributed estimation over the entire network?, or nonlinear state feedback

is adopted. In both cases, the analysis of " cannot be directly applied.

*As we describe in §9.4.1, finding the parameters for (9.4) involves finding a solution to a large-size linear
matrix inequality, which can be computationally expensive. For this reason, whenever possible, it is preferred
not to re-compute the parameters of (9.4) when the state feedback is revised.
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Also our work allows communication among agents to take place at discrete-time instances,
different from the problem setting investigated in"*"°. This makes our proposed framework
and main theorems not only technically distinct but also applicable to a wide range of en-
gineering problems in which agents can only exchange information for a limited number of
times over any given finite time interval.

We formalize our main problem as follows.

Problem 2. For fixed m > 0, compute the parameters { Wy}, ey, {Li}iev and identify the
set of state feedback gains { K} ey for which the control inputs determined by (9.3) and (9.4)

stabilize the system (9.1).

9.3 PARAMETER DESIGN FOR STATE FEEDBACK AND DISTRIBUTED ESTIMATION

We present a linear matrix inequality (LMI) formulation to compute the parameters of (9.4)
that result in the stability of (9.1), and discuss the existence of a solution to the LMI formu-
lation. We start with 7 = 0, i.e., no linear consensus and address the general case, where
m > 0,in §9.3.2.

We begin by defining the estimation erroras x,;(k) = x(k) — x;(k). Using(9.1),(9.3)(9.5),

the state equation for x;(4) can be derived as follows:

ik +1)= (A= L,C) x:(k) + 30y BK; (%:(k) —%;(k))
+ Yer, Wi (55(k) = 5:(k)) - (9.6)
In what follows, we cast (9.6) as a feedback interconnection of two components — the

control component (9.7) and estimation component (9.8) defined below — and find sufficient
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conditions for the feedback interconnection of the two components to attain the convergence
limg o0 ||%:(k)[|2 = 0, V7 € V. We will use this result to address Problem 2.

Let Wy = W;: + Wg and define

bi(k) = 32 ey BiK(Ei(k) — %i(k)) — 2w, Wi (Fslk) — %;(k)) (9:7)

Gk +1) = (4 = LC) %i(k) = 22 en, Wi(Ei(k) — (k) + 0:(k). (9.8)

g

Note that the feedback interconnection of (9.7) and (9.8) is equivalent to (9.6). In (9.7), the
first term )y, BiK;(x:(k) —x;(k)) denotes the difference between the control input applied
to the system and the estimate of it by agent 7, and the second term Zjel\h Wg (%:(k) —x;(k))
is adopted to counteract the error in the control input estimation. A simple choice of I7/;;
is WS = B,K;. However, such choice of Wf]: would not be optimal in our formulation. In
§9.4, we present LMI-based optimization to find the best selection of Wg (9.8) is equivalent
to (9.6) except that we represent the control input estimation error term by ;(£) and adopt
{ Wj;}Z jev in place of { VVl-j},» eV

We use the small-gain theorem [**, Chapter s5.4] to specify conditions on the parameter
selection that ensure the convergence in (9.6). To this end, let us represent (9.8) as an LT T sys-
tem with state ¥(k) = (%,(k), - - - , Zn(k)) € R™V and input o(k) = (01(k), - -, on(k)) €

RN 35 follows:

x(k+1) = Ax(k) + 0(k), (9.9)
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where 4 € R™**N i defined as

A = diag(d — L,Cy, - -+, A — LyCy) + WE (9.10)

and 7" is a block matrix whose 7, j-th block element is

wr if; € N\{7}
[WE]ZJ =3 - ZleN,\{:’} WZFZ ifj =1 (9.11)
0, otherwise.
\
Also, we rewrite (9.7) as
o(k) = Dx(k), (9.12)

where D is a block matrix whose 7, j-th block element is

4

—BK; + Wy, if;eN;\ {7}

[D15= 9 Yy BEKi— Y ey W5 ifj=i

—BK; otherwise.

9.3.1 LMIFORMULATION FOR PARAMETER DESIGN

Let G be the (input-to-state) transfer function matrix of (9.9). As an application of the small-
gain theorem [/, Chapter 5.4], the feedback interconnection of the estimation component

(9.9) and the control component (9.12) is L,-stable if it holds that || G| g || D||> < 1.
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Adopting the bounded real lemma for discrete-time LTT systems """, we establish the fol-

lowing equivalence:

N A —X o0, X
1G]l <y <0 (9.13)

RnNX nN

where yis a positive real numberand X € is a symmetric and positive-definite matrix.

In the following lemma, we provide a sufficient condition under which a solution X, y exists

for (9.13).

Lemma 2. Suppose that there are { wt

lj} Y {L;}sev for which A given in (9.10) is Schur
Ly

JE
stable. Then, a solution X = X' = 0,y > 0 exists for (9.13).

Proof. Based on [*7, Lemma s.1 (iii)] and by applying the Schur complement, (9.13) can be

equivalently expressed as

X <9Iy (9.142)

ATXA—X + Ly—A"X (X—5*Ly) " X4 <0 (9.14b)

Note that the last term in (9.14b) goes to zero as y tends to infinity. Since A is assumed to
be Schur stable, there is X=X >0 satisfying;él TXA—X~<—1I .- Consequently, the same X

satisfies (9.14) for sufficiently large y. This completes the proof. O]

Remark 2. The results of "> from the distributed estimation literature address the exis-

tence of the parameters { Wlfj} v {L;}iev for which A is Schur stable when the system (9.1) 7s

ije
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Jointly observable and the graph G is strongly connected. The result of " is based on state ang-
mentation ideas and that of 7 leverages the structure in the system model (9.1) and the graph
connectivity. Therefore, in conjunction with the results from those references, Lemma 2 implies
that the joint observability of (9.1) and the strong connectivity of G are sufficient for (9.13) to

bave a solution.

Based on Lemma 2, in the following theorem, we address Problem 2. Given y, > 0, define

K, = {{K}ev|4+ >,y BK;isSchur stable,min{Wg}iJEV 1D, < 2}

Theorem s. Suppose given parameters { Wg}z'zjeV, {L.}iev of the estimation component G sat-
isfy |Gl < 7 €gs (9.13) has a solution with the same y. Assuming that K, -1 is nonempty,
Sfor any state feedback gains {K;}icv belonging to K 1 there is { Wg}, Jev such that the control

inputs determined by (9.3) and (9.4) stabilize the system (9.1).

Proof. Since, under the assumptions on || G|| 7. and || D||,, the small-gain theorem holds, we

have that lim;_, ||%(£)||>» = 0. By applying (9.3) to (9.1a), we obtain
x(k+1) = (A4 >0y BK)x(k) — Yoy BiKixi(k).

Since 4 + ) ., B;K;is Schur stable and the last term converges to zero as £ tends to infinity,

the state x(k) converges to zero. This completes the proof. ]

Note that when y in the statement of Theorem s is too large, K, -1 would be an empty set.
In other words, when the H.,-norm of the estimation component is too large, there is no

control gain that stabilizes (9.1) while satisfying the inequality min; WS}iew |D||, < " for
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the small-gain theorem to hold. In §9.3.2, we address the effect of 7-round linear consensus
on the state feedback design. In particular, we show that with more frequent information
exchange (72 large), the agents have more options to select state feedback gains that stabilize

(9.1) and satisty the inequality condition for the small-gain theorem to hold.

9.3.2 EFFECT OF LINEAR CONSENSUS ON STABILITY

Suppose that the agents are allowed to fuse their state estimates using 7-round linear consen-
sus (9.5) with a consensus matrix . Without loss of generality, we assume that 72 is an even
number and G is undirected (and we select P to be symmetric). Define ¥/ (k) = Q"/2%(k)
and (k) = Q"/*5(k), where Q = P ® I,.5 By using (9.1), (9.3)-(9.5) and following similar
steps to obtain (9.9) and (9.12) in §9.3, we can derive the state equations for the control and

estimation components as follows:

¥ (k) = Q"> DQ"/*X (k) (9.15)

K(k+1) = Q"2AQ™*% (k) + ¥ (k) (9.16)
We refine the definition of K, as follows: Given y, > 0,
K},ym = {{K. }iev \A—i-ziev B,K; is Schur stable, min{VVl(';}z’,jGV ||Qm/2DQm/2H2 < 72}.

We extend Theorem s to the case where the agents are allowed to use 7-rounds of linear

consensus.

SFor odd m, we let ¥ (k) = QU/21 %(k) and #' (k) = QU*/* 5 (k).
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—X X* (A - Zz‘EV L;k Cl) I, 0y, X 0, 1,

M= (A*Zz‘eVL;kCZ') "X —X On X M, = 0, —X° 0,
! I, 0, —, 0, |7 L0 =y
(9-17)

Theorem 6. Forany giveny, > 0, thereism* > 0 for which Kyz,m is non-empty for m > m”.
For sufficiently large m, we can design parameters { W} jev, { Li }iev for which the LTI system

(9.1) is stable with any { K} icv belonging to K, ,,, where y is the Hoo-norm of (9.16).

Proof. Notice thatsince D(1y®1,) = 0holds, ||Q"/2DQ™/?|, converges to zero as m tends
toinfinity. Also we note thatsince Qis a stochastic matrix, || Q”/2DQ™/?|, < ||Q"/2DQ™/?|,
if m; > m,. Hence, given fixed y, > 0, we can find 7" for which K,, » is non-empty for all
m > m*. It remains to show that for sufficiently large 2, we can find { Wl‘;}l JEV> {L;}ev for
which || G'|| . ||Q7/>DQ™/?||, < 1holds, where G’ is the (input-to-state) transfer function
of (9.16).

Since the system (9.1) is jointly observable, we can find { L} } ;v such that 4=}, L} C;is
Schur stable. Consider the matrix A4; defined in (9.17). Suppose that we select the matrices
{L}};ev and a symmetric positive-definite matrix X* € R**” that satisfy M; < 0 with

smallest * > 0. Also we can verify that

1 1
N11T®MI + ([nN— NIIT) QM, <0 (9.18)

where M| and M, are defined in (9.17).

5By similar arguments as in Lemma 2 such matrices exist for some 7*.
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Define W? = PjA and L; = NL; and express (9.16) as
F(k+1)= (P 0d— Q" LCQ™?)¥ (k) +7 (k) (9.19)

with L = diag(NL}, -+ , NL},), C = diag(Cy, - - - , Cy). Using the same LMI formulation
asin (9.13), but with 4 = PP @4 — Qm/ZI,CQm/Z and X = Iy ® X*, we have that

X X4 I,n 0,

By AX —-X O X
!/ *
|G g <7 < <0. (9.20)

O, X 0.8 _7*[”1\7

11
N

Since lim,, o P2/* = lim,, oo P” 1511, when m tends to infinity, the matrices in
(9.18) and (9.20) are identical up to permutation. With the same choice of X*, »* asin (9.18),
the LMI (9.20) holds for sufficiently large 2. Therefore, the H-norm of (9.19) approaches
y*, which is the H-norm of the centralized estimator, as a large number of rounds of linear
consensus is allowed. In conjunction with the fact that lim,,_, ||Qm/ 21~)Q’”/ 2|, = 0, we

conclude that when  is sufficiently large, we can compute {VV,-]-}Z- JEVs {L;}ev for which

|G| 2. |1Q72DQ™/?||, < 1 holds for any {K.},ev belonging to K(,«)-1 ,,. O

Theorem 6 implies that when sufficiently frequent information exchange is allowed, K, -1 ,,
will be nonempty and we can always find gains {K; } ;cv to stabilize the system. Furthermore,
by increasing 7 we can design the parameters { VV[]},- eV {L;}iev to allow the agents to adopt

arbitrarily large state feedback gains {K; }ev.
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9.3.3 EXTENSION

Suppose that (9.3) consists of linear and nonlinear parts:
u;(k) = Kix;(k) + p, (x:(k)) . (9.21)

Such state feedback can be applied, for instance, to maneuver multiple vehicles as in Exam-
ple 2. Thelinear part K;x;(k) can be designed to maintain a desired formation and the nonlin-
ear part ¢ (¥;(k)) would be used, whenever necessary, for the vehicles to keep a safe distance
from obstacles nearby. In this case, we can perform the stability analysis by representing (9.4)

with the following two components:

vi(k) = D ey Bl (k) — w(%(k))) — Den, Bl (3:(k) — p(%(k))) (9.22)

where we assume that there is a constant y. for which ||2(k)||> < 7. ||%(k)]|2 holds and

B+ 1) = (A= LG 5(8) + 3 B () — 5(k)) — 3, WA (R) — 55(8)) +5,(4).
(9-23)

Note that, unlike the approach discussed in §9.3, we substitute 17;;(x;(k) —%;(k)) in (9.4)
with the following nonlinear function: W;;(%;(k), x;(k)) = W (%;(k)—:(k))+B;(x (% (k)
‘uj(fc](k))) Also, the design of the parameters { W}, v, {L;}ev for the estimation compo-
nentwill depend on the linear part { K;};cv of (9.21). In this case, the small-gain theorem can
be used to establish the stability results as in Theorems 5 and 6 if it holds that || G| .. < ¥,

where G is the transfer function of (9.23).
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9.4 SIMULATIONS

9.4.1 PARAMETER DESIGN

Recall that the control gains { K}, are assumed to be given, and the key design parameters
in our framework are P, { wr } , { WC} yand {L;}, . We select Pto be a stochastic
if . if.. i€V
ijev ijev
matrix with smallest second eigenvalue and conforming with G to allow the agents to fuse
the estimates as fast as possible. For simplicity, we choose Wg = P;A as motivated by the
approach of 7.

We solve the following two optimization formulations to compute { L, } ey and { I ZJ.C.} ijev

that minimize the Ho-norm of (9.16) and the 2-norm of (9.15), respectively.

minimize, x (1}, 7 (9-24)

subject to (9.20)

minimize , (e} Y (9.25)

ijeV

7/[nN Qm/ZDQm/Z
subject to =0

(Q2DQ")" YL
where y > 0,X = X'~ 0,and Q = P®I,. Note that (9.24) is a non-convex optimization.

9.4.2 SIMULATION RESULTS

Consider Example 2 with /N = 4 and two types of communication graphs: undirected line

and ring graphs. For each graph, we compute the parameters of (9.4) by solving (9.24) and
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Figure 9.2: Plots of the optimal value of (a) y for the estimation component design (9.24), (b) }/ for the control compo-
nent design (9.25), and (c) the product Y * ;/ where the critical value of 1 is drawn as a dotted line.
(9.25) for m = 0,2, 4, 6, where the state feedback gain, motivated by the centralized LQR

controller, is given by

—0.192 0 —0.284 0

0 —0.192 0 —0.284

The vector ¢, is a canonical basis of dimension 4.

Fig. 9.2 depicts the minimal costs obtained in the optimization (9.24) and (9.25) with the
increasing number of consensus rounds 7 over line and ring graphs. We can observe that as
m increases, both norms of the estimation and control components decrease. In conjunc-
tion with Theorem 6, this suggests that when the agents are allowed to communicate more
frequently (when 2 is large), they would have more flexibility in selecting the state feedback
gains without re-computing the parameters of the estimation strategy. We can also observe

that since the ring graph has one additional edge between agents 1 and 4, which gives the
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agents more paths over which to share state estimates, the consensus on the state estimates
takes place faster over the ring graph. Consequently, the ring graph attains smaller norms for
both components than does the line graph. Fig. 9.2(c) shows that 7 > 2 consensus rounds
are needed to satisfy the small-gain theorem for the control gain we select in (9.26).

With the same example, we next consider a formation control scenario: 4 vehicles move
along the x-axis at the speed of 0.2 72 /s while maintaining a line formation where each vehicle
is spaced a distance of 2 2 apart. The vehicles communicate over the line graph and vehicle 1
acts as a leader in the formation. When the leader detects an obstacle, it moves to the side to
avoid collision while the rest of the vehicles stay in the formation. We adopt (9.21) to design
nonlinear control with a different notation. We define #;(k) = «}*(k) + u, (x:(k)) with
) = (2 (), ()

w7 (k) = = 30y (kp (P (k) — P (k) + dyy) + ku(55 (k) — 7(R))) + ko (07(k) — 0.2))

() = — 5,k (5 1) () + (3 (1) — 5 (8))) + (5] (8)))

) = = S (R ECR) — 77 (R) + ) R (550R) — 5(K))

" (k) = = 3 e Uy (9 k) = () + k(0] () — 57 (k)))

for7 € {2,3,4},whered; = 2(i—j). Weselectk, = 0.16 and k, = 0.3. This was motivated

by the approach in™" to achieve the desired formation control.
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Figure 9.3: Formation control with 72 = 4 rounds of linear consensus showing (a) trajectories in the xy-plane, (b) U;C, and
(@ v:.' of all 4 vehicles as they maintain a line formation while avoiding a stationary obstacle at (10, 0).

The nonlinear part #, = (7, «,) is defined below to achieve obstacle avoidance.

1 (%(k)) =0, (6.273)
] i | () —po ()| <1

w EE) =) ~£r2g 1< [h(d)—p (k)] <2 (9.27b)
0 otherwise

\

where £ = pj (k) — pu(k) and u,(x(k)) = (0,0), 7 € {2,3,4}. We assume that the vehicles
can measure the location p, = (p7, p) of the obstacle. Each vehicle estimates the state of the
system based on (9.23), which includes the linear part of the state feedback in computing its
parameters.

Fig. 9.3 illustrates the simulation results on the formation control. We observe that un-
der the control #;(k), the vehicles achieve the desired line formation while maintaining the

pre-assigned velocity of 0.2 72 /s along the x-axis, as illustrated in Figs. 9.3(a),9.3(b). When
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vehicle 1 approaches the stationary obstacle, it uses (9.27) to avoid colliding with it; this is

illustrated in Figs. 9.3(a),9.3(c).

9.5 CONCLUSIONS

We investigated the design of a network of agents for the estimation and control of LTT sys-
tems. Since the separation principle does not hold, the estimation and control strategies need
to be jointly designed, which involves finding a solution to a large-scale optimization. This
could be a disadvantage if the agents need to change their control strategies without re-solving
the optimization. We have presented LMI formulations to characterize the conditions under
which the design of estimation and control can be decoupled, and shown how the frequency
of information exchange between agents affects the establishment of the conditions. Our

simulation results illustrate an application of our framework to multi-vehicle platooning.
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